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Preface

The 11th International Conference on Developments in Language Theory (DLT
2007) was held at the University of Turku, Finland, July 3-6, 2007. This was
the second time DLT took place in Turku. Indeed, the very first meeting was or-
ganized in Turku in 1993. Consequent meetings were held in Magdeburg (1995),
Thessaloniki (1997), Aachen (1999), Vienna (2001), Kyoto (2002), Szeged (2003),
Auckland (2004), Palermo (2005), and Santa Barbara (2006). The conference
series is held under the auspices of the European Association for Theoretical
Computer Science.

The DLT meeting can be viewed as the main conference on automata and
formal language theory. The current topics of the conference include the follow-
ing: grammars, acceptors and transducers for strings, trees, graphs and arrays,
efficient text algorithms, algebraic theories for automata and languages, combi-
natorial and algebraic properties of words and languages, variable-length codes,
symbolic dynamics, decision problems, relations to complexity theory and logic,
picture description and analysis, polyominoes and bidimensional patterns, cryp-
tography, concurrency, bio-inspired computing, quantum computing. This vol-
ume of Lecture Notes in Computer Science contains the papers that were pre-
sented at DLT 2007, including the abstracts or full papers of the six invited
speakers Volker Diekert (Stuttgart), Thomas Henzinger (Lausanne), Michal Kunc
(Brno), Ming Li (Waterloo), Jacques Sakarovitch (Paris), and Kai Salomaa
(Kingston)

For the conference, 32 contributed papers were selected from a record-breaking
74 submissions. We warmly thank the authors of the papers, the members of the
Program Committee, who faced many hard decisions, and the reviewers of the
submitted papers for their valuable work. All these efforts were the basis of
the success of the conference, In particular, we are very thankful to the invited
speakers of the conference. Finally, we thank the Organizing Committee for its
splendid work and also the members of the Steering Committee.

Finally, we wish to thank the support of the conference sponsors: The Academy
of Finland, The Finnish Cultural Foundation, the Finnish Academy of Science
and Letters / Vilho, Yrj6 and Kalle Viisala Foundation, the City of Turku, the
University of Turku, the Turku Centre for Computer Science, and Centro Hotel.

April 2007 Tero Harju
Juhani Karhumaki
Arto Lepisto
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On First-Order Fragments for Words and
Mazurkiewicz Traces
A Survey

Volker Diekert! and Manfred Kufleitner?

! Universitét Stuttgart, FMI, Germany
diekert@fmi.uni-stuttgart.de

2 Université Bordeaux 1, LaBRI, France
manfred.kufleitner@labri.fr

Abstract. We summarize several characterizations, inclusions, and sep-
arations on fragments of first-order logic over words and Mazurkiewicz
traces. The results concerning Mazurkiewicz traces can be seen as gen-
eralizations of those for words. It turns out that over traces it is crucial,
how easy concurrency can be expressed. Since there is no concurrency in
words, this distinction does not occur there. In general, the possibility of
expressing concurrency also increases the complexity of the satisfiability
problem.

In the last section we prove an algebraic and a language theoretic char-
acterization of the fragment Y>[E] over traces. Over words the relation
FE is simply the order of the positions. The algebraic characterization
yields decidability of the membership problem for this fragment. For
words this result is well-known, but although our proof works in a more
general setting it is quite simple and direct. An essential step in the proof
consists of showing that every homomorphism from a free monoid to a
finite aperiodic monoid M admits a factorization forest of finite height.
We include a simple proof that the height is bounded by 3 |M|.

1 Introduction

The concept of partially commutative free monoids has first been considered by
Cartier and Foata [I]. Later Keller and Mazurkiewicz used them as a model for
concurrent systems and Mazurkiewicz established the notion of trace monoids
for these structures [I6/I9120]. Since then the elements of partially commuta-
tive monoids are called Mazurkiewicz traces. Many aspects of traces and trace
languages have been researched, see The Book of Traces [7] for an overview.
Over words it has turned out that finite monoids are a powerful technique to
refine the class of recognizable languages [9]. For fragments of first-order logic, in
many cases it is a characterization in terms of algebra which leads to decidability
of the membership problem. For example, on the algebraic side first-order logics
as well as temporal logics corresponds to aperiodic monoids, see e.g. [I2]. The
probably most interesting fragment of them is given by the variety DA. It admits
many different characterizations, which led to the title Diamonds are Forever in

T. Harju, J. Karhumiki, and A. Lepists (Eds.): DLT 2007, LNCS 4588, pp. 1{19] 2007,
© Springer-Verlag Berlin Heidelberg 2007



2 V. Diekert and M. Kufleitner

[30]. One of the purposes of this paper is to survey the situation over words and
Mazurkiewicz traces.

Words can be seen as a special case of Mazurkiewicz traces and the cor-
responding results for words have been known before their generalizations to
traces. Since over words we do not have any concurrency the situation is more
complex for traces, and therefore not all word results remain valid for traces.
It turns out that for traces the distinction between so-called dependence graphs
and partial orders is rather crucial. Over words, both notions coincide.

The paper is organized as follows. In Section 2] we introduce Mazurkiewicz
traces using a graph theoretic approach since this directly translates into the
logic setting. After that we present further notions used in this paper which
include the definition of fragments of first-order logic and temporal logic, some
language operations, and the connections to finite monoids. In Section [3 we give
several characterizations of languages whose syntactic monoid is aperiodic or
in the variety DA. In a second part of this section we describe the alternation
hierarchy of first-order logic using language operations. Section [l contains some
ideas and approaches revealing how concurrency increases the expressive power
of logical fragments and in Section [Al we present some results showing that in
general, concurrency also increases the complexity of the satisfiability problem.

Finally, in Section[f we give a self-contained proof of a language theoretic and
an algebraic characterization of the fragment Y5 over traces. The algebraic char-
acterization yields decidability of the membership problem for this fragment. For
words this result is well-known, but although our proof works in a more general
setting it is quite simple and direct. A main tool in this proof are factorization
forests. We give a simple and essentially self-contained proof for Simon’s theorem
on factorization forests in the special case of finite aperiodic monoids M. Our
proof can be generalized to arbitrary monoids and still yields that the height of
the factorization forests is bounded by 3|M]|. The previously published bound
was 7|M|, see [2]. After having completed our paper we learned that the bound
3|M| has been stated in the Technical Report [3], too.

2 Preliminaries

Words and Mazurkiewicz Traces

A dependence alphabet is a pair (I, D) where the alphabet I is a finite set (of
actions) and the dependence relation D C I' x I' is reflexive and symmetric. The
independence relation [ is the complement of D. A Mazurkiewicz trace is an
isomorphism class of a node-labeled directed acyclic graph t = [V, E, \], where
V is a finite set of vertices labeled by A: V' — I"and F C (V x V) \idy is the
edge relation such that for any two different vertices x,y € V we have either
(r,y) € Eor (y,x) € E.

We call [V, E, A] a dependence graph. By < we mean the transitive closure of
E. We write z || y if # # y and the vertices  and y are incomparable with
respect to <. In this case we say that x and y are independent or concurrent.
Node labeled graphs (V, E,\) and (V’, E’, \') are isomorphic if and only if the
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corresponding labeled partial orders (V,<,\) and (V/,<’,\) are isomorphic.
The transitive reduction of a trace is called the Hasse diagram.

For D = I'x I" we obtain words. The vertices in words are linearly ordered and
the relations E and < are identical. Let t; = [V, E1, A\1] and to = [Va, Ea, A2]
be traces. Then we define the concatenation of ¢; and ¢y to be t1 - to = [V, <, )]
where V' = V; U V5 is a disjoint union, A = Ay U Ao, and £ = FE; U Ey U
{(z,y) e Vi x Vo | (M), A(y)) € D}. The set M of traces becomes a monoid
with the empty trace 1 = (0,0, 0) as unit. It is generated by I", where a letter a
is viewed as a graph with a single vertex labeled by a. Thus, we obtain a canonical
surjective homomorphism 7 : I'™* — M. The effect of the mapping 7 can be made
explicit as follows. We start with a word w = a; - - - a,, where all a, are letters in
I'. Each x is viewed as an element in { 1,...,n} with label A(z) = a,. We draw
an arc from x to y if and only if both, # < y and (a,, a,) € D. This dependence
graph is (w). Note that M is also canonically isomorphic to the quotient monoid
I'*/{ab=ba | (a,b) € I}. By abuse of notation we often identify a trace ¢ and
its word representatives w € 71 (¢).

Example 1. Let (I, D) = a—b—c—d where self-loops are omitted. Consider
the trace t = acdbca. We have acdbca = cabadc in M. The trace t has the
following graphical presentations:

Hasse diagram: Dependence graph E: Partial order <:
Y N
a 7 b<‘> a a 7 b<‘> a a——bh a
c——d—c¢C c——d—¢C ng C
A

In ¢, the node labeled with d is concurrent to all nodes labeled with @ or b. 0O

There is a basic observation which holds for all ¢ € M and all vertices x,y of ¢:

(z,9) € E & (z,y) € EY A(Ax),\(y)) € D (1)
ripp=y A (z,71) € EN
(r.y) € BT & 3 For: ¢ A (@, 200) € EUidy (2)
1<i<| I

This shows that traces can be either represented by their dependence graphs
or as a partial order without losing any information. There are some standard
notations we adopt here. By alph(¢) we denote the alphabet of a trace ¢, i.e., the
set of letters occurring as labels of some position. By [¢t| we denote the length of
a trace, i.e., the number of vertices of ¢t. A trace language L is a subset of M.

First-Order Logic and Temporal Logic

The syntax of first-order logic formulas FO[E] is built upon atomic formulas of

type
T, Mz) =a, and (z,y) € E,
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where T means true, x, y are variables and a € I is a letter. If o, ¥ are first-order
formulas, then —p, ¢ V ¢, 3z ¢ are first-order formulas, too. We use the usual
shortcuts as L = =T meaning false, p A ) = =(—¢ V ), and YV o = ~Ix —p.
Note that x = y can be expressed by

V MA@ =ar Ay =a) A (@9)€E A (y,2) ¢ E

acl’

We let FO™[E] be the set of all formulas with at most m different names for
variables. There are completely analogous definitions for the first-order logic
FO[<]. The only difference is that instead of (x,y) € E we have an atomic
predicate z < y.

Given ¢ € FO[E|UFOI<] the semantics is defined as usual [32]. In particular,
if all free variables in ¢ belong to a set {x1,..., 2, }, then for all ¢ € M and all
Xly.ey Ty € T wewrite t, 21, ..., 2, = @ if t satisfies o(x1, . .., 2,,). We identify
formulas by semantic equivalence (over finite traces). Hence, if ¢ and 1 are
formulas with m free variables, then we write ¢ = 1 as soon as t,z1,..., Ty
(p < ) for all t € M and all z1,...,2,, € t. Due to (1) we have that FO™ [E]
is a fragment of FO™[<]. A first-order sentence is a formula in FO[E] or FO[<]
without free variables. For a first-order sentence ¢ we define L(p) = {t € M |
t =} A trace language L C M is called first-order definable if L = L(yp) for
some first-order sentence ¢ and we let FOM) = { L(¢) | ¢ € FO[E] }. We do
not write FO[E](M), because FO(M) = { L(¢) | ¢ € FO[<] } as well, due to (2.
So, in first-order it is not necessary to distinguish between E and <. However,
for subclasses of FO we need this distinction. We define the following classes for
E' = F and E' = <, respectively.

The fragment X,[E’] contains all formulas in prenex normal form with n
blocks of alternating quantifiers starting with a block of existential quantifiers
whereas in IT,[F’] formulas start with a block of universal quantifiers. According
to our convention to identify equivalent formulas, it makes sense to write e.g.
p € X, [E'] < —p € II,[E']. Although in general the transitive closure of binary
relations is not expressible in first-order logic, we have | J,-,, 2n[E] = FO[<] due
to the following observation obtained from () and (2):

EH[E] - Eﬂ[<] - En+1[E]

For £/ = F and E' = < we define the following language classes:

— FO"[E'|(M) = { L(p) | » € FO"[E'] }.
Zn[E'NM) ={ L(p) | ¢ € Zu[E"] }.
— I, [E'|(M )—{L(w)lweﬂ[E’H
n[E'[(M) = X, [E') (M) N 1L, [E'](M).
)

Now, FO™[E'|(M) and A,[E'](M) are Boolean algebras and X,,[E'](M) and
II,,[E'](M) are closed under union and intersection.

Local temporal logic formulas are defined by first-order formulas having at
most one free variable. In this paper we focus on unary operators and local
semantics. In temporal logic we write a(z) for the atomic formula A(z)=a.
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Inductively, we define SFp(x) (Strict Future), SPp(z) (Strict Past), Mp(z)
(soMewhere), Ecop(z) (Exists concurrently) as follows.

SFo(z) =Jy:z <y Ae(y)
SPy(x) =Fy:y <z Ap(y)
Mp(z) = 3y : ¢(y)

Eop(r) =3y 2 |y Apl(y)

It is common to write ¢ instead of p(x). Let C be a subset of temporal operators
from the set above, then TL|C] means the formulas where all operators are from
C. In order to pass to languages we would like to define L(p) C M, even if ¢ has
a free variable. There is however no canonical choice, so we use an existential
variant; and we define here:

La(p) ={teM|3xet: t,x |E ¢} = L(Mp).

Define TL[C](M) as the Boolean closure of languages defined by L3(p) with
¢ € TLIC].

Languages and Language Operations

We now define some operations on classes of languages that are used to describe
the expressive power of logical fragments. Let V be a class of trace languages.
By B(V) we denote the Boolean closure of V. A language L is a monomial over
V of degree m if there exist n < m, a; € ' and L; € V with

L= L0a1L1 e anLn

Note that the degree of a monomial is not unique. A finite union of monomials
over V is called a polynomial over V. A polynomial has degree m if it can be
written as a union of monomials of degree m. The class of all polynomials over
V is denoted by Pol(V). The class Pol(V) is often called the polynomial closure
or the closure under product and union of the class V. By co-Pol(V) we denote
the class of languages L such that M\ L € Pol(V). If we speak of monomials
and polynomials without referring to some class V then we mean monomials and
polynomials over A = { A* | A C I' }, respectively. In particular, Pol = Pol(A)
and co-Pol = co-Pol(A). For example, if A, B C I" then A*B* € Pol since

A*B*=A"u | A"bB”
beB

The class of star-free languages SF is the closure of the empty set under Boolean
operations and polynomials. If V is a class of word languages then UPol(V) con-
sists of the word languages that are disjoint finite unions of unambiguous monomi-
als. A monomial Loay L1 - - a, L, is unambiguous if every w € LoaiLy---apLy,
has a unique factorization w = wgaqw; * - - a,wy, with w; € L;. A similar lan-
guage operation is B-UPol. By B-UPol(V) we denote the closure of V under Boolean
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operations and unambiguous products. An unambiguous product is an unambigu-
ous monomial of the form LgaiL;. We set UPol = UPol(A) and B-UPol =
B-UPol(A). For example, the word language {a,b}" ab{a,b}" is in UPol since

{a,b}" ab{a,b}" = {b} a{a}" b{a,b}"

whereas the polynomials {a,b}" aa {a,b}" and {a,b,c}" ab{a,b,c}" are not in
UPol. See [23] for more information on the language operations UPol(V) and
B-UPol(V). The operation B-UPol(V) has been extended to classes of trace lan-

guages [18].

Algebraic Descriptions

Finite monoids are an elementary tool in the description and classification of
recognizable languages. Remember that a monoid M is a set equipped with
an associative binary operation and a neutral element 1. An ordered monoid is
a monoid M equipped with a partial order relation < such that a < b implies
ca < cband ac < befor all a, b, c € M. Every monoid M forms an ordered monoid
(M, =). For homomorphisms h : (M, <) — (N, <) between ordered monoids we
additionally require that a < b implies h(a) < h(b) for all a,b € M. If a is an
element of an ordered monoid (M, <) then we define |a] = {be M |b<a}.
More details on ordered monoids can be found in [22]. An element e of a monoid
is called idempotent if e = e. For every finite monoid M there exists a number
w € N such that a* is idempotent for every a € M. The element a® is the unique
idempotent generated by a. Therefore we use the w-notation also if the finite
monoid M is not fixed to denote the idempotent generated by some element.
A language L is called recognizable if L = h='h(L) for some homomorphism
h:M — M, where M is a finite monoid. In this case we say that M recognizes
L. The minimal monoid recognizing L is its syntactic monoid. For a language
L C M we define its syntactic pre-order < by

s<pt & (Vp,geM:ptqe L = psqe L)

and its syntactic congruence ~j by s ~p t if and only if s <; t and t <
s. The natural homomorphism py : M — M/~p : t — [t]~, is called the
syntactic homomorphism of L and the monoid M(L) = M/~ is called the
syntactic monoid of L. A language L is recognizable if and only if M (L) is
finite. The syntactic pre-order < of L induces a partial order on M (L) such
that (M(L),<r) forms an ordered monoid. It is called the syntactic ordered
monoid of L. For uy, : (M, =) — (M (L), <) we have

L= J wur'(la))
acpr (L)

A class of recognizable languages V is a language variety if it is closed under
Boolean operations, left and right quotients, and inverse homomorphic images.
A class of finite monoids V is called a variety if it is closed under taking finite
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products, submonoids and homomorphic images [2]]. Eilenberg has shown that
language varieties of word languages and varieties of finite monoids are in a
one-to-one correspondence [9]. Ordered monoids are designed to serve as a sim-
ilar tool for classes of languages which are not closed under complementation.
Syntactic (ordered) monoids play a crucial role in these correspondences. This
yields to the observation that properties of classes of languages can be expressed
in terms of properties of syntactic monoids. In a lot of cases, a description of the
variety generated by the syntactic monoids M (L) for L € V yields decidability
of the membership problem for this language variety V. An important tool to
describe the structure of monoids are Green’s relations. For a,b € M we define

aJb & MaM = MbM a<7b < MaM C MbM
aRb & aM =bM a<p b & aM CbOM
alb < Ma= Mb a<,b & MaC Mb

aHb <& aRband aLlb

Note that J, R, L, and ‘H are equivalence relations, whereas < 7, <g, and <, are
pre-orders. Equations are another tool to describe properties of finite monoids.
Let 2 be a finite set and let v,w € £2*. A monoid M satisfies the equation
v = w, if for all homomorphisms h : 2* — M we have h(v) = h(w). For
example, commutative monoids satisfy xy = yx. We also allow the w-operator
in equations and define h(v*) = h(v)“. By [v = w] we denote the class of finite
monoids satisfying v = w. The class of all monoids satisfying an equation forms
a variety. We define the variety of aperiodic monoids A by A = [m“’ = gl ﬂ
Another important variety is DA = [ (zy)“z(zy)¥ = (xy)* ]. By mapping y to
1 we see that DA C A. In the following we summarize some basic properties of
these varieties.

Proposition 1 ([21]). For every finite monoid M the following are equivalent:

1. MecA.

2. M is H-trivial, i.e., every H-class contains exactly one element.

3. All groups in M are trivial, i.e., if a subsemigroup of M is a group then it
contains only one element.

Proposition 2 ([17]). For every finite monoid M the following are equivalent:

M € DA.

M € [(zy)“y(zy)” = (xy)*].

M € [(zyz)*y(zyz)” = (vyz)“].

M e A and Va,b,ec M:e=¢? and a J bJ e implies ab J e.
Ve,f € M:e=¢% and e J f implies f = f2.

GghwbdE

3 Expressivity Results

In the following two theorems we summarize characterizations of trace languages
whose syntactic monoid is aperiodic or in DA. Note that this includes the special
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case of word languages. The results are using some temporal operators which we
did not introduce yet. The operator X is an existential next-operator, i.e., X ¢ is
true at a position x if at some minimal position in the future of x the formula
0 holds. Over words, this position is unique. The until-operator U is a binary
operator. The formula U1 is true at a position x if there exists a position
y > x at which ¥ holds and all positions between = and y (i.e., all positions from
the current position x “until” y) satisfy ¢. The formula X, ¢ for a € I" is true
at a position z if there exists a position y > x labeled by a and if at the first of
these a-labeled positions in the future of x the formula ¢ holds. The operator
Y, is left-right symmetric to X,. With TL[X,,Y,] we mean that we have X,
and Y, operators for every a € I'. The definition of the languages generated by
formulas in TL[X, U] and TL[X,,Y,] is slightly different from the one that we
propose above for unary temporal logic.

Theorem 1 ([5/8/14)15]). Let L C M. Then the following are equivalent:

M(L) € A.

L e SF.

L is expressible in FO*[<].
L is expressible in FO[<]
L is expressible in FO[E]
L is expressible in TL[X, U].

Theorem 2 ([6/18]). Let L C M. Then the following are equivalent:

M(L) € DA.

L € Pol N co-Pol.

L € B-UPol.

L is expressible in FO?[E].

L is expressible in Ay[E].

L is expressible in TL[X,, Y,].

L is expressible in TL[SF, SP].

L is expressible in TL[SF, SP, M].

oubkownhE

PN WONE

For word languages L C I'* we additionally have M (L) € DA if and only
if L € UPol, see [25]. In particular, UPol is closed under complementation.
Since membership in both varieties A and DA is decidable, membership for all
characterizations in Theorem [Il and Theorem ] is decidable.

Theorem 3 ([6J11]). Let L C M. Then the following are equivalent:

1. L is expressible in FO?[<].
2. L is expressible in TL[SF, SP, Eco].

The following theorem gives a language theoretic characterization of the al-
ternation hierarchy for first-order logic over words. It is the connection to the
Straubing-Thérien hierarchy in which one describes classes of word languages by
alternating Boolean closure and polynomial closure starting with the empty set.
By definition, the limit of this process is the class of star-free languages. In the
following we use BX), as a shortcut for B(X,[<](I"*)). Note that BX,, = BII,.
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Theorem 4 ([24]). Over words we have the following

1. So[<](I™) = B(Xo) = {0,I*}.
2. Y [</(I') = Pol(BX,).

3. My [<)(I*) = co-Pol(B,).
4. Apiq[<)(I'*) = UPol(BX,).

A basis for the last part of this theorem is the more general fact that UPol(V) =
Pol(V) N co-Pol(V) if V is a variety of word languages. This follows from an
algebraic description in terms of Mal'cev products [24]. Another language theo-
retic characterization of X5 is Xa[<]|(I™*) = Pol. We give a detailed proof of this
characterization in the more general setting of traces over dependence graphs in
Section [6 It is well-known that the alternation hierarchy for first-order logic is

strict [29], i.e.:

— For n > 1 the classes X, [<}(F*) and II,,[<](I"*) are incomparable.
— For n > 1 the class X, [<](I™*) is strictly contained in A, 41 [<](I™).
— For n > 1 the class A, [<](I™) is strictly contained in the class X, [<](I™*).

Recently, Weis and Immerman have shown that the alternation hierarchy for FO?
on words is strict [33]. In the next section we consider the alternation hierarchy
for first-order logic over traces. The distinction between partial orders < and
dependence graphs F turns out to be crucial. Using () we can express < in
terms of E, but this requires variables and it requires quantifiers, but in FO?
the number of variables is restricted whereas in Y,, the number of quantifier
alternations is bounded.

4 Separation Results

We start this section with a simple observation. Let (I, D) = a—b—c¢ and
consider the traces © = abc and y = b. Then for all n € N the trace (zy)”
is a sequence in which all positions are totally ordered whereas in the trace
(zy)™x(zy)™ we have a factor xz whose Hasse diagram is

a—bh—cC
a—ph—>cC

In particular, in xz there exist two concurrent actions. Consider the formula
© = 2132y 21|22 € FO?[<] N Xy[<] where 2| 29 is a macro for =(z; = 29 V
z1 < 22 V 22 < z1). Then for all n > 1 we have

(zy)"z(zy)" Ep  and  (zy)" FEe

This shows that the syntactic monoid of the trace language L(y) is not in
DA = [(ay)“z(xy)¥ = (zy)“ ]. Now, whenever the dependence relation is not
transitive we find some letters a, b and ¢ with the dependencies a—b—c¢. On
the other hand, if the dependence relation is transitive then the partial order <
and the edge relation E of the dependence graph are identical. Together with
Zh[<](M) C Ag[<](M) we obtain the following theorem.
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Theorem 5. Let M be the trace monoid generated by the dependence alphabet
(I, D). The following are equivalent:

1. The dependence relation D is transitive.

2. For every trace, the relations < and F are identical.
3. FO?[E|(M) = FO?[<](M).

4. A[E)(M) = Aq[<](M).

The main technique in the proofs of the following theorems are Ehrenfeucht-
Fraissé games, see e.g. [2032]. Let M be a trace monoid over the following
dependence alphabet:

Theorem 6 ([6]). For the above trace monoid M the trace language
L={teM|3z,y2€t: @|ynylzrzla))}

consisting of all traces with three pairwise concurrent actions is expressible in

(<] but not in FO*[<].

The main idea in the proof of this theorem is to consider the traces #q# and
p = #r"# in which every action has the same set of concurrent actions, but
in p there are at most two pairwise independent actions. The Hasse diagram of

H#Hq# is:

a—b

/ § N
#—c d—#
N /

6*)f

and the Hasse diagram of the trace p = #r"# is sketched below:

ce— fia—b—c—d—e—f—pa—ph -

.. 7“\ g
: aeba—wzdgeﬂszaZbgicéd e

r

For every formula ¢ € FO?[<] we can find a sufficiently large number n such
that the two traces p"gp™ € L and p*>" ¢ L either both are models of ¢ or
none of them is a model. Therefore, L ¢ FO?[<](M). The previous two results
can be summarized as follows: “two concurrent actions” is in FO?[<] and Ay[<]
but not in FO*[E] = Ay[E] and “three concurrent actions” is in As[<] but
not in FO?*[<]. The next theorem implies that in general FO?[<] and Ay[<]
are incomparable. It is open whether membership is decidable for FO?[<](M)
or Ag[<](M). Also note that the following result is rather unexpected since
FO*[<] C FO[<] = U, Zn[<].
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Theorem 7 ([6]). For every n > 0 there exists a trace monoid M and a trace
language L C M such that L € FO?*[<](M) but L ¢ X, [<] (M).

TL[SF, SP, Eco]
=FO?[<]

= Pol N co-Pol
. = B-UPol

Remember X, [<] C X, 11[E] C X, 41[<]. We already know from the word case
that the inclusion X, [<] C X, 11[FE] is strict. The following theorem says that in
general the second inclusion is also strict and that the fragments I7,_1[<] and
X.|F] are incomparable.

Theorem 8 ([6]). Let M be the trace monoid generated by the dependence al-
phabet (I, D). The following are equivalent:

1. The dependence relation D is transitive.
2. In>1: X, [E|(M) = X, [<](M).
3. In>2: 1, 1 [<](M) C X, [E](M).

Yns1[<] ‘
& % e
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5 Complexity of Satisfiability

The possibility of being able to speak about concurrency increases the expressiv-
ity of most first-order fragments. In this section we will see how it also increases
the complexity of the satisfiability problem. The (uniform) satisfiability problem
(SAT) for some class of logical formulas C is the following:

Input: A dependence alphabet (I, D) and a formula ¢ € C.
Question: Does there exists t € M = M(I, D) such that ¢t € L(p)?

and the non-uniform satisfiability problem for C over a dependence alphabet
(I, D) is the satisfiability problem where the dependence alphabet (I',D) is
fixed and not part of the input:

Input: A formula ¢ € C.
Question: Does there exists ¢t € M such that ¢ € L(p)?

We summarize some complexity results in the following theorem.

Theorem 9 ([G/I0ITI327/28])

1. SAT for temporal logics is PSPACE-complete.

2. SAT for FO[<] is not elementary.

3. The non-uniform satisfiability problem for TL[X, F] over {a,a}" is PSPACE-
hard.

4. SAT for TL[SF,SP, M] is NP-complete.

5. The non-uniform satisfiability problem for TL[SF, SP, Ecw] over some depen-
dence alphabet is PSPACE-hard. In fact, non-uniform satisfiability for the
stutter-invariant fragment TL[F, Eco| is already PSPACE-hard.

6. SAT for FO?[E] is in NEXPTIME.

7. The satisfiability problem for FO*[<] is in EXPSPACE and NEXPTIME-
hard. In fact, satisfiability for FO?[||] in which || is the only binary relation
is already NEXPTIME-hard.

The parts ‘@” and ‘Bl” in Theorem [ show that allowing the Eco operator
increases the complexity of the satisfiability problem (unless NP = PSPACE).
Part ‘@ is proved by giving a small model property for TL[SF,SP,M], i.e., if
there exists a model then there also exists a model whose size is polynomially
bounded. For part “Bl” a reduction of “Bl” is used. In the following we sketch the
idea of how to simulate the X-operator using the Eco-operator over the following

independence alphabet:
a
= e/a\\\b

\ o

d—-c¢

(I, 1)

For a word w = a; - - - a,, € {a, a}+ we define a trace w = ay(bede) - - - ay, (bede) €
M = M(T, I).
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a)—pc—e ZbHdAHQS*Z

o~ NN

bﬁdaﬁa24f‘>cﬁ>e b—

For the trace w we can use Eco to simulate X on the positions with label a,a.
The transformation of X is given by

Xt = Eco (b A Eco(c A Eoo(d A Eoo (e AEco((aV a) AY)))))

It is easy to verify that 5(7/) indeed reaches the next a or a position.

6 The Fragment Y, [E]

In this section we give a self-contained proof of the following theorem. An im-
portant tool in the proof are factorization forests.

Theorem 10. Let L C M = M(I,I) be a recognizable trace language and let
p:M— (M(L),<):tw~ [t] be the syntactic homomorphism onto its syntactic
ordered monoid. The following are equivalent:

1. For all e,s € M: [e] = [¢?] and alph(s) C alph(e) implies [ese] < [e].

2. L is a polynomial.

3. L is expressible in X, [E].

The syntactic ordered monoid of a recognizable trace language (given in any rea-
sonable presentation) is effectively computable. Since property ‘Il” in Theorem
can be effectively verified we obtain the following corollary.

Corollary 1. It is decidable if L C M is definable in X5[E].

6.1 Factorization Forests

Let M be a finite monoid. A factorization forest of a homomorphism ¢ : I'* — M
is a function d which maps every word w with length |w| > 2 to a factorization

d(w) = (w1, ..., w,) of w = w; ---w, such that n > 2 and w; is not empty for
all i € {1,...,n} and such that n > 3 implies that p(wi) = ... = p(wy) is
idempotent in M. The height h of a word w is defined as
if <1
hw) = 1" ol =
1+ max{ h(wy),...,h(w,)} if d(w) = (wy,...,wy,)

We call the tree defined by the “branching” d for the word w the factorization
tree of w. The height h(w) is the height of this tree. The height of d is defined
as sup{ h(w) | w € I'* }. A famous theorem of Simon says that every homomor-
phism ¢ : I — M has a factorization forest of height < 9|M]|, see [26]. By
generalizing techniques of [2] we can improve this bound to 3 |M|. Using another
approach, this bound has been shown independently in [3]. Below we present
a simple proof of this fact in the special case of aperiodic monoids. The proof
requires only basic facts from the theory of finite semigroups such as:
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— The intersection of an R-class and an L-class within the same [J-class yields
a unique H-class within that J-class.

—x<gyand xJy implies x Ly; = <g yand zJy implies R y.

— In aperiodic monoids every H-class consists of only one element.

Theorem 11. Let M be a finite aperiodic monoid. Every homomorphism ¢ :
I'* — M : ww [w] has a factorization forest of height < 3 |M].

Proof. We show that for every w € I'* there exists a factorization tree of height
h(w) < 3|{x € M | [w] <7 x}|. The J-class of 1 in aperiodic monoids is trivial.
Let w € I'* with |w| > 2. If [w] = 1 then for all b € alph(w) we have [b] = 1.
Hence d(w) = (b1, ...,b,) yields a factorization tree of height 1 for w = by ... b,.
Now let [w] <7 1. Then w has a unique factorization

W = Woa1Wy * * * Ay Wy,
with a; € I' and w; € I'* satisfying the following two conditions:
V1<i<m:[aw;] T [w] and V0 <i<m:|w] <g [w]

Let w} = a;w; for 1 <4 < m. For each 1 <14 < m define a pair (L;, R;) where L;
is the L-class of [w;] and R; is the R-class of [w;, ;]. Every such pair represents an
‘H-class within the J-class of [w]. Therefore, the number of different such pairs
does not exceed |[{ z | [w] J z }|. For the above factorization of w we perform an
induction on the cardinality of the set { (L;, R;) | 1 <i<m} to show that w
has a factorization tree of height

hw) < 3|{(Li, Ri) |1 <i<m}| + 3[{z]|[w] <z}

Note that the number on the right-hand side of this inequality does not exceed
3{xz e M| [w] <z z} If every pair (L, R) occurs at most twice then we have
m—1<2|{(L;,R;) | 1 <i < m}|. We define a factorization tree for w by d(w) =
(wow?, wy -+~ wy, ), dwowy) = (wo, wh), dw;---wy,) = (wj, wiy---wy,) for
2 <i<mand dw)) = (a;,w;) for 1 < i < m. Since [w] <7 [w;], by mduction
every w; has a factorization tree of height h(w;) < 3|{z|[w)] <gz} <
3{z|[w] <7 x}| This yields:

h(w) < m + 3{z|[w] <7z}
<BH{LpR)I1<i<m}| + 3{z|w] <7z}

Note that the height might decrease if some of the w; are empty. Now suppose
that there exists a pair (L, R) € { (L;, R;) | 1 <14 < m } occurring (at least) three
times. Let ig < --- < iy be the sequence of all positions with (L, R) = (L;,, R;,).
Let@:w§_71+1~-~w§j for 1 < j<k.Foralll<j</{<kwehave

= |
= [w;

o w) < fuf] £ fu,)

W] S [wi 4] R [wi ]
[h ]f g [wj-w] <7 [w] T [wi,] T [wi,] T [wi,;,] by assumption on
the factorization.

§>§>
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Thus forall 1 <j<{<kand1<j <V <k we get

= [wj - wi] £ w ] £ [ ---wp] and

= [wj---we] R [wj, 1] R [wj/ ---wp] and therefore

— [wj ---wy] H [wy -+ wp] and since M is aperiodic we find
= [wj--wi] = [wy - wp].

Therefore, all [w; ---wy] denote the same element in M and since k > 2 this
element is idempotent. In particular, we have [w;]? = [w;] = [wy] for all 1 <
j, 0 < k. We construct a factorization tree of w by

d(w) = (wowy -~ wj, Wi g+ W)
/ rN e~ —~ / /
d(wi0+1 cwy,) = (W - - Wy, wik+1wm)

Now, the pair (L, R) does not occur in any of the words wow} - - - wj_, w;, 4wy,
and wj. By induction on the number of pairs (L;, R;) there exist factorization

trees for them whose height is bounded by
3H{(La Bi) [1<i <m}P\{(L,R)} + 3[{=z|[w] <sz}

Hence the height of the factorization tree of w satisfies the desired bound. O

6.2 Proof of Theorem

Lemma 1. Let p: M — (M, <) : t — [t] be @ homomorphism into an ordered
monoid. If M is finite and satisfies the following property for all e, s € M:

[e] = [e?] and alph(s) C alph(e) implies [ese] < [e] (3)
then for every p € M the language 1~ !(|p]) is a polynomial.

Proof. By considering the case s* = e the property (3) implies [s¥ss¥] = [s¥s] <
[s“] and furthermore
[5°] = [s¥s°] <[5 7T < [s¥s°7°] < oo < [57]

Hence [s¥s] = [s*] for all s € M and therefore M is aperiodic. By Theorem [IT]
there exists a factorization forest d of height < 3 |M]| for the homomorphism
I — M : w w— [r(w)] where @ : I'* — M is the natural projection. We
define the height h(t) of a trace ¢ with respect to this factorization forest as the
minimal height of one of its word representatives w € 7~ 1(¢) and set d(t) =
(m(wi), ..., m(wy)) where d(w) = (wi,...,wy). We show that for every t € M
there exists a monomial L; of the form

* *
alAlaQ L Anan+1

whose (minimal) degree is bounded by (a sufficiently large function in) the height
h(t) of the factorization tree of ¢ and that has the property t € Ly C p=(|[t]]).
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Since h(t) < 3|M] there exist only finitely many such languages and therefore
the following union
U &

tep=(lp))

is finite and gives a polynomial representation for p=1(|p]).

If |t| < 1 then Ly = {¢} is a monomial with constant degree. Now let |t > 1.
The first case is d(t) = (t1,t2). Then by induction on the height there exist
monomials for ¢; and to with ¢; € L;, C p='([[t;]]) for i = 1,2 whose degree
is bounded by a function in h(t) — 1. We define the monomial L; = L, (0* L, .
Clearly, we have t € L;. It remains to verify L; C pu~(|[t]]). Let it} € L, with
t) € Ly, and th € Ly,. Then

[t1ts] = [t1][t5] < [ta][t2] = [tat2] = [¢]

The second case is d(t) = (t1,...,t,) with [t1]? = [t1] = [ta] = ... = [ta] = [t].
By induction there exist languages L; with ¢; € Ly, € p=(|[t:]]) for i = 1,n
whose degree is bounded by a function in h(t) — 1. We define the monomial L; =
Ly, (alph(t))*Ltn. Again, t € L, is clear. It remains to verify L; C u=1([[t]]).
Let ) st € L, with t} € Ly, t/, € L, and alph(s) C alph(¢). Then

[trstn] = [61][s][t7] < [alls][ta] = [E][s][t] < [¢]
where the last inequality follows by (3). O
Lemma 2. Every monomial Afa; A% ---an, A%, is expressible in X5 [E].

Proof. We show that for every trace t = tgaity - - - amt,, with alph(¢;) C A; there
exists a Xy [E]-sentence ¢, whose size is bounded by a function in m and the size
of the alphabet I' (and not by |¢|) such that

te L(pt) C Ajar1 Al - -am Ay,

Since there are only finitely many such sentences the following disjunction is

finite
\/ Pt

tEALaL AL am A%,
and it describes exactly the monomial Aja; A - - - am AJ,. The lemma then follows
since Xs[E] is closed under finite disjunctions.

Using the convention that ag is the empty trace we define B; = alph(a,t;)
for 0 <7 < m. For each i and each letter b € B; fix a first position xy;; with
label b in the factor a;t; and a last position xy;; with label b in the factor a;t;.
There is a X5 [E]-formula v (x) with free variables & = (¢, Z¢,i,6)o<i<m, be B
which reflects exactly the labeling and the partial ordering (i.e., not only the
edge relation in the dependence graph) of the chosen positions in ¢. Furthermore
the size of ¥ (x) does only depend on m and I'. The formula p; we are looking
for can be specified as follows:

oo = Fzdu(e) AVy: \ My =b A zpap <y <wep
bEB;, 0<i<m
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Note that it is allowed to write x¢;, <y < @0, also over dependence graphs
because ¢, (z) specifies the labels such that Az f,s) = AM(zeip) = b. O

Lemma 3. Let L C M be a trace language and let p : M — (M (L), <) be its
syntactic ordered homomorphism. If L is definable in X5[E] then M (L) has the
property that [e] = [¢?] and alph(s) C alph(e) implies [ese] < [¢] for all e, s € M.

Proof. Let ¢ = JaVy: ¢¥(z,y) € X3[E] where © = (1,...,2n), Yy = (Y1, -, Yn)s
and 1 is a propositional formula. Let p, ¢, s,t € M and assume alph(s) C alph(t).
We show that for all k > (n + 1)? we have

ptra e = ptstq e (4)

If u = pt*q models ¢ then there exist positions X1,..., X, in the trace u such
that

u, X = Vy: (X, y) (5)

where X = (X1,...,X,). We refer to the k copies of the factor ¢ in u as blocks
numbered by 1 to k from left to right. By choice of k there exist n consecutive
blocks such that no X; is a position within these blocks, i.e.,

u = pthr " th2g

and all X; are positions either in the prefix pt** or in the suffix t*2¢q of u. Consider
the following factorization of v = pt*stFq:

v = pt}“ R gtk thq

Since the prefix and suffix in this factorization are equal to that in the factor-
ization of u and since all X; correspond to positions in these parts of u we can

choose the corresponding positions X7,..., X/ in the identical parts of v. We

claim that for X’ = (X{,..., X)) we have
v, X" =Yy (X y)
By contradiction, suppose there exist positions Y{,...,Y, in v such that for

Y’ = (Y{,...,Y]) we have
v, XY = (X', Y)

We show that this contradicts (B]). If Y/ is a position in the prefix pt*! or in the

suffix t*2¢ of v we can choose an analogous position Y; in u. W.l.o.g. we assume

that all Y; are positions in the middle factor t*1st*2 and that i < j implies

(Y], Y!) & E, ie, Y{,...,Y, is a linearization of the positions in Y. We now

let Y; be any position in the block &y + i of u with the same label as Y;. This is

possible since alph(s) C alph(¢). Now, all Y; are positions in the middle factor
t"™ of u. By construction, we have

(Xi,X;) e E &

(YY) €E &

(X:,Y;) e E <

Vi, Xj) € E &

X, X))eE
YY) €E

/ /
X17Y3) EE

Y/, X!) € E

z J

—~ o~ o~
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Note that this would not be true for partial orders instead of dependence graphs.
From v, X', Y’ = —(X’,Y”) it now follows

u, X, Y E¢(X,Y)

in contradiction to (G]). This proves (@). For L = L(¢) it follows that [tFst*] < [t¥]
holds in the syntactic ordered monoid (M (L), <) of L. The lemma now follows
since [tF] = [t] if [t] = [e] is idempotent. O

Proof (Theorem [I0). The implication ‘. = [2.” follows by Lemma [ since L
is the union of languages of the form pu~!(|p|) with p € M(L). ‘@ = B”
follows from Lemma [2 since 35[E] is closed under finite disjunctions. Finally,
the implication ‘Bl = [0” is Lemma Bl O
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Quantitative Generalizations of Languages*
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In the traditional view, a language is a set of words, i.e., a function from words to
boolean values. We call this view “qualitative,” because each word either belongs
to or does not belong to a language. Let X' be an alphabet, and let us consider
infinite words over Y. Formally, a qualitative language over X is a function A:
2% — B. There are many applications of qualitative languages. For example,
qualitative languages are used to specify the legal behaviors of systems, and zero-
sum objectives of games played on graphs. In the former case, each behavior of
a system is either legal or illegal; in the latter case, each outcome of a game
is either winning or losing. For defining languages, it is convenient to use finite
acceptors (or generators). In particular, qualitative languages are often defined
using finite-state machines (so-called w-automata) whose transitions are labeled
by letters from X. For example, the states of an w-automaton may represent
states of a system, and the transition labels may represent atomic observables
of a behavior. There is a rich and well-studied theory of finite-state acceptors of
qualitative languages, namely, the theory of the w-regular languages.

There are two common, orthogonal quantitative generalizations of languages.
In the first quantitative view, a language is a set of probability distributions
on words, i.e., a set of functions from words to the real interval [0,1]. We call
this view “probabilistic.” A probabilistic word over the alphabet X is a prob-
ability distribution on Y. We write D(X“) for the set of probabilistic words.
A probabilistic language over X is a function B: D(X¥) — B. Probabilistic lan-
guages can be defined by Markov decision processes (MDPs) whose transitions
are labeled by letters from Y. MDPs generalize w-automata by distinguishing
between controllable states, where an outgoing transition is chosen according to
a polic (or strategy), and probabilistic states, where an outgoing transition is
chosen according to a given probability distribution. Given an MDP, and a pol-
icy for resolving all controllable decisions, the outcome is a probabilistic word.
By collecting the outcomes of all policies in a set, we obtain a probabilistic lan-
guage. Many basic questions about such finite-state generators of probabilistic
languages are unsolved. For example, the language-inclusion problem for MDPs
is central to the algorithmic verification of probabilistic systems: it asks, given
two finite-state MDPs M; and Mo, if the probabilistic language defined by M; is

* This research was supported in part by the Swiss National Science Foundation and
by the NSF grant CCR-0225610.

Policies may in general be probabilistic. A policy is a function mapping each finite
state sequence (representing the history of a behavior) to a probability distribution
on the possible next states.
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a subset of the probabilistic language defined by Ms; in other words, if for every
policy p1 of My, there is a policy p2 of My such that the outcome of applying pq
in M is equal to the outcome of applying ps in Ms. To our knowledge, it is an
open problem if this question can be decided.

In the second quantitative view, a language is a function from words to real
values. These values may represent rewards or costs. We call this view “nu-
merical.” Formally, a numerical language over the alphabet Y is a function C":
¥ — R. We refer to C'(w) as the value of a word w in the language C'. There are
several ways of generating numerical languages. One mechanism for obtaining
finite numerical values for infinite words is discounting, which gives geometri-
cally less weight to letters that occur later in a word. Let M be a state machine
whose transitions are labeled by letters from Y. Given a real-valued discount
factor A € (0, 1), the value M (w) of each word w € X can be defined as 1 — A",
where n is the number of letters in the longest prefix of w that is accepted by M
(if all prefixes of w are accepted by M, then M (w) = 1). Numerical languages
are also generated by weighted state machines, whose transitions are labeled
both with letters from X' and with real values. The numerical label (or weight)
of a transition may represent a reward obtained or a cost incurred by traversing
the transition. Let M be a weighted state machine, and let r be a run of M over
a word w € X“. The run r can be defined to assign to w either the supremal
transition value occurring in r, or the limsup of all transition values in r, or their
limit average, or their discounted sum (for some discount factor ). The weighted
state machine M, then, assigns to each word w as value the supremum of all
values assigned to w by accepting runs of M over w. In game theory, objectives
that try to maximize a numerical value are common and well-studied; in system
modeling, the numerical value of a run may represent a resource requirement of
a behavior, such as power consumption.

The probabilistic and numerical views can be combined, resulting in quantita-
tive languages of the type [D(X“) — R]. In this talk, we survey some theoretical
results about such quantitative generalizations of languages, and review some of
their applications in system design and verification [1-6].
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In the talk we give an overview of recent developments in the area of language
equations, with an emphasis on methods for dealing with non-classical types
of equations whose theory has not been successfully developed already in the
previous decades, and on results forming the current borderline of our knowl-
edge. This abstract is in particular meant to provide the interested listener with
references to the material discussed in the talk.

Motivations for studying equations over languages come from several sources
(e.g. formal grammars, automata constructions, word equations, set constraints,
games or natural computing) and most of the results on these equations are
related to one of these topics.

Language equations were first applied in [I4] to elegantly define semantics
for context-free grammars by means of explicit systems of equations with the
operations of union and concatenation. Some interesting examples of using these
systems can be found in [52]. By allowing in these systems also intersection, one
obtains the notion of conjunctive languages [36l37], which are more general than
context-free ones even over a unary alphabet [I7]. The special case of linear
conjunctive languages was studied in [39].

The theory of explicit systems of language equations with concatenation and
all Boolean operations was developed in [46], and even one-variable systems were
proved computationally universal [43]. The appropriate restriction of these sys-
tems to define Boolean grammars was described in [38]. Several basic open prob-
lems about conjunctive and Boolean languages are proposed in [45]. The classes
of languages obtained by allowing in explicit systems additionally to concatena-
tion all possible clones of Boolean operations were also determined [47/44]. Ex-
plicit systems were further shown to naturally define arithmetical hierarchy [40].
Solutions of explicit systems with some language operations other than concate-
nation were also described, e.g. equations employing homomorphisms are related
to ETOL languages [53].

Implicit language equations where concatenation is the only operation natu-
rally appear as a generalization of equations over words to sets of words. Ex-
istence of solutions of word equations with constants was proved decidable by
Makanin [34]. Currently best algorithms for solving word equations can be found
in [49]. It is also well known that solvability of word equations is decidable even
for infinite rational systems of equations [TOI2IT5].
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For equations over languages, the situation is completely different. In [48] ex-
istence of arbitrary solutions was proved undecidable for equations with finite
constants employing union and concatenation. When regular constant languages
are allowed, the problem is undecidable already for one-variable systems using
only the operation of concatenation [29]. But there is no such result about equa-
tions with only finite constants, and we also have virtually no knowledge about
solvability of finite systems over finite or regular languages. On the other hand,
it is known that already for a very simple rational system of equations with only
concatenation we cannot algorithmically decide whether given finite languages
form its solution [32/20030].

Most of the results about implicit language equations and inequalities con-
cern inequalities of particular forms, often related to important classes of formal
grammars or basic automata constructions like those of minimal and universal
automata (see [54]). Results of this kind were surveyed in [26]. General treatment
of systems of implicit equations was initiated by Okhotin [41], who considered
also strict inequalities [42].

General systems of equations and inequalities with constant right-hand sides
were studied by Conway [9], and the exact complexity of determining their solv-
ability was established in [6]. The study of such equations was also extended to
the simplest equations with more general operations than concatenation based
on shuffle and deletion along trajectories [22123/12].

Some generalizations of standard systems of right-linear equations were con-
sidered by Leiss [31]. For general systems of right-linear inequalities, basic prob-
lems can be solved using Rabin’s results on MSO logic on infinite trees [50]; the
complexity of these problems has been determined in [II8AI35]. Regularity of
largest solutions in the case of inequalities with non-regular left-hand sides was
established in [28].

The method of proving regularity by means of well quasi-orders was developed
by Ehrenfeucht et al. [I3]; a number of results on regularity of languages based
on well quasi-orders can be found in [I1]. Well quasi-orders were used to show
regularity of largest solutions of systems of inequalities with certain restrictions
on constant languages [25].

The borderline between equations with algorithmically constructible regu-
lar largest solutions and those having universal expressive power appears to
be formed by semi-commutation inequalities XK C LX. For any regular lan-
guage L, the largest solution of such an inequality is always regular [25], but the
only known proof of this fact is non-constructive, based on Kruskal’s tree theo-
rem [24], and we know how to algorithmically find the largest solution only in
a very special case [33]. However, systems of two semi-commutation inequalities
possess universal expressive power [27]. A prominent role among these systems is
played by commutation equations, which were first considered by Conway [9] and
later studied in many papers (see [21] for a survey). Basic results were achieved
and conjectures formulated in [51]; regularity of the largest solutions was proved
for three-element languages [19] (a more general result based on lexicographic
ordering can be found in [35]) and regular codes [I§]. The expressive universality
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of commutation equations over finite languages was established in [29] (a more
intuitive incremental construction for this result is described in [16]). Some par-
tial results were proved also for equations expressing conjugacy of languages [7];
an undecidability result for these equations can be found in [29].
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We know how to measure distance from Turku to Toronto. However, do you
know how to measure the distance between two information carrying entities?
For example: two genomes, two music scores, two programs, two articles, two
emails, two concepts, or from a question to an answer? Furthermore, such a
distance measure must be application-independent, must be universal in the
sense it is provably better than all other distances, and must be applicable.

From a simple and accepted assumption in thermodynamics, we have devel-
oped such a theory. I will present this theory and will talk about some new
applications of this theory, including a question answering system.
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Abstract. Numbers do exist, independently of the way we represent
them, of the way we write them. And there are many ways to write them:
integers as finite sequence of digits once a base is fixed, rational numbers
as a pair of integer or as an ultimately periodic infinite sequence of digits,
or reals as an infinite sequence of digits but also as a continued fraction,
just to quote a few. Operations on numbers are defined, independently of
the way they are computed. But when they are computed they amounts
to be algorithms that work on the representations of numbers.

Here, numbers will be represented by their development in a base,
hence by words over an alphabet of digits and the algorithms we shall
consider are those that can be performed by finite state machines, that is,
by the simplest machines one can think of. Which operations can be thus
defined? which set of numbers can be thus described? how this is related
to the chosen base? how the choice of the alphabet of digits may influence
the way the operations may be computed? These are the questions that
will be asked and, hopefully and to a certain extent, answered in this
conference.

We shall begin with the example of divisibility by a given integer in a
given base p, the generalization — due to Blaise Pascal — of the casting
out nines and, more seriously, with the beautiful Cobham’s Theorem
[TI213]. This result leads to the distinction between recognizable and p-
recognizable sets of integers that generalizes to set of tuples of integers
and sets the problem of the decidability of the former among the latter,
answered positively by Honkala, Muchnik and Leroux [4I516].

Another obvious appearance of finite automata, of finite transducers
indeed, in the processing of written numbers occurs when signed digits
are used, as has been popularized in the field of computer arithmetics
by Avizienis for instance [7]. In this framework arises the interesting
problem of the trade-off between the redundancy of a number system
and the “compexity” of the operations performed on numbers written in
that system.

The next case that will retain our attention is the one of non standard
number systems; here, a non integer real (3 is taken as a base and the
(real) numbers are written in this base. We put into correspondance the
so-called arithmetic properties of 8 — that is, which kind of algebraic
integer B is — the rationality of the set of expansions in such a base and
the possibility of defining a linear recurrence that yields a system for
representing the integers (cf. [8, Ch. VII]). A striking result is the fact
that the addition is realized by a finite transducer if, and only if, 3 is a
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Pisot number [910]. In all these systems, the algorithm for computing
the expansions is the greedy algorithm and produces the most significant
digit first.

In a last part we shall touch on a more recent topic: rational base
number systems (cf. [I1]). In these systems, every integer has a unique
finite expansion, which is not computed by a greedy algorithm but by
a right to left algorithm, that is, by an algorithm which computes the
least significant digit first. The set of all expansions is not a rational lan-
guage, a very intriguing set of words indeed, but a finite transducer exists
which converts a representation written on any alphabet of digits into a
representation of the same number written on the canonical alphabet.
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Abstract. In this talk, I will survey recent results and discuss open
problems on the state and transition complexity of nondeterministic fi-
nite automata.

Finite-state automata are one of the simplest models of computation and a basis
for the study of fundamental questions in complexity of computing. During the
last ten years, motivated by new applications of regular languages that require
automata of very large size, descriptional complexity of finite automata has re-
ceived increased attention [AIT422]. The majority of the work centers on the state
complexity of deterministic finite automata (DFAs). An interesting aspect of the
work is that it often combines experiments with purely theoretical work. When
dealing with the state complexity of more involved combined operations [I8|19],
the worst-case examples are, typically, found experimentally using software tools
such as Grail+ [21].

While DFAs can be efficiently minimized, the minimization of nondeterminis-
tic finite automata (NFAs) is known to be PSPACE-complete [I5], and moreover
the minimal NFA cannot be efficiently approximated [6/TT]. Further results in
this direction can be found in [RITO/IT].

The number of transitions gives for NFAs a more realistic descriptional com-
plexity measure than the number of states because the number of transitions
determines the size of a complete description of an NFA. There has been much
work on the transition complexity of converting regular expressions to NFAs
and [20] has established a tight lower bound for the transformation. More refer-
ences can be found in [GI20].

Here our focus is on questions relating the nondeterministic transition com-
plexity and state complexity, and on questions on operational transition com-
plexity [2], that is, how does the (minimal) number of transitions change when
applying various regularity preserving operations to NFAs. Also, we can study
trade-offs between the number of states and the number of transitions. There
are examples where the number of transitions in state minimal NFAs may be
significantly reduced already by allowing one additional state.

* Supported by the Natural Sciences and Engineering Research Council of Canada
Grant OGP0147224.
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1 Definitions

A nondeterministic finite automaton is a tuple A = (X, Q, qo, QF,6) where X' is
the input alphabet, @ is the finite set of states, gy € @ is the start state, Qp C @
is the set of accepting states and 6§ C @ x X' x @ gives the set of transitions.

Let L be a regular language. The nondeterministic state complexity of L is
the smallest number of states of any NFA recognizing L and it is denoted as
nsc(L). The (nondeterministic) transition complexity of L, tc(L), is the smallest
number of transitions of any NFA that recognizes L.

For k > 0, the k-strict transition complezity of L, stci(L), is the smallest
number of transitions of any NFA A for L such that A has at most nsc(L) + k
states. For any regular language L and k > 0, the following relations follow
directly from the definitions

nsc(L) — 1 < te(L) < stegr1 (L) < steg(L).

To describe the transition complexity of operations on regular languages, we
need the following notions dealing with numbers of transitions originating from
the start state or entering the accepting states in transition minimal NFAs for
the language. For a regular language L we denote by M(L) the family of all
NFAs for L where the number of transitions is exactly tc(L). Now we define

S(L) = IninAE./Vl(L)ﬂ(5 N ({QO} X XX Q)‘ A= (E7QaQO7QFa6)}7

J(L) =minge {16 NQ x ¥ x Qr)|: A= (X,Q,q,QF,0)},
fs(L) = minge pm(n){[0N({go} x ExQUIQx XX QF))| : A= (¥, Q, q0,QF, )}

2 Transition Complexity and State Complexity

Recently nondeterministic state complexity has been used to provide estimations
for the deterministic state complexity of combined operations [19]. In many cases
the composition of nondeterministic state complexities of basic operations turns
out to be fairly close to the nondeterministic state complexity of the combined
operation, while the same is not true for the deterministic state complexity of
combined operations [I8].

Table [l summarizes the results for nondeterministic state complexity [12]
and transition complexity [2] of basic operations. The lower bound for state
complexity of complementation is from [IJ.

In the table L;, i = 1,2, are regular languages where nsc(L;) = n; and tc(L;) =
m;. The cardinality of the alphabet is denoted by k.

When the upper and lower bounds do not coincide, in the table the row
element for that operation is divided into two parts. The entry (}) refers to the
case where the alphabet has two letters and a transition minimal NFA for L;
has the same number of transitions for both symbols, i = 1,2. In the general
case, the upper bound for transition complexity of intersection depends on the
numbers of transitions for each symbol. The entries ({) refer to the case where L,
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Table 1. Nondeterministic state and transition complexity

State complexity  Transition complexity

Union ni +ngs +1 m1 + ma + s(L1) + s(L2)
Intersection nins mlm(;>
Complement (u.b.) 2™ k2m1+1
(Lb.) 2m1/2=2 _q
Catenation ni1 + no my +me + f(L1)
Kleene star (u.b.) ni+1 mi +k+ fs(L1)®
(1b.) my + fs(L)®
Reversal ny+1 mi + f(L1)

does not contain the empty word, in the other case the upper and lower bound
are both mi + f(L1).

In the results for transition complexity, further work is needed to determine
how the measures s(L;), f(L;) and fs(L;) interact with tc(L;). For example, in
the worst-case examples for catenation one could try to determine what values
(< te(Lq)) the term f(L1) may have.

Problem 2.1. Which range of values the measures s(-), f(-), fs(-) may have in
worst-case examples for the transition complexity of basic operations given in
Table [II?

The state complexity of morphisms and inverse morphisms is usually not exam-
ined because the constructions yield easily tight bounds, in particular, the stan-
dard construction for inverse morphism does not increase the number of states
of an NFA. On the other hand, only a quadratic upper bound, and no matching
lower bound, is known for transition complexity of inverse morphisms [2].

Problem 2.2. What is the transition complexity of inverse morphism?

In a worst-case comparison of nondeterministic state complexity and transition
complexity, it has been established using counting argumentb that there exist

finite languages L,, n > 1, with tc(L,,) € Q(log(bflsc(L ) [9/16]. However, the
counting arguments do not yield efficiently constructlble languages having a
corresponding transition complexity lower bound An explicit construction of
finite languages Ly, n > 1, with tc(L,) € 2(nsc(L,,) - /nsc(L,)) is given in [3].

It seems difficult to obtain useful general purpose tools for proving lower
bounds for the transition complexity of particular regular languages, similar as
the fooling set methods used to prove lower bounds for the number of states of
an NFA [5I13]. The lack of such tools makes it hard to obtain tight lower bounds

when considering operational transition complexity.

Problem 2.3. Develop general purpose tools for proving transition complexity
lower bounds (in the spirit of the techniques [BIT3] used for nondeterministic
state complexity).
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If the number of states is fixed, it is much easier to prove lower bounds for the
number of transitions. For suitably constructed NFAs it is relatively straight-
forward to establish lower bounds for the k-strict transition complexity and, for
any k > 0, one can find families of regular languages L, , (n > 1) for which
stck(Ly, i) is of a different order than tc(Ly, k).

Proposition 2.1. [3] There exist regular languages L,,, n > 1, such that
ste1(Ly) € O(nsc(Ly,)) and steg(Ly,) € 2((nse(Ly))?).

The result of PropositionZlrepresents a maximal trade-off between the number
of states and the number of transitions in any NFAs recogonizing the languages
L,,. If the NFAs are restricted to be state minimal, the number of transitions has
to be quadratic in nsc(L,,) but by allowing one additional state in the NFA it is
possible to have a number of transitions that is linear in nsc(L,,). Proposition 2]
can be generalized to establish an analogous maximal gap in transition complex-
ity when comparing NFAs that, for an arbitrary & > 1, allow respectively, k — 1
and k additional states compared to the size of a state-minimal NFA [3]. Earlier
it was shown in [7] that by allowing a non-constant number of additional states,
the number of transitions can be decreased from quadratic to linear.

When considering the reverse trade-off, one can construct a family of regular
languages L,, n > 1, such that for a constant ¢ > 1,

any transition minimal NFA for L,, needs at least ¢ - nsc(L,,) states. (1)

Above the constant ¢ depends on the alphabet, but it is not clear how large
the gap between the number of states of a transition minimal NFA and the
nondeterministic state complexity of the corresponding language can become.
We conjecture that the number of states in transition minimal NFAs for any
regular languages Ly, n > 1, is O(nsc(Ly)).

Problem 2.4. Determine an upper bound, depending on the alphabet, for the
constant ¢ in ().
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Abstract. Tiling systems that recognize two-dimensional languages are
intrinsically non-deterministic models. We introduce the notion of deter-
ministic tiling system that generalizes deterministic automata for strings.
The corresponding family of languages matches all the requirements of
a robust deterministic class. Furthermore we show that, differently from
the one-dimensional case, there exist many classes between deterministic
and non-deterministic families that we separate by means of examples
and decidability properties.

Keywords: Automata and Formal Languages. Unambiguity, Determin-
ism. Two-dimensional languages.

1 Introduction

Two-dimensional languages are sets of pictures or two-dimensional arrays of sym-
bols chosen in a finite alphabet. The increasing interest for pattern recognition
and image processing has motivated the research on two-dimensional (2D for
short) languages, and nowadays this is a research field of great interest. Since
the sixties, many approaches have been presented in the literature in order to
find in 2D a counterpart of what regular languages are in one dimension (1D):
finite automata, grammars, logics and regular expressions. In 1991, an unifying
point of view was presented by A. Restivo and D. Giammarresi who defined
the family REC of recognizable picture languages (see [6] and [7]). This defini-
tion takes as starting point a characterization of recognizable string languages
in terms of local languages and projections (cf. [B]): the pair of a local picture
language and a projection is called tiling system.

* This work was partially supported by PRIN project Linguaggi Formali e Automi:
aspetti matematici e applicativi.
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REC family inherits several properties from the class of regular string lan-
guages. A crucial difference lies in the fact that the definition of recognizability
by tiling systems is intrinsically non-deterministic. Deterministic machine mod-
els to recognize two-dimensional languages have been considered in the liter-
ature: they always accept classes of languages smaller than the corresponding
non-deterministic ones (see for example, [38IT3]). This seems to be unavoidable
when jumping from one to two dimensions. Further REC family is not closed
under complement and therefore the definition of any constraint to force deter-
minism in tiling systems should necessary result in a class smaller than REC.

In this paper we provide a definition of deterministic recognizable picture
languages based on the formalism of tiling system, that generalizes 1D case. We
first observe that a tiling system is not an effective computation device: given a
tiling system and a picture, if we want to decide whether the picture belongs to
the language recognized by the tiling system, we have to try to cover the picture
with the given tiles, in a way that they match each others and the local symbols
project to underlying symbols of the picture. All the attempts can be done
following any scanning strategy: we could either start in the top-left corner and
going row by row (from top to bottom) or by columns or in a spiral-like way or in
many other more or less natural or strange ways of proceeding. Then in a sense, a
set of tiles is the set of undirected transitions for a sort of automaton that reads
the given picture along a fixed scanning strategy. Moreover, in general, such
recognition process is non-deterministic: at each step of a recognition process
for a picture of size (m,n), one can have a backtracking on all already scanned
positions, i.e. a backtracking of O(m x n) steps. Further recall that parsing for
2D languages is a NP-complete problem [II]. The complexity of unary tiling-
recognizable picture languages was recently considered in [2].

The definition of determinism we introduce consists of a property on the tiling
system (i.e. the undirected transitions of the automata in the 1D case) that leads
to no backtracking in any reasonable associated ”computation”. Furthermore
determinism is a decidable property that implies unambiguity and polynomial
parsing. More in details we will define four types of determinism, one for each
corner-to-corner direction of reading of a picture. Observe that this is also the
case for string languages. The notion of determinism on strings is somehow an
”oriented” notion. When a set of undirected transitions is given for strings, there
are two notions of determinism according to the reading direction: determinism
(from left-to-right) and co-determinism (from right-to-left). Deterministic Rec-
ognizable Languages are defined as languages that admit a deterministic tiling
system along one of the four corner-to-corner directions: DREC' denotes the class
of all deterministic recognizable languages. As one would expect DREC class re-
sults to be closed under complement. In [4IT4] it is given a different definition of
determinism for tiling systems based on the way a tiling system is used to rec-
ognize pictures. Such definition is conceptually different and it does not reduce
to conventional determinism on strings when restricting to one-row pictures.

In formal language theory, an intermediate notion between determinism and
non-determinism is the notion of unambiguity. In an unambiguous model, we
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require that each accepted object admits only one successful computation. Both
determinism and unambiguity correspond to the existence of a unique process of
computation, but while determinism is a ”local” notion, unambiguity is a fully
”global” one. Unambiguous recognizable two-dimensional languages have been
introduced in [6], and their family is referred to as UREC. Informally, a picture
language belongs to UREC when it admits an unambiguous tiling system, that is
if every picture has a unique counter-image in its corresponding local language;
and this is an ”orientation-free” notion. In [IJ, the proper inclusion of UREC in
REC is proved. We show here that also DREC is properly included in UREC.

Hence DREC C UREC C REC, differently from the 1D case where all the
corresponding classes collapse. Then we further strengthen this result and show
that there is a very rich hierarchy of classes between determinism and non
-determinism in 2D. We exhibit some classes, denoted Col-UREC and Row-
UREC, that strictly separate DREC from UREC. Recall that DREC is the class
of languages that can be accepted with backtracking zero at each step of the com-
putation while UREC languages may require backtracking linear in the size of
the pictures during computation. As intermediate classes, Col-UREC and Row-
UREC are defined in such a way to have backtracking at most linear in one di-
mension of the picture at each step of its computation: they are defined by means
of column-unambiguous and row-unambiguous tiling systems, respectively.

We conclude the paper by considering a decidability issue: it is easy to prove
that it is decidable whether a given tiling system is deterministic while in [I] it
is shown that it is undecidable whether it is unambiguous. Here we prove that
for those intermediate notions of row-/ column-unambiguous tiling system such
problem is still decidable.

2 Preliminaries

We introduce some definitions about two-dimensional languages. The notations
used and more details can be mainly found in [7].

A two-dimensional string (or a picture) over a finite alphabet X is a two-
dimensional rectangular array of elements of X'. The set of all pictures over X' is
denoted by X** and a two-dimensional language over X' is a subset of X**.

Given a picture p € X**, let p(; ;) denote the symbol in p with coordinates
(4,7), £1(p) = m, the number of rows and ¢2(p) = n the number of columns;
the pair (m,n) is the size of p. The set of all pictures over X of size (m,n) is
denoted by XY™™, It will be needed to identify the symbols on the boundary of a
given picture: for any picture p of size (m,n), we consider the bordered picture p
of size (m + 2,n + 2) obtained by surrounding p with a special boundary symbol
# ¢ X positions of p will be indexed in {0,1,---,m + 1} x {0,1,---,n+ 1}.

A tile is a picture of dimension (2,2) and Bz 2(p) is the set of all sub-blocks
of size (2,2) of a picture p. Given an alphabet I', a two-dimensional language
L C I'* is local if there exists a finite set © of tiles over I' U {#} such that
L= {pe I'"*By2(p) C O} and we will write L = L(O).
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A tiling system is a quadruple (X, I, ©, ) where X and I" are finite alphabets,
O is a finite set of tiles over I' U {#} and « : I' — X is a projection. A two-
dimensional language L C X** is tiling recognizable if there exists a tiling system
(X, 1,0, ) such that L = n(L(0)) (extending 7 in the usual way). We denote
by REC the family of all tiling recognizable picture languages.

The family REC is closed with respect to different types of operations (see
[7] for all the proofs). The column concatenation of p and ¢ (denoted by pOq)
and the row concatenation of p and ¢ (denoted by pOgq) are partial operations,
defined only if ¢1(p) = ¢1(q) and if l2(p) = l2(q), respectively and are given by:

pP©Oog= p q pOq =

REC family is closed under row and column concatenation and their closures,
under union, intersection and under rotation. All those closure properties confirm
the close analogy with the one-dimensional case. The big difference regards the
complement operation. In [7] and, in a different set-up, in [9], it is shown that
the family REC is not closed under complement.

Let us give some examples to which we will refer later.

Example 1. Let Lf.—;. be the language of pictures over X' = {a,b} whose the
first column is equal to the last one. Language Lf.—;. € REC. Informally we
can define a local language where information about first column symbols of a
picture p is brought along horizontal direction, by means of subscripts, to match
the last column of p. Tiles are defined to have always same subscripts within a
row while, in the right-border tiles, subscripts and main symbols should match.
Below it is an example of a picture p € Ly.—;. together with a corresponding
local picture p’.

b b a b b bb bb ap bb bb
a a b a a |, aga, by a, a.
p = p = .
b a a a b by ap ap ap by
a b b b a Ga by b by g

Let Lf.—. be the language of pictures such that the first column is equal to
some i-th column, i # 1. Note that Lyc—es = Ly lOX** and thus Lyjc—e €
REC. Similarly we can show that the languages L.—;. = X**OLj.—., and
Le—er = X OL e OX** are in REC. a

An interesting model of 2D automaton to recognize picture languages is the two-
dimensional on-line tessellation acceptor (OTA) introduced in [§]. In a sense the
OTA is an infinite array of identical finite-state automata in a two dimensional
space. The computation goes by counter-diagonals starting from top-left towards
bottom-right corner of the picture. A run of a OTA on a picture consists in
associating a state to each position of the picture. The state for some position
(i,7) is given by the transition function and depends on the symbol in that
position and on the states already associated to positions (i,j — 1), (i — 1,7 —1)
and (¢ — 1, ) (note that an equivalent definition is possible with the state not
depending on the state in the top-left corner, (i — 1,5 — 1)). A deterministic
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version of this model is referred to as DOTA. The family of languages recognized
by the two versions of the model (L(OTA), L(DOT A)) are different. Although
this kind of automaton is quite difficult to manage, this is actually the machine
counterpart of a tiling system: in [I0], it is proved that REC = L(OTA).

3 Deterministic Tiling Systems

In this section we focus on the well accepted model of tiling system to discuss on
the question of defining a corresponding deterministic model and to establish a
"robust” definition for the class of Deterministic Recognizable Two-dimensional
Languages. The main property for a deterministic model should be that a recog-
nition process does not have any backtracking at each step of the computation.
Moreover, as tiling systems generalize finite automata for strings to two dimen-
sions (and in fact they coincide with finite automata in the special case of one-row
pictures), we require the same for deterministic tiling systems.

To better fix these ideas we jump for a while to the one dimensional case.
Recall that a string language L is accepted by a finite automaton if and only
if it is the projection of a local language (given by a finite set of length-two
strings on a local alphabet). In fact, using the given set of length-two strings,
one can easily define a transition function of a conventional automaton for L.
By conventional automaton here we mean an automaton that reads any input
string starting from the leftmost position and going from left to right (the con-
ventional reading direction, at least for occidental people!). It is easy to verify
that the same set of length-two strings can be also used to define an automaton
that recognizes strings in L by starting from the rightmost position and then
proceeding from right to left (probably more natural for Arabian people!). The
two automata can be obtained one from the other by exchanging initial and
final states and reversing arrow directions. In the string case we have two no-
tions of determinism: (conventional) determinism and co-determinism. In fact,
if the right-to-left automaton is deterministic we say that conventional automa-
ton is co-deterministic. This implies that a ”deterministic property” on the set
of length-two strings needs to be given according to a fixed direction. More-
over recall that not all regular string languages admit automata that are both
deterministic and co-deterministic.

We now extend such considerations to the two dimensional case. In 2D there
are 4 possible starting positions (the four corners) and therefore 4 possible main
scanning directions (one from each corner). For a while let us focus on the
direction from the top-left corner towards the bottom-right one, denoted by
ti2br-direction: any reading of a picture along this direction has the property
that we can read position (z,y) only if we have already read all the positions
that are above and to the left of (x,y) that is all the positions (i, ) with i < x
and j < y. Similarly we can define all the others corner-to-corner directions in
the set C2C = {t12br, tr2bl, bl2tr, br2tl}.

Remark that, unlike the 1D case, once fixed a scanning direction there can be
several reading paths on the picture p that are ”compatible with” that direction.
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For example, if we take the t12br-direction, we can have the path that visits p
column by column from left to right and each column from top to bottom, or
another path that goes row by row from top to bottom and each row from left
to right or another path that starts from top-left corner and then explores p by
counter-diagonals, each one from top to bottom and so on... Observe that, we
could also consider scanning processes that do not follow a fixed direction but
this would not reduce to the conventional reading of a string when we restrict
to one-row pictures: therefore they are not interesting for our purposes.

We are now ready to introduce deterministic tiling systems. As in 1D case,
determinism will be defined as a property of the tiling system referred to a
direction (one of the 4 main directions from the corners). Then any computation
that follows a scanning path compatible with that scanning direction will be a
deterministic computation (next step is determined with backtracking 0).

Definition 1. A tiling system (X, I, 0, ) is t12br-deterministic if for any v,
Y2, v3 € I'U{#} and o € X there exists at most one tile 31 12 € O, with
3 V4
() = 0.
Similarly we define d-deterministic tiling systems for any corner-to-corner
direction d € C2C.

Ezample 2. Let Ly,—s. be the language of squares over a two-letters alphabet
Y = {a,b} with the first row equal to the first column. Lf,—¢. € REC" indeed
we will exhibit a tiling system 7= (X, I, ©, ) recognizing L. The tiling system
7T is such that, for any picture p, the information on each letter of the first row
is brought down till the diagonal and then left towards the first column. More
precisely, we use a local alphabet I' = {z7 with z,y € {a,b}, z € {0,1,2}}
and define w(m';) = x. The superscript symbol 0 occurs only in positions below
the diagonal, the symbol 1 occurs only on the diagonal and symbol 2 occurs
only above the diagonal, while the subscript symbols correspond to information
we are bringing from the first row to the first column (making a turn at the
diagonal). Here below it is given an example of a picture p € Ly,—. together
with the corresponding local picture p’ (i.e. 7(p’) =p ).

a a b b a a}laibfbgai

a b baa agb}lbgagaz
p=1>b b aab p = b) b) ai ai b2
0210 0,1 2

b baaa by by ap ay a;

a a a a b a® a® a? a bl

a a a

It is easy to see that the tiling system 7 is tl12br-deterministic. Remark that
12 1,2

it is not br2tl-deterministic: tiles ~§ Z‘f , ag Z‘f € O with 7(al) = 7(a}) = a.
a a

a a

Another important property of determinism should be the decidability. We show
that it is decidable whether a given tiling system is deterministic.
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Proposition 1. It is decidable whether a given tiling system is d-deterministic
for a given corner-to-corner direction d € C2C'.

Proof. Given a tiling system 7 = (X, I,0,7), in order to test, for example,
whether it is t12br-deterministic it suffices to verify whether there exist in © two
72 Y1 2

tiles , € O, with 4 and 7 = 7(~}). O
Y3 1 Y3 %/1 ) Y4 F V4 (74) (74)

A recognizable two-dimensional language L is deterministic, if it admits a
d-deterministic tiling system for some corner-to-corner direction d. Moreover,
we denote by DREC, the class of Deterministic Recognizable Two-dimensional
Languages.

We first observe that, as one would expect, deterministic recognizable lan-
guages are unambiguous (i.e. DRECCUREC). In fact, if at each step of recogni-
tion of a given picture we have only one possible local symbol to choose, then we
have only one possible local counter-image for the input picture. We will prove
that there are unambiguous recognizable languages that are not deterministic.
Moreover, in the next section we will stress this result by exhibiting some other
classes between DREC and UREC.

Remark that DREC is closed under rotation. Indeed if L is recognized by a
d-deterministic tiling system, say a tl12br-deterministic one, then its (clockwise)
90°-rotation is accepted by a tr2bl-deterministic tiling system obtained by rota-
tion of tiles. We now show that DREC family has a natural counterpart in the
formalism of 20TA.

Proposition 2. The class DREC is equal to the closure by rotation of
L(DOTA).

Proof. Let L € DREC and let 7 be a d-deterministic tiling system for L.
If 7 is tI2br-deterministic, then the OTA simulating the tiling system 7 and
accepting the language L, as in the proof of [I0], results to be deterministic.
Then L € L(DOTA). If T is d-deterministic, for some d € C2C, then a proper
rotation of 7 will be t12br-deterministic and the proof follows.

Now, let L € L(DOT A). The tiling system for L, obtained as in [10], is t12br-
deterministic. The proof is completed by the closure by rotation of DREC. O

Proposition 3. DREC is properly included in UREC

Proof. We will exhibit a language L frqmes € UREC \ DREC using the character-
ization in Proposition[2l Consider language L ¢,— . as defined in Example2l One
can easily show that Ly,—¢. € L(DOT A); while its 180° rotation, say Li.—;, the
language of all square pictures with the last row equal to the last column is not
in L(DOTA) (ct. [§]). Hence define L f,qmes as the intersection of four languages
over ¥ = {a,b}: Lyr=fc, Liy=ic, L', the language of all square pictures with the
second row equal to the reverse of the second-last column, and L”, the language
of all square pictures with the second-last row equal to the reverse of the second
column. Formally, let Lframes = {p € Z**[l1(p) = l2(p) = n, Dni)y = Pin)s
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P2,i) = P(n—i+1,n—1)5 P(i,1) = P(1,i) and Pn—-1,4) = P(n—i+1,2)Vi =1,...,n}. The
proof that Lfrqmes ¢ DREC is rather involved and we omit it for lack of space.

Moreover, it can be shown that each one of the four languages defining L fqmes
is in UREC (for example the tiling system for Ls,— ¢, given in Example2lis t12br-
deterministic and then unambiguous) and, since UREC is closed with respect to
intersection (cf. [I]), we have Lf,qmes €UREC. O

We conclude this section by stating that the class of deterministic recognizable
languages is closed under complement and therefore it shares such important
property with any other ’deterministic’ model. (Remember that the whole REC
family is not closed under complement.) The proof follows from Proposition
and the closure of £(DOT A) under complement [§].

Proposition 4. DREC is closed under complement.

4 Between DREC and UREC Classes

In this section we show that differently from one dimensional case, there is a very
rich hierarchy of classes between determinism and non determinism by exhibit-
ing some classes, we denote Col-URFEC and Row-UREC, that strictly separate
DREC from UREC. DREC is the class of languages that can be accepted with
backtracking 0 in their computations; while UREC languages may require back-
tracking linear in the size of the pictures during computation. Col-UREC and
Row-UREC are defined in such a way to have backtracking at most linear in one
dimension of the picture. They correspond to an intermediate notion between
determinism and unambiguity, and hence they lie between DREC and UREC.
Note that the situation is extremely more complex than in 1D where all the cor-
responding classes collapse. Finally we prove some decidability results regarding
those new definitions (Proposition [G).

We now define column- and row-unambiguous languages. For this, we use a
different point of view for two-dimensional scanning directions: we somehow con-
sider one dimension at each time and therefore move only along that direction.
More precisely, we consider four side-to-side scanning directions namely left-to-
right and vice versa, top-to-bottom and vice versa. In particular any reading
of a picture p along the side-to-side direction for left-to-right, denoted by [2r-
direction, has the property that we can read position (z,y) only if we have
already read all the positions in the columns to the left, that is all the posi-
tions (i,7) with j < y. In other words the scanning of p proceeds column by
column (despite we do not pay attention to the order of reading inside a given
column). Similarly we can define all the others side-to-side directions in the set
S2S = {12r,r21,12b,b2t}.

We are now ready to give the definition of 12r-unambiguous tiling systems.
Informally, a tiling system is 12r-unambiguous if, when used to recognize a picture
by reading it along a 12r direction, there is only one possible next local column.

Definition 2. A tiling system (X, I,0, ) is 12r-unambiguous if for any col-
umn col' € I U {#}™L, and picture p € Y™, there exists at most one
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local column col” € I'™1', such that w(col”) = p and Ba22(p’) C O where
p' = {#}120 (col'Ocol”)O {#}12.

Similar properties define d-unambiguous tiling systems, for any side-to-side
direction d € S25.

We say that a language is column-unambiguous if it is recognized by a
d-unambiguous tiling system for some d € {12r,r2l} and it is row-unambiguous
if it is recognized by a d-unambiguous tiling system for some d € {¢2b,b2t}. Fi-
nally, we denote by Col-UREC the class of column-unambiguous languages and
by Row-UREC the class of row-unambiguous languages.

Remark 1. A column-unambiguous tiling system is such that, during the com-
putation of a picture of size (m,n), the backtracking at each step is at most m.
This is because the next local column is uniquely determined without ambiguity
after backtracking of m steps at most. Same remarks hold for row-unambiguity.

Remark 2. Tt is interesting to note that we could similarly define diagonal unam-
biguity, requiring that the next diagonal of local symbols is uniquely determined
from the previous one (for example, the counter-diagonals like OTA’s transitions
waves). In this case, such a diagonal unambiguity would coincide with determin-
ism, since the local symbol in a position on the diagonal does not depend on the
other local symbols on the diagonal.

Ezample 3. Let Ly,—g. be the language of squares over X' = {a, b} with first
row equal to the first column and 7 = (X, I', ©, ), as introduced in Example 2
We show that 7 is [2r-unambiguous and hence Ly,—;. € Col-UREC.

Informally, for any local column col’ € I'™ !, and picture p € X™!, the local
column (if any) col” € I'™! (in DefinitionH), is univocally determined as follows.
The position of col” on the diagonal is determined from the position of a symbol
with superscript 1 in col’; we have J;ll} when z is the underlying symbol of p and y
is the matching symbol from the first row and first column. Above this position,
we have COZEIi,l) = ac;zj iff p;,1y = = and p(y 1y = y; below diagonal position, we
have colE’i’l) = 332 iff p(;,1) = = and colEi’l) =20,

Moreover, by similar argument one can show that 7 is also 72[-, t2b-, and b2t-
unambiguous. Then Ly,.—;. € Row-UREC.

The following proposition compares all the classes DREC, Col-UREC, Row-
UREC, UREC and REC. The proof is almost trivial and it is omitted. In the
sequel we will be able to show that all these inclusions are strict.

Proposition 5. DREC C (Col-UREC N Row-UREC) C (Col-UREC U Row-
UREC) CUREC C REC.

Now we state some necessary condition for Col-UREC (and Row-UREC) family.
We will associate the string language over the alphabet of the columns (or rows)
with a two-dimensional language, in a way similar to [II12]. More precisely,
let L C X** be a picture language. For any m > 1, we consider the subset
Lp(m) C L containing all pictures with exactly m rows. Such language Ly (m)
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can be viewed as a string language over the alphabet ™! of the columns, i.e.
words in Ly (m) have a "fixed height m”. In an analogous way one can define
the language L, (n) of pictures with fixed width n.

Furthermore if L is in REC and 7 is a tiling system that recognizes it, we can

construct an automaton A,, (7) that recognizes Lj(m), as follows. The states

of Am (T) are the local columns of I"™! plus the initial state that is the column
{#}™1; for each pair of states col’,col”, we add a transition labelled 7(col”),
from col’ to col”, iff By o({#}120 (col'Ocol”)O{#}1:?) C O. The final states are
columns col’ € I such that B o({#}1%0 (col’O{#}™1)O{#}1?) C 6. Note

that the number of states of A,, (7) is |[I'|™+1, at most, and thus upper limited

by k™ for some k. In an analogous way, we can construct the automata :lm (7T),
AL(T) and Al (T) for L,(m)%¢’, L,(n) and L, (n)%’, respectively, where Rev
denotes the reverse of a (string) language.

Finally for any L C X* denote by My, the infinite boolean matrix M; =
||aa[3||aeg*”g€2* where AapB = 1 iff aﬂ € L.

Theorem 1. Let L C X**.

If L €Col-UREC, then there is a k such that, for all m > 1, the number of
different rows of either My, () or My, (myrev is less than or equal to k™.

If L e Row-UREC, then there is a k such that, for all n > 1, the number of
different rows of either My, (n) or My, (nyres i less than or equal to k™.

Proof. Let T = (X, I',0,7) be a tiling system recognizing L. The main observa-
tion is now that if 7 is d-unambiguous with d = 127 (r2l, ¢2b, or b2t, resp.) then

the automaton Am (7) (Am (T), AL(T), or Al(T), resp.) will result determi-

nistic. Consider the automaton A, (T). For any state col’ € I U {#}™1,
and symbol o € Y1 the arriving state (if any) is col”” uniquely determined by

the Definition 2 So A, (7) is deterministic. Therefore there exists k such that,
for all m > 1 the string language Lj(m) is accepted by a deterministic (string)
automaton with k" states at most.

From Myhill-Nerode Theorem, we also know that the number of states of the
minimal deterministic automaton accepting Ly (m) is equal to the number of
different rows of M7, ;). Therefore the number of different rows of My, ;) is
less than or equal to £™. The proof is analogous in the other cases. a

As an application of Theorem [ let us show a language not in Col-UREC.

Ezample 4. Consider the language L = Lyf.—e N L= and, for any m > 1,
consider language Ly(m) of pictures of fixed height m in L. This is the string
language over the alphabet A = X™! with at least two occurrences of the first
and of the last symbol. If X has o symbols, then A = ™! has ¢™ elements.
One can show that My, ) has at least 20" different rows. Indeed the rows
corresponding to two pictures with different sets of columns are distinct. Since
the different subsets of columns in X1 are 2°°, then M Ln(m) has at least
20" different rows. The same holds for My, (myrev since LB = [ and then,

L ¢Col-UREC.
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Next theorem shows that the inclusions in Proposition [ are all strict, by ex-
hibiting languages that separate the classes. First we state the following lemma.
Its proof easily follows by observing that the tiling system for the intersection
of two languages, as constructed in [7], preserves side-to-side unambiguity.

Lemma 1. If L1, Lo C X** are recognized by a d-unambiguous tiling system for
some d € S2S, then so is L1 N Lo.

Theorem 2. DRECC (Col-URECN Row-UREC) C (Col-URECU Row-UREC)
C UREC C REC, with all strict inclusions.

Proof. We exhibit three languages L1, Lo, L3 showing the three first strict inclu-
sions. A language in REC\ UREC is shown in [I] (namely L.—./).

Language L1 is L frqmes as introduced in the proof of Proposition 3 We have
Ly € (Col-UREC N Row-UREC)\DREC. Indeed L; is defined as the inter-
section of four languages; each one can be recognized by a tiling system that
is d-unambiguous for any d € 525 (see Example B] for part of the proof) and
Lemma[lholds. The proof that Lf,qmes € DREC is rather involved and we omit
it for lack of space.

Language Ly is Ly = Lyc—e N Ler—1e NS, where S is the language of squares
pictures. Ly € Row-UREC\ Col-UREC. A t2b-unambiguous tiling system can
be constructed as here sketched. The idea is, starting from the first row of a
picture, to mark both all the columns candidates to be equal to the first one
and all the columns candidates to be equal to the last one and to propagate
this information downwards. In the last row, we can check whether two entire
columns were found, one equal to the first one and another equal to the last one.
The condition that the picture is a square is needed to detect when the last row
is reached. Hence Ly € Row-UREC. On the contrary Ls ¢ Col-UREC, using
Theorem [l In fact My, (,,,) has at least (¢™ /m)™ different rows, by calculations
similar to the ones done in Example @l

Language L3, is obtained by intersection of L.~ (see Example [I) with its
three 90°-rotations. L3 €UREC since Ly¢.—. € UREC and UREC is closed by
rotations and intersection. On the other hand Lg ¢ (Col-UREC U Row-UREC).
One can show that My, ) has at least 20""* different rows, similarly as in
Example @l So applying Theorem [[l L3 ¢Col-UREC; Ls ¢Row-UREC since it
coincides with its rotations. O

We conclude with some decidability issues. Proposition [ shows that it is de-
cidable whether a given tiling system is corner-to-corner deterministic. On the
contrary in [I] it was shown that it is undecidable whether a given tiling system
is unambiguous. Here we show that it is still decidable whether a tiling system
is column-/ row-unambiguous.

Proposition 6. It is decidable whether a tiling system is d-unambiguous for a
giwen side-to-side direction d € S2S5.

Proof. Consider a tiling system 7 = (X, I,0,7) and direction [2r. Denote P
the cardinality of the set {(«, )| a, 8 € I'}. Trivially, P is the upper bound on
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the length of shortest (i.e. with the minimal number of rows) pictures col’ and p
for which there is no col” as in the Definition[2l Then, it suffices to verify whether,
for any n < P, there are no pictures coly € It U {#}™1 cola, coly € T™1,
such that coly # cols, m(coly) = w(colg), Ba2(p1) € O, Baa(p2) C O where
p1 = {#}120(col10cola)O{#1}1? and py = {#}120(col1Ocol3)O{#}2. The
proof is similar for d € {r2l,¢2b, b2t}. O
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Abstract. The canonical coding partition of a set of words is the finest
partition such that the words contained in at least two factorizations
of a same sequence belong to a same class. In the case the set is not
uniquely decipherable, it partitions the set into one unambiguous class
and other parts that localize the ambiguities in the factorizations of finite
sequences.

We firstly prove that the canonical coding partition of a regular set
contains a finite number of regular classes. We give an algorithm for
computing this partition. We then investigate maximality conditions in
a coding partition and we prove, in the regular case, the equivalence
between two different notions of maximality. As an application, we finally
derive some new properties of maximal uniquely decipherable codes.

1 Introduction

In this paper, we call code a set of finite words. An important class of codes is the
class of Uniquely Decipherable (UD) codes. This property allows the decoding
of a sequence of concatenated codewords. Nevertheless, some classes of codes
are used in information theory although they are not uniquely decipherable (see
for instance [7], [9] and [I0]). The condition of unique decipherability can also
be weakened by considering that it applies only to codes with constraints (see
1) or to codes with a constraint source (see [], [6]). In [6], the classification
of ambiguities of codes is investigated in the study of natural languages. From
a combinatorial point of view, the study of ambiguities helps to understand the
structure of a code.

To this purpose, the notions of coding partition and canonical coding partition
of a code were introduced in [3] to study some decipherability conditions for codes
that are weaker than the unique decipherability. The notion of coding partition
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generalizes that of UD code: indeed UD codes correspond to the extremal case
in which each class contains exactly one element. In general, for codes that are
not U D, the notion of coding partition allows to recover “unique decipherability”
at the level of classes of the partition. In other words, such a notion gives a tool
to localize the ambiguities for a code that is not U D: indeed the ambiguities are
localized inside each class of the partition and a kind of mutual unambiguity
holds between the different classes.

By taking into account the natural ordering between the partitions of a set X,
where finer is higher, we have that the coding partitions form a complete lattice.
As a consequence, given a code X, we can define the finest coding partition P
of X. It is called the characteristic partition of X and it is denoted by P(X).

The structure of P(X) gives useful information about coding properties of X.
In particular, an extremal case (each class of P(X) is a singleton) corresponds
to UD codes. The opposite extremal case (P(X) contains only one class) gives
rise to the definition of Globally Ambiguous (GA) codes. Such considerations
lead to define a canonical decomposition of a code in at most one unambiguous
component and in a set (possibly empty) of GA components.

Remark that the notion of coding partition is related to some special cases of
the notion of F-factorization, introduced in [g].

In [3] it is given a Sardinas-Patterson like algorithm for computing the canon-
ical coding partition of a finite code.

In this paper, we firstly prove that the canonical coding partition of a regular
code has a finite number of classes, each one being regular. This result was
conjectured in [3]. We give an exponential time algorithm for computing all
classes of the partition which is based on automata constructions.

We then introduce the notion of maximality of coding partition with respect
to a component and, in the regular case, we prove that if a coding partition is
maximal with respect to one component, then it is maximal with respect to all
the components. As an application, we prove in the last section that, if a regular
UD code X is maximal, then any code containing strictly X is GA.

2 Partitions of a Code

Let A be a finite alphabet. We denote by A* the set of finite words over the

alphabet A, and by AT the set of nonempty finite words. A code X is here a

subset of AT. Its elements are called code words, the elements of X* messages .
Let X be a code and let

P={X1,Xs,.. .},

be a partition of X ie.: J;»; X; = X and X; N X; =0, for i # j.
A P-factorization of an element w € X7 is a factorization w = 2129 - - 2,
where

- Vi z; € X;", for some k >1
—ift>1, zieX,j:>zi+1¢X,j, forall1 <i<t-—1.
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The partition P is called a coding partition if any element w € X has a unique
P-factorization, i.e. if

W= 2122 2g = UU2 "~ Ug,

where 2129 -+ - 25, UrUsg - - up are P-factorizations of w, then s =t and z; = u;
fori=1,...,s.
We say that a partition P is concatenatively independent if, for i # j,

X;nxf =0

Then a necessary condition for a partition P to be a coding partition, is that P
is concatenatively independent.

Let X be acode and let x5 - - x5 = Y1y - - - y¢ be two factorizations into code
words of a message w € X . We say that the relation z129 - -7, = y1y2 - - -y is
prime if for all ¢ < s and for all j <t one has z1x2---x; # Y1y2 - -~ V5.

In [3] it is proved that P is a coding partition of a code X iff for every prime
relation zyx9 - - x5 = Yy1y2 - - - y¢ these code words belong to the same component
of the partition.

Recall that there is a natural order between the partitions of a set X: if P;
and P, are two partitions of X, P; < P, if the elements of P, are unions of
elements of P,. In [3] is proved the next theorem.

Theorem 1. The set of the coding partitions of a code X is a complete lattice.

As a consequence of previous theorem we can give the next definition.

Given a code X, the finest coding partition P of X is called the characteristic
partition of X and it is denoted by P(X).

A code X is called ambiguous if it is not UD. It is called globally ambiguous
(GA) if | X| > 1 and P(X) is the trivial partition.

So UD codes and GA codes correspond to the two extremal cases: a code is
UD if |P(X)| = |X| and a code is GA if |P(X)| = 1.

Let X be a code and let P(X) be the characteristic partition of X. Let X
be the union of all classes of P(X) having only one element, i.e. of all classes
Z € P(X) such that |Z] = 1. The code Xj is a UD code and is called the unam-
biguous component of X. From P(X) one then derives another partition of X

Po(X) ={Xo, X1, },

where |X;| > 1, for ¢ > 1. The sets X;, with ¢ > 1, are (see[3]) GA. They are
called the GA components of X. The partition Po(X) is called the canonical
partition of X: it defines a canonical decomposition of a code X in at most one
unambiguous component and a (possibly empty) set of GA components. Roughly
speaking, if a code X is not U D, then its canonical decomposition, on one hand
separates the unambiguous component of the code (if any), and, on the other, lo-
calizes the ambiguities inside the GA components of the code. On the contrary, if
X is UD, then its canonical decomposition contains only the unambiguous com-
ponent Xg. Moreover if X is U D then every partition of X is a coding partition.

In [3] is given a Sardinas-Patterson like algorithm for computing the canonical
coding partition of a finite code X and is also proved the next result.
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Theorem 2. Given a partition P = {X1,Xs,..., X, } such that X;, for i =
1,2,...,n, is a regular set, then it is decidable whether P is a coding partition.

In the same paper it was conjectured that if X is reqular, the number of classes
of Po(X) is finite and each class of Po(X) is a regular set.

The conjecture will be proved in the next section so the restrictive conditions
considered in the Theorem [2] are not actually a restriction for regular codes.

3 Coding Partition of a Regular Code

In this section, we consider a regular code X.

We say that a coding partition of a code is finite if is has a finite number
of components. We say that a coding partition of a code is regular if all the
components of the partitions are regular. The following theorem gives a positive
answer to previous conjecture.

Theorem 3. The canonical partition of a reqular code is finite and regular.

Remark 1. Given a coding partition P = {X7, Xa,...} of a code X C A™, the
condition that every word w € X admits a unique P-factorization has the
following algebraic interpretation: the submonoid X* is isomorphic to the free
product of the submonoids X}. We say that a submonoid M C A* is indecom-
posable if M is not factorizable in the free product of others submonoids. Then
the previous theorem can be restated in the following algebraic setting.

Theorem 4. Any regular monoid admits a canonical decomposition into a free
product of at most one reqular free monoid and a finite number (possibly zero)
of regular indecomposable monoids.

In order to prove Theorem Bl we give an algorithm for computing the finite
automata accepting the components of the partition from a finite automaton
accepting the code X.

A finite automaton A = (Q,I,E,T) is made of a finite set of states @Q, a set
of edges I labelled on an alphabet A, a set of initial states I and a set of final
states T'. We shall also consider automata labelled in A*. A successful path is a
path going from a state of I to a state of T'. The set of labels of successful paths
is the language accepted by the automaton.

An automaton is unambiguous if for any word z, any states p, ¢, there is at
most one path going from p to ¢ and labelled by z.

Let A= (Q,I,E,T) be a finite automaton. We define the automaton Ax A =
(Q',I', E',T") called the square of A, where Q' = QxQ, E' = {(p,q) = (¢, ¢) |
p L p and ¢ & ¢’ € E}. The set of initial states I’ and the set of final states
T' will be specified later. A state (p, ) will be also denoted by [Z].

Proof (Proof of Theorem[3). Let A = (Q,I,E,T) be a finite unambiguous au-
tomaton accepting the code X such that I = {i}, T = {t}, and which has no
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edge coming in 7 and no edge going out of ¢. Such an automaton, called a nor-
malized automaton, can be obtained by standard constructions (see for instance
[2]). By merging ¢ and ¢ into a single state denoted by 0, we get an automaton
B = (Q,0,F,0) accepting the set X*. Note that B is no more unambiguous
unless X is UD.

We build the square automaton B x B and replace the state [O] by two states
[0], and [J], such that the edges going out of [J] go out of [J] and the edges
coming in [j] come in [J],. Note that [(]  has no incoming edges and [J], has
no outgoing edges. We only keep in B x B the states belonging to paths from
[g]s to [g]t and going at least one time through a state [q] with p = 0,9 # 0
or p # 0,q = 0. By using the state-elimination technique (see for instance [?]),
we remove the states BI’] with p and ¢ distinct from 0 and get an automaton

C labelled in regular subsets of A* whose states are [J] , [J],, and (1] with
p=0,9g#0or p+#0,q=0. There is at most one edge between two states and
each label is a regular non-empty subset of A*.

States [z ] with p = 0 are called upper-zero states while states [1; ] with ¢ =0

O] and [g] , are both upper and lower-zero

are called lower-zero states. Hence [0 .

states.

We denote by EB;] [1;:] the regular set related to the edge B;] — [z:] With a
slight abuse of language, we sometimes say that there is an edge labelled by a
word w from a state BI’] to state [Z:] whenever w € E[’q’] [”:].

Let ps, qi, pj, q; be states in @ with ¢; and g¢; distinct from 0. Let e, f be the
edges

e=[p] =[] and f=[§] = [}]
(i.e. respectively an edge from an upper-zero state to a lower-zero state and an
edge from lower-zero state to an upper-zero state).

We denote by

— L[%][%] the regular set of labels of paths from [%] to [#] with all its states
being lower-zero states.
— S[%][%] the union of the labels of all edges contained in a path from [%] to

[qoj] with all its states being lower-zero states.

Note that we may have ¢; = g;. In this case, L[%][%] contains the empty word
and S[%][%] may be the empty set.
We define the regular sets

v =E[1[5] - LISIS] - BIS]L,] + STEIIE]

o )y .- 0.1, 20
v+ B8], i 40,3y 0

v+ [ [5 + B, it =p =0,

where the symbol + is the union symbol and the dot symbol is the concatenation
symbol.
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Let pi, ¢, 4,5, Pk, g1 be states in @ with g¢;, q;,p;, pr distinct from 0. Let
e, f, g be the edges

e=[l =[5 F=05]— [ andg=[}] = [T]-
We define the regular set

Sers = B[ (5] - LISI5] - E[510) + BISIL) - 20 ] - BLLITG]-

We define similar sets Scy and Ser, when e, g are edges from a lower-zero state
to an upper-zero state and f is an edge from an upper-zero state to a lower-zero
state, by exchanging the roles played by the upper and lower states.

We get a finite number of regular subsets of X. Some of these states may have
a nonempty intersection. We replace two parts having a non-empty intersection
by their union. After a finite number of steps we get a finite number of regular
subsets of X whose two by two intersections are empty. We denote these sets by
X1,Xo,...,X,. We define the set Xg = X — (J,_; X;. We claim that (X;)o<i<,
is the canonical coding partition of X, which proves the proposition.

To prove our claim, we show that any two code words which belong to a
same prime relation belong to a same component X;. Let z = x122...2, =
Y1Y2 - - - Ym be a prime relation where x;,y; are codewords. The existence of such
a factorization is equivalent to the existence of a path in C:

(e1) o1 (e2) (cs) L1 (o)
Gl = I8 [l == L] L == 19 [ == ]

(ex—2) (ex-1)  rqr 1 (en)
— ) b ] — 0] ] —= [l

In this path, we denote by e; the edges going from an upper-zero state to a
lower-zero one or the converse. Note that this path encodes two paths in the
automaton A. One is read on the upper track, the other one on the lower track.
The label of any path read on the upper (or lower track) going from 0 to 0
without going through 0 in between belongs to X. Hence

i+ +ir+l=n
jo+ji++ietl=m.

By renumbering the lower coefficients p;; of the upper-zero states of this path
p1 to prn, and the upper coefficients g;; of the lower-zero states of this path ¢; to
Gm, the label of each part of this path going from a state [p 0 ] to a state [z?i] is
labelled by ;. The label of each part of this path going from a state [%;'] to a
state [7] is labelled by y;.

By the definition of the sets S¢,¢,,, and the sets Se;¢,, e;,,, We get that all x;
and all y; belong to a same part of the canonical coding partition.

Conversely, we prove that if two words z and y belong to a same component
of the partition, then there is a finite chain of words = = wq,wy,...,w, = ¥y
such that w; and w;11 belong to a same prime relation for 0 < i < n.

i—1
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Let ¢1, g2 be two non null states in Q. We first show that if two words ¥y, €
S[%][%], then there is a finite chain of words y = wo, w1, ..., w, =y such that
w; and w;41 belong to a same prime relation for 0 < i < n.

Since y,y’ € S[qol] [‘10"']7 there are in C two paths labelled zyz and 2'y’z’, with
x, 2,z € A* containing respectively an edge labelled by y and an edge labelled

by 3/, with the following form:

5] = () - %) = 151,

0 0 0 0
z’ 4 ! 4 2z
[5] =[] = %] = [5]

q1

Since [0] is accessible from [O]( and [q"’] is co-accessible from [8] ,» these paths

0ls
can be extended in C by a shortest path from [8] , to [qol] labelled by a word

u, and by a shortest path from [qo"’] to [8] . labelled by a word w. The resulting
paths are

u

[
[
Let for instance [p] 5 [g] be the first edge of the path [j] - [%]. Hence uy
and y belong to a same prime relation, and u; and y’ belong to a same prime
relation.
Let now z and y be two words in S.y, where

e= (2]~ [3) emd £ = [3] ~ [2].

Pi Pj

Let us consider the first case in the definition of S.;. For instance, one can
assume that

ze E[][]- L[]5] - B
y e S[51[%]
It follows that there is in C a path labelled by = containing an edge labelled by
y €8 [%1] [qz] which has the following form:

(0] =[] =[] L ] - 8] - [O).

Since [1?1] is accessible from [8] ., and [ISZ] is co-accessible from [8] ;» this path
can be extended in C by a shortest path from [f] _ to [z?l] labelled by a word u
and, by a path from [pOZ] to [J], labelled by a word w. The resulting path is

IR I ¢ R L e L ) N (I M

This defines a prime relation containing the words z and 3’. Furthermore, we
know that there is a word w such that y and w belong to a same prime relation,
and 7' and w belong to a same prime relation.
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We consider similarly all cases in the definitions of S.y and Scyq to conclude
that for any two words = and y in a such a set, there is a finite chain of words
wy = &, W1, ..., w, =y such that w; and w;y; belong to a same prime relation
for 0 <i<n. O

Note that, since the definition of the part Xy is Xo = X — U;Zl X, the computa-
tion of the canonical coding partition cannot be achieved in a polynomial time.
The computation of the sets S.y and Scy4 can be performed in polynomial time.
Since it is necessary to compute some intersections to get the automata accepting
X, the computation of the components X; for i # 0 also is exponential.

When the code X is not regular, even when context-free, the canonical coding
partition may have an infinite number of classes, as shows the following example.

Ezxample 1. Let
X =Up>1 (@"b+ a"bc"™ + c"a™b).

The code X is context free and its canonical coding partition is (X;);>1 with
X; = a'b+ a'bc® + cta'b for i > 1 and Xg = 0.

It is also possible to get a finite canonical coding partition with non regular
classes.

Ezample 2. Let X be a code, for instance a uniquely decipherable code. Let Y
be the code
Y = {ax,zb |z € X} + {a,b},

where a, b are two symbols which do not appear in the words of X. The canonical
coding partition of Y is made of a unique class since axb = ax - b = a - xb. Such
a code is GA.

4 Maximality

In this section we introduce the notion of maximality of a coding partition.
Actually two different notions of maximality can be introduced: maximality with
respect to one component (Definition]]) and maximality with respect to all the
components (Definition2]). The main result of this section states that the two
notions coincide for regular codes.

Definition 1. Let P = {X;, X5, ...} be a non-trivial coding partition of a code
X € AT. We say that P is maximal with respect to the component X; if V w €
AT, the partition P' = {Xq,...,X; U{w},...} is a coding partition of X U{w}
iff we X"

Definition 2. A non-trivial coding partition P is said to be maximal if it is
maximal with respect to every component of P.

Remark 2. Tt is straightforward that if P is a maximal coding partition of a code
X and P’ > P then also P’ is a maximal coding partition of X.
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Theorem 5. Let X be a code and let P = {X1, Xa,...} be a non-trivial coding
partition of X. If P is maximal with respect to at least one component, then X
is complete.

Proof. Let X be a code over the alphabet A, with card(A) > 2 (the case
card(A) < 2 is trivial). We will first prove that, if X is not complete, then
there exists a word w € A* \ X such that the partition P, = {{w}, X1, X>,...}
is a coding partition of X U {w}. Indeed, if X is not complete, there exists a
word v € A* such that v does not belong to F'(X*). Let a be the first letter of
v and let b € A~ {a}. Consider the word w = vbl"I~1. By construction, w is
unbordered, i.e. no proper prefix of w is a suffix of w. Since v does not belong to
F(X™*), we have that also w does not belong to F/(X*).

Let us first remark that X N {w}™ = 0. We now prove that every word ¢ €
(X U{w})* admits a unique P;-factorization. Indeed, since w is unbordered, we
can uniquely distinguish all occurrences of w in ¢, i.e. ¢ has a unique factorization
of the form

t = ULWULW * * * Wy,

with n > 1 and uw; € X*, for ¢ = 1,...,n. From this factorization, since P
is a coding partition, we obtain a unique Pj-factorization of ¢t and therefore, by
definition, P is a coding partition. From this is trivial that Vi P’ = { X7, ..., X;U
{w},...} is still a coding partition and so X; is not maximal. This concludes
the proof. O

The next lemma and its proof is just a little variation of a lemma due to Schutzen-
berger (see Theorem 7.4 in [5]).

Lemma 1. Let X C A" be a regular and complete code and let x1, 10 € X*.
There exist a word vi € X+ and a positive integer m such that for any word
w € A*, (vwv)™ € Xt where v = z1v123.

Proof. Since X is a regular set, X is a regular set too. Let
A = (A? Q76’ Z" F)

be a finite state automaton recognizing X+. For any set of states S C @ and
for any word u € AT, denote by Su the set {6(q,u);q € S} of states reached
by paths having label u and starting at any state of S. Let n = min{card(Qu)}
with u ranging over AT, and choose u such that n = card(Qu). Since X is
complete, we have zuy € X7T for some z,y,€ A* and so v/ = xizuyrs €
XT. Since card(Qrizuyrs) < card(Qrizu) and Qzizu C Qu, it follows that
card(Qv') < card(Qu). Thus, by minimality, card(Qv') = n. Let P = Qv’. Since
Pv' = Quv'v' C Qv' = P, it follows from the minimality of n that Quv'v’ = Qv’
and Pv’ = P; thus v’ defines a permutation of P. Thus, put v a suitable power
of v" and wrote v = xyv1x2 for a certain v; € X, we may assume that pv = p
for all p € P and Qv = Qv’ = P. Consider now a word w € A* and let z = vwwv.
Again we have Pz = Quvwv C Qu = P and thus Pz = P. Then for m = n! we
have pz™ = p for all p € P. To prove that

2™ = (vwv)™ € X,



Coding Partitions: Regularity, Maximality and Global Ambiguity 57

it suffices to show that ¢z = qv for all ¢ € Q. Since Qv = P and pv = p for all
p € P, then quv = qu. It follows that gz = quwv = quvwv = quz and therefore
that gz = quz™. Since pz™ = p for all p € P, we have that quz™ = qv. Thus
qz™ = qu as required. This completes the proof. a

Theorem 6. Let X be a reqular code and let P = {X1, Xo,...} be a non-trivial
coding partition of X. If X is complete then P is mazimal.

Proof. Let w € A" and ¢ > 1 such that P’ = {X1,...,X; U{w},...} is a
coding partition of X’ = X U {w}. Since P is non-trivial, 3z € X; # X,.
By previous lemma there exist v; € X and a positive integer m such that
z = (zvizwrviz)™ € X+, Since x ¢ X; the P’ factorization of z is of the form:

zZ=2z1"" '251w251+1 e 25mw25m+1 ce e 2t

where z;,, 1 < h < t are the blocks of the factorization. But z € X so there
exists a factorization without w that is again a P’ factorization. By the unique-
ness of the P’ factorization the block corresponding to w must be the same and
so Jy1,y2,...,yr € X; s.t. w =y1y2 - - - yg. This shows that P is maximal. 0O

From Theorem [Bl and Theorem [6] we get the following corollary.

Corollary 1. Let P = {X1,Xs,...} be a non-trivial coding partition of a regu-
lar code X . If P is mazimal with respect to a component X;, then P is mazimal.

5 UD Codes Versus GA Codes

In this section we consider an application of previous results to maximal UD
codes. By definition, a UD code X is maximal if any code Y containing strictly
X is ambiguous. We here prove that, if a regular UD code X is maximal, then
any code Y containing strictly X is globally ambiguous. Moreover, if X is a finite
maximal UD code, we prove that for a given word v € AT, there exists a prime
relation involving all the elements of X U {v}.

A generalization of this result to the case of non-UD codes, is given at the
end of the paper.

Theorem 7. Let X C AT be a mazimal UD code. If X is reqular then, for all
v € AT such that v ¢ X+, X U{v} is GA.

The proof is an immediate consequence of the next proposition that has an
independent interest and that follows from Theorems Bl and

Proposition 1. Let X C A" be a regular code and let P = {X1,Xs,...} be a
non-trivial coding partition of X. If P is mazimal then, for allv € A" such that
vg X, X U{v}is GA.

In the case the code X is finite we can derive stronger results.
Recall that a code X is called a base if X is a minimal set of generators of X*.
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Theorem 8. Let C C AT be a finite maximal UD code. If C # A then there
exists a word v € AT such that C' := C' U {v} has the following properties:

— (' is a base

- C"isGA
— there ewists a prime relation involving all the elements of C', i.e. a relation
T1Tg++ Ts = Tgp1Tsq2 - Tt such that {x1,x9,...,2¢} = C".

Proof. Let us first consider the case that C' is a prefix code.

Let C = {c1,¢2,...,¢,} and let u := ¢jcq - - - ¢,,. By hypothesis there is ¢;, € C
with |¢;,| > 1, and let w be a prefix of ¢;, s.t. |w| = |¢;,| — 1. Let us put v := vw
and C' := CU{v}. We claim that C’ is a base. Indeed since |v| > |¢;|,1 < i < n,
it is sufficient to show that v ¢ CT. If, by contradiction, v € C", being C* right
unitary (see [2]), we have w € C with w prefix of ¢;,, and this is a contradiction
because C is a prefix code. Finally since C' is maximal C” is not UD so there is
a prime relation involving v. This relation by definition of v, being C' a prefix
code, must have the form veq -z =c¢1---cuy1 - - - y¢ for some z;,y; € C'.

We now consider the case that C' is not a prefix set.

We recall that a code Y C A™ is right complete if for all w € A* there exists a
word w’ € A* such that ww’ € Y*. Since C' is not a prefix set then C' is not right
complete (see [2]) and let w € AT s.t. w is not right completable. Of course also
w™ is not right completable and we can choose m > 2 in such a way that |w™]| >
lei| + |w| Ve; € C. Now we put wy := w™w’ with w’ € A* s.t. wy is unbordered.
Since C' is maximal then put €’ := C U {w:} there exists a prime relation
XL+ TgW Tyl Ty = Y1 Yk, Tiyys €C', s>1,1>s, k>2. Let p>1
the first index s.t. |y1 -+ - yp| > |21+ - zsw]|: by choice of m and w1, |y1 -+ yp| <
|z1 - zsw™|soyr - yp = 1 - - Tswlu, with 1 < ¢ < m and, since w is not right
completable, u € AT. Now we put v := wlucy - - - cpzw™ 9 '’ with z = v~ w.
We have the relation 122 - Ts0Zsqp1 - 21 = Y1 -+ YpC1 - - CnYp41 - - Yk that is
clearly prime. Finally, by definition, v ¢ CT and, by a length argument, one has
that C'U {v} is a base and the proof is complete. |

Remark 3. We observe as consequence of Theorem [7] that, if X is a base and it
is not GA, then any regular set Y ¢ X is not a maximal UD code.

Theorem 9. Let X C A" be a non-GA finite code that is a base. If X is
complete then there exists a word v € A' such that X' := X U{v} has the
following properties:

— X' is a base

- X'is GA
— there exists a prime relation involving all the elements of X', i.e. a relation
T1Tg++ Ts = Tgp1Tsta - Tt Such that {x1,x9,...,2:} = X'.

Proof. We recall that a code Y C AT is right complete iff Y \ Y AT is a maximal
prefix UD code (see [2]). Let P be a non-trivial coding partition of X then, by
Theorem [l P is maximal. Because of Theorem B we can suppose that X is not
a prefix UD code and then ) # X ~ X AT ¢ X. Moreover, because of previous
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remark, X \ XAT is not a maximal prefix UD code and so X is not right
complete. Then there exists w € A" s.t. w is not right completable and we can

proceed like in the previous theorem. a
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Abstract. The regular language (a+b)*a (the words in alphabet {a, b}
having a as the last letter) is at the moment a classical example of
a language not recognizable by a one-way quantum finite automaton
(QFA). Up to now, there have been introduced many different models of
QFAs, with increasing capabilities, but none of them can cope with this
language.

We introduce a new, quite simple modification of the QFA model (ac-
tually even a deterministic reversible FA model) which is able to recognize
this language. We also completely characterise the set of languages rec-
ognizable by the new model FAs, by finding a “forbidden construction”
whose presence or absence in the minimal deterministic (not necessarily
reversible) finite automaton of the language decides the recognizability.

Thus, the new model still cannot recognize the whole set of regular
languages, however it enhances the understanding of what can be done
in a finite-state real-time quantum process.

1 Introduction

Finite automata (FA) models constitute an important theoretical paradigm for
exploring what can be done algorithmically in praxis. After all, no computer has,
or — at least in foreseeable future — will have any really infinite resource.

The classical FA models — e.g. deterministic (DFA) or probabilistic (PFA)
finite automata — essentially rely on classical physics, particularly on Newtonian
mechanics. With the advance of quantum mechanics as the theory describing best
the laws governing our physical world on the very basic level, it became natural to
investigate what capabilities would have the counterparts of the classical models
governed by quantum rules.

First studies on quantum finite automata (QFA) appeared in 1997. From the
very start the research did not concentrate on one model, instead new QFA
models were introduced regularly. The main reason for such diversity was that
the simplest, most “natural” model by Moore and Crutchfield [9], the so-called
measure-once one-way read-only QFA (MO-QFA) turned out to have very lim-
ited capabilities. These automata work quantumly all the time while reading
input, and only at the end of input a measurement of the quantum state is
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performed to determine the outcome (word accepted or rejected). They can rec-
ognize only the so-called group languages [4] which is a rather restricted subset
of the set of regular languages recognizable by DFAs.

There are QFA models that can recognize all regular languages: Kondacs and
Watrous model of two-way QFA []], Ciamarra’s model of one-way read-write
QFA [B], Bertoni, Mereghetti and Palano’s model of QFA with control language
[3], and other. However, these models have been granted such capabilities (two-
wayness, ability to modify tape, a regular language controlling the acceptance)
which usually are not attributed to the basic finite automata models (e.g. DFA,
PFA).

Thus researchers tried to invent different ways to enhance the capabilities of
one-way read-only QFAs, mostly by enabling the automaton to perform different
kinds of classical actions in addition to the quantum state transition. Kondacs
and Watrous [§] introduced the measure-many QFA (MM-QFA) which performs
a restricted measurement at each step determining whether to accept or reject
the input, or to continue reading input. A. Nayak [I0] proposed a further gener-
alisation by allowing the QFA to perform several arbitrary measurements with
intermediate unitary transformations at each step. Some other QFA models can
be found in [6], [1].

However, all these one-way QFA models can recognize only a proper subset
of regular languages, and there is a certain class of languages, best characterised
by the presence of a certain forbidden construction in its minimal DFA, which
cannot be recognized by any of these QFAs. The regular language (a + b)*a is a
typically mentioned example of this class.

In this paper we shrink this class by introducing a new QFA model which can
deal with the characteristic forbidden construction on some occasions, particu-
larly, in the case of language (a + b)*a.

In our model, the automaton is not limited to seeing only one, the just-
incoming input letter, but can see several earlier received letters as well. That
is, the quantum state transition which the automaton performs at each step
depends on the last k letters received, where k is fixed for any automaton.

In fact, as we show, we do not need any of the advantages given by quantum
mechanics: already a group FA (which is a DFA having only the restrictions of
the quantum mechanics — the reversibility) with the ability to see several letters
can recognize as much as its quantum counterpart.

This new model is by far not the most powerful in itself. It cannot recognize
extensive language classes which other QFA models can. However, any other QFA
model enhanced with this ability to see several input letters should enhance its
power by enabling to deal with languages from the class represented by (a+b)*a.

2 Preliminaries

2.1 Notation

An alphabet is a finite set of letters. The set of all finite sequences of letters from
an alphabet X is denoted as X*, and elements of X* are called words. We denote
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the length of a word w by |w|, the empty word having no letters by ¢, and the
set of all words of length [ by X!. XT is an abbreviation for the set of non-empty
words X*\ X°. The concatenation of words u and v is denoted by uv and a word
w repeated m times by w™.

A subset of X* is called a language. A language L C X* is recognized by an
automaton iff the automaton accepts those and only those words which are in L.
The meaning of ‘accept’ depends on automata model and is discussed later.

2.2 Deterministic Finite Automata

A deterministic finite automaton DFA is a quintuple (Q, Qace, go, X, 7y) where @
is a finite set of states, Qucc € Q is the set of accepting states, gy € @ is the
initial state, X is a finite input alphabet, and ~y is a transition function that maps
Q x X to Q.

The computation of a DFA for an input word w = o105...07 starts in the initial
state and involves |w| steps. At the i-th step the automaton receives a letter o;
and changes its state from its current state g to v(q, o;). The DFA accepts w iff
the final state after all |w| steps is in Qqce-

We use Lpra to denote the class of languages recognized by at least one DFA.
Tt is well known that it is the set of regular languages (see e.g. [12]).

We define an extended transition function v* : Q x X* — @ as follows:

{7*(61, €)= ¢, 1)

(g, wo) = (v*(¢.w), ), where w € %0 € X,

If the DFA is in a state ¢ and receives a word w, it changes its state to v*(g, w).
Clearly, v*(q, uwv) = v*(v*(¢q,u),v) for all ¢ € @ and all u,v € X*.

We will use a standard state transition diagram notation. ‘4’ or ‘-’ within a
circle denotes accordingly an accepting or non-accepting state. ‘=’ points to the
initial state and ‘£’ expresses that two states are distinct.

The DFA having the minimal number of states among all DFA recognizing a
language L, is called the minimal DFA of L. It is well known that in the minimal
DFA all states are reachable and distinguishable (in the sense that, for any two
states ¢, ¢’ there is a word w such that one of the states v*(¢, w) and v*(¢’, w)
is accepting, while the other is non-accepting).

2.3 Quantum Finite Automata

We will use essentially the Moore and Crutchfield’s definition of a quantum finite
automaton (QFA) [9).

A QFA is a quintuple (@, Qacc, [t0), X, 1) where Q = {q1,q2, ..., ¢} is a finite
set of states which form a basis in the Hilbert space C", Q... C @ is the set of
accepting states, |[t) = (a1, as,...,a,)" € C" is the initial state superposition
of basis states with the normalization condition (g | o) =Y, |a;[> =1, Yis a
finite input alphabet, and p is a function that maps X' to the set of n-dimensional
unitary transition matrices. We denote p(o) by Us,.



Multi-letter Reversible and Quantum Finite Automata 63

At any moment, the state of a QFA can be described by a normalized column
vector [¢) = (B1, Ba, ..., Bn)T € C" called superposition of basis states, 3; being
the component corresponding to ¢;. After reading a letter o, the QFA changes
its state to Uy |1)).

After receiving the whole input word w = o105 ...0;, the QFA is in a final
superposition [¢f) = Uy, ... Uqs, Uy, |t0). Let us denote [1)f) = B87,87,..., 801
The acceptance of a word is decided by a measurement according to basis states:
for each i, the basis state ¢; is obtained as the result of the measurement with
probability p; = |5lf . The word is accepted with probability p = ", 1 €Que. Pi
A language L is said to be recognized by a QFA with bounded error (pi1;p2) iff
p1 < p2 and the QFA accepts any word from L with probability at least ps, and
accepts any word not from L with probability at most p;.

We denote by Lora the class of languages recognized by QFA.

2.4 Group Finite Automata

A group finite automaton (GFA)is a DFA for which all functions v,(q) = v(q, 0)
are bijections from @ to @ (see e.g. [4]). Lera denotes the corresponding lan-
guage class (of group languages).

For each o € X' let us consider the matrix U, containing 1 in i-th position of
Jj-th column iff v(g;,0) = ¢;; the rest being filled with 0. If we represent each
state ¢; by a column vector |¢;) = (0,...,0,1,0,...,0)7 where the unique 1 is in
the i-th position, we get that |¢') = U,|q) iff v(¢,0) = ¢'. Since v, is a bijection,
U, has exactly one 1 in each column and exactly one 1 in each row, therefore
U, is a permutation matrix, thus also a unitary matrix. Hence it is easy to see
that GFA are essentially the intersection of DFA and QFA.

7o being a bijection implies also each transition of GFA being reversible: from
the resulting state ¢’ and the input letter o one can determine the state before
receiving the letter.

Group languages can be described by means of forbidden constructions in
their minimal DFA (see [2] for similar results for a slightly different reversible
FA model). Let us say that a DFA contains an A-construction iff it has two
distinct states ¢1 and g2 leading by some word = to the same state g3 (the
latter can coincide with either ¢i, or ¢2), and a B-construction iff it has two
such distinct states g4 and g5 and there exists such word y that v*(q4,y) = ¢5
and v*(¢5,y) = ¢5 (see Fig.[M). It can be proved that both constructions are
equivalent, and the minimal DFA contains an A-construction iff it contains a
B-construction iff the regular language is not in Lopa = Lara.

oW
= @ @—"—@®D

Fig. 1. Forbidden constructions (A and B) for group languages
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3 Multi-letter Automata

For the automata models defined above state changes depend only on the present
state and the input letter. We now consider a model of deterministic, quantum
and group finite automata which sees several earlier received letters as well. It
is essentially a special case of one-way multi-head DFA [7].

3.1 Multi-letter DFA and GFA

Definition 1. A k-letter deterministic finite automaton (DFAy) is defined by a
quintuple (Q, Qace, 90, 2,7'), where Q is a finite set of states, Quece C Q is the
set of accepting states, qo € Q) is the initial state, X is a finite input alphabet,
and 7' is a transition function that maps Q x T* to Q, where T = {A}U X and
letter A ¢ X denotes an empty input letter.

The computation of a DFAy starts in the initial state qg. After receiving a letter,
a state transition corresponding to the current state and the last k received
letters is applied. If so far only m < k letters are received, the missing letters
are replaced with A and a corresponding transition applied. When the last letter
of the input word is received, the last transition is applied and the computation
stops. The input word is accepted by the DFA iff the computation stops in a
state that belongs to Qucc.

We might say that the DFA, has a tape which contains the letter A in its first
k — 1 positions followed by the input word. The automaton has k reading heads
which initially are on the first k positions of the tape. During one computation
step each head reads one letter from the tape, the automaton makes the tran-
sition corresponding to the word they have read and then all heads move one
position forward.

Definition 2. A DFAy is called a k-letter group finite automaton (GFAy) iff
for any word w € T* the function . (q) = v'(q,w) is a bijection from Q to Q.

We use Lpra, as anotation for the class of languages recognized by at least one
k-letter deterministic finite automaton, and Lppa, = U,?;l Lpra,. Similarly we
use the notation Lgra, and Lgra, .

Since for DFA; and GFA; state transitions depend only on the last received
letter, they are equal accordingly to DFA and GFA. Thus, Lpra C Lpra, and
Lara C Lara,.

It is easy to show that one can simulate DFA; with a DFA encoding the
k — 1 earlier received letters in its states. However, this transformation does
not preserve reversibility, hence is not applicable to the group FA case. Thus
Lara, € Lpra, = Lpra. We will show later that Lorpa C Lora, C Lpra.

3.2 Multi-letter QFA

The same principles of state transitions corresponding to last k received letters
can be applied for quantum finite automata.
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Definition 3. A k-letter quantum finite automaton (QFAy) is defined by a
quintuple (Q, Qace, [Vo), X, ') where Q is a set of states, Quee C Q is the set of
accepting states, |1o) is the initial state superposition obeying normalization con-
dition, X is a finite input alphabet, and u' is a function that assigns an unitary

transition matriz U, on C" for each word w € ({A} U X)F.

The computation of a QFA) works in the same way as the computation of a
QFA, except that it applies unitary transformations corresponding not only to
the last letter received, but the last k letters received (like a DFAy).

We will use Lora, as notation for the class of languages recognized by at
least one k-letter quantum finite automaton with bounded error, and Lgora, =
Ure, Lora,. With a slight modification of the proof for Proposition 6 in [8] we
obtain that all languages in Lora, are regular.

GFA} can be considered as a special case of QFAj because, since the func-
tion 7,,(q) = 7v'(¢, w) is bijection, a state transition corresponding to any word
is a unitary transformation. Therefore any language recognized by a GFAj is
recognized by a QFAy as well.

4 Capabilities

Our multi-letter QFA and GFA can recognize the language (a + b)*a not recog-
nized by any standard QFA. E.g., consider the following QFA, / GFA, (Fig.2):

() B o[ (s e

10 01
Uaa:(()l) andUAa:Uba:Uab:<10 .

Abégb’o ab, Aaba

aa,
a@%;/}@o Ab,bb

Fig. 2. The GFA3 recognizing the language (a + b)*a

Still there are languages not recognized by any QFAj. We will describe these
languages by forbidden constructions in their minimal DFA.

Definition 4. A DFA contains a Cy-construction iff there are states q1,q2, qs,
qa,q5 and a word w = o103...0y of length k such that qo # ¢5, V(q2,0,) =
Y(g5,08) = a3, Y (q1,01 - .. Ok—1) = g2 and ¥*(qa, 01 ... 0k-1) = g5 (see Fig.[3).

Definition 5. A Cj-construction where exists an m > 0 such that v* (g3, w™ 1)

= qu4, where q3, qu and w have the same meaning as in Def.[J] we call a Dy-
construction.
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@*O% ... %@g
—| R Ok
@O - (@~

Fig. 3. Ci-construction

Lemma 1. A Cg-construction implies a Dy-construction.

Proof. Suppose we have a Cg-construction. If there is an m’ > 0 such that
v*(q3,w™) = g, then for ¢j = v*(g3,w™ ~1) and ¢} = v*(¢}, 01...0k-1) We
have v(¢5, o) = ¢3, and the lemma holds since ¢} # g2 or ¢5 # g5 (or both).

If there is no such an m’, since @ is finite, there is an 7 > 2 and an m” > 0 such
that v*(q1, w’) = v (g, w™*™") and v*(qr,w'™!) # ¥*(gu,w™*™ ~1). Hence,
there is a j € [1;k] such that states ¢ = v*(q1,w' " 'oy...05-1) and ¢f =
'Y* (Q17 wi+m”71
Y (qr, w201 ... o)), ¢ = v (q1,w o1...05), W = 0j41...001...0j.
m”, the word w” and the states ¢7, ¢5,q%, ¢}, ¢/ form a Dy-construction. O

o1...05_1) are distinct, but v(¢5, ;) = v(¢¢,0;) = ¢4. Let ¢f =
i+m'’ -2

4.1 Simulation of DFA by QFAg

At first we will show that, if the minimal DFA of a language L contains at least
one Cg-construction, there is no QFA, with bounded error that recognizes L.
Because of Lemma [I] we will use D-constructions instead of Cp-construction.
We use the following lemma, which is slightly modified Theorem 6 in [9]:

Lemma 2. Let us consider quantum system with basis states |q1),|qz2), - .., |qn),
arbitrary subset of these states Quec and function p : C" — [0;1] that for any
superposition of the basis states gives the probability that after the measurement
according to the basis states, any state from Qqcc is obtained. For any superposi-
tion of basis states 1), any three unitary transformation X,Y,Z on the system
and any 6 > 0 there is an h > 0 such that |p(ZX |Y)) — p(ZY" X |¥))| < 6.

Theorem 1. If the minimal DFA of a language L contains a Dy-construction,
then there is no QFAy recognizing L with bounded error.

Proof. Suppose we have a Dg-construction: since ¢ # g5, there is a word v € X*
such that v*(g2,v) € Qace iff ¥*(g5,v) € Qace. Due to the symmetry we assume
v*(g2,v) € Qace. Since we consider minimal DFA, where each state is reachable,
there is a word u’ € X* such that v*(qo,u’) = q1 (see Fig.Hl). Let us denote
woir...05—1 by wand (oxo1...05-1)™ by s =005 ...0], where | = k- m. The
last k — 1 letters of both w and s are 07_; 5,07 4 3....,07.

Among the input words ¢; = us'v for all @ > 0 only ¢y is in the language L
recognized by the DFA. Suppose the contrary: there is a QFA) which recognizes
L with bounded error (p1;p2).
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' Gi05...0k.1 @
7 © ‘E‘

@ 0% O ‘
C i)™

Fig. 4. Dy construction

For all i after receiving the initial fragment u of the word t;, the QFAy has

applied |u| unitary transformations X1, Xs,..., X}, and it is in the superposi-
tion X|v), where X = X,... XoX1, and the last & — 1 letters received are
Ol _pgas- 10

If the last k& — 1 letters received by the QFAy are 0]_; ,,...,0; and it is in
some superposition [¢), then after receiving the word s = o7 ...0] always the same
[ unitary transformations Y7, Y3, ..., Y; are applied. After these transformations
the QFAy is in the superposition Y |¢), where Y = Y ...Y2Y7, and the last k — 1
letters received still are 07_, 5, ...,07.

For all 7, when the QFAj has received the whole input word ¢; except its
last fragment v, the last k& — 1 letters received are 07_; _,,...,07 and it is in the
superposition Y X [¢)g). When the QFA}, receives the last fragment, it applies |v]
unitary transformations Z1, Za, . .., Z},| and the final superposition is ZY' X |bo),
where Z = Z,| ... ZaZ1.

By Lemma ] we get that 3k > 0 (|p(ZX o)) — p(ZY" X |tbo))| < p2 — p1).
Thus, tg € L iff t;, € L. Contradiction. O

4.2 Prefix Extension Method

We provide a method we will call prefix extension method which for any DFA
and any k creates a DFAj which recognizes the same language as the DFA.

For the created DFA; we use the same set of states (Q), the same accepting
states (Qacc), the same initial state (go) and the same alphabet (X)) as the DFA.
A creation of the function 4’ consists of three steps:

1. If there is a transition (g2, 0) = g3 in the DFA, then in the created DFAy
we add transition v/(g2, wo) = g3 for all words w € T*~! which satisfies
Jv € X (w = A" A v*(q0,v) = q2),

2. If there is a transition v(g2,0) = g3 in the DFA| then in the created DFAy
we add transition 7/(¢g2, wo) = g3 for all words w € T*~! which satisfies
1 € Q(v*(q1,w) = g2),

3. Clearly, there is no pair (¢/,w’) € Q x T* such that the function 7/ maps
(¢’,w') to more than one state, but still there may be a pair (or pairs)
(¢",w") € Q x T* such that b "(¢",w") is yet undefined. We can choose any
state as the value of v/(¢", w") because after receiving a letter there cannot
be a situation when the DFA}, is in the state ¢” and the last k letters received
form the word w”.
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In other words: if there is a transition in the DFA from a state g» to a state
q3 by a letter o, then what we do is adding in front of ¢ all words of length k£ —1
which could occur as the earlier & — 1 letters before this transition in this DFA.

An example how a DFA is created from a minimal DFA which recognizes
the language a(a + b)*a is given in Fig.[ ] (unimportant transitions made during
the step 3 are not displayed).

Aab,abb bbbo bab,aab

@bc‘@h@o P a-otn
@ AAD ba,baa,bba,aza,aba
7z \p\@g % A8 (ba,

QAbb,bab,bbb,aab,abb

Fig.5. The DFA}, created from a DFA recognizing a(a + b)*a

Proposition 1. A DFAj created from a DFA by the prefix extension method
recognizes the same language as the DFA.

Proof. Let u = 0103...0; be an input word and let ¢, ¢o, ..., q be a sequence of
states such that v(¢;, 0i+1) = ¢i+1. Thus, u is accepted by the DFA iff ¢; € Quce-
For all ¢ € [0,k — 1], since v*(qo,01...0;) = @i, by the step 1 of the method
we get v/ (qi, A*"" "oy ... 00i41) = qiv1. But for all i € [k — 1,1 — 1], since
Y (Gimk+1, Ciekt2 - --0;) = ¢;, by the step 2 we get v (¢, 0i—k+2...00i41) =
@i+1- Thus, both the DFA; and the DFA accepts the same words. a

During a creation of a DFAy, if after the first two steps there is no such distinct
states q2,q5 € Q and a word w = 0102...0, € T* that v'(g2,w) = 7'(gs,w)
(i.e., so far the function ~/(q) is injection for all words v), then during the step
3 we can choose such values of the function + for arguments where it is still
undefined that the created DFAj is a GFAj (the function 7, (¢) is bijection for
all words v). For example, we can consider the DFA3 in Fig.[l as a GFA3.

But if there is such w and ¢s,¢5, then due to the determinism the values
of v'(g2,w) and v/(g5, w) cannot be defined during the step 1. So they are de-
fined exactly during the step 2. Thus, there are states q1,¢qs,qs € @ such that
Y(q2,0%) = (g5, 0k) = q3, Y (q1,01...0k-1) = g2 and v*(qa,01 ... 0k-1) = gs.
Hence there is a Cp-construction and:

Theorem 2. For any k, if a DFA does not contain any Cy-construction, then
by the prefix extension method from the DFA we can create a GFAy, which
recognizes the same language as the DFA.

Since any GFAj is a QFAj as well, from Theorems [I] and ] we get that the
Cj-construction is indeed forbidden construction:

Corollary 1. A language L is in Lgra, iff the minimal DFA of L contains no
C.-construction.
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4.3 Forbidden Constructions for Lgra,

For any k the Cg-construction decides whether the language recognized by a
DFA is in Lgra, . In order to show that a language L is not recognized by any
multi-letter quantum finite automata we have to show that for any k there is a
Cp-construction in the minimal DFA of L. In this section we provide two simple
constructions that decides whether the language is in Lgra, -

Let us denote the number of states in a DFA by n.

Definition 6. A DFA contains an E-construction iff there are non-empty words
z,y € I and states qo,qr,qs € Q such that qs # a7, v*(¢6,y) = 7" (a7, y) = s,
(g6, ) = g6 and v*(q7,7) = q7.

A
& «® =i

Fig. 6. E-construction and F-construction

X

Definition 7. A DFA contains an F-construction iff there are non-empty words
t,z € X% and two distinct states qo,q10 € Q such that v*(qo,2) = v*(q10,2) =
q10, 7*(qo,t) = qo and v*(qi0,t) = quo-

Theorem 3. A DFA contains a Cy-construction for any k iff it contains an
E-construction.

Proof. Suppose for k = n? —n + 1 we have a Cy-construction. g» # g5 gives

us Y*(q1,01...01) # v (qa,01...07) for all | < k — 1. At least two pairs in the
set {(v*(q1,01...04),7*(qa,01...03)) | i € [0;k — 1]} are equal since there are
only n? — n pairs of distinct states. Thus, exists an 4 and a j > 4 such that
g6 =V (q,01...0:) = v (q,01...05) # 7" (q,01...04) = ¥V (qa,01...05) =
g7. For © = 0441 ...05 and y = 0j11...0, we have v*(gs,vy) = v*(¢7,y) = gs,
(g6, ) = g6 and v* (g7, ) = qr.

Suppose we have an E-construction. For any k let us write 2%y as o705 ... 0] €
X' Since gs # g7 and v* (g6, 2%y) = v*(qr, z*y), exists an i € [k|z| + 1;1] such
that states g2 = v*(g6, 0} -..0%_,) and q5 = v*(gr, 0} ...0}_,) are distinct, but
Y(q2,07) = (g5, 07) = gs3. For ¢1 = v*(g, 01 ... 0}_), ¢4 = v*(q7,01 ... 0]_4)
we get v*(q1,07_jyq---0i_1) = q2 and Y (qa,07_4 1 - 0;_1) = G5. O

Corollary 2. A language L can be recognized by multi-letter QFA iff the mini-
mal DFA of L does not contain any E-construction.

Lemma 3. For each state ¢ € Q in a DFA we have v*(q, uv™) = v*(q, uv™v™)
for all words u,v € X* and m > n.
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Proof. At least two states among v* (g, uv?), v*(q, uvt), ..., v*(q, uv™) are equal,
so exists an ¢ and a j such that 0 <i < j < n and v*(¢, wv*) = v*(¢, uv?). Hence
¥*(q, uv™) = v*(q, uv™v?~*). Since j — i divides n!, the lemma holds. O

Theorem 4. An E-construction implies an F-construction.

Proof. Suppose we have an E-construction. Let us denote z™ by ¢, (yz™)™ by z,
and z without its last fragment 2™ by z’. By Lemma Bl for u; = ¢, v1 = y2™ and
my = n! we get that v*(gs, (yz™)™) = v*(gs, (yz™)™ (yz™)™"), and for us = 2/,
vy = 2 and my = n we get that v* (g, (yz™)™) = v* (g6, (y2™)™z™). So for the
state qio = 7" (qs, (yz™)™) we have v*(¢6,2) = qr0 = 7*(q10.2), 7*(¢6:1) = o
and v*(q10,t) = quo. Actually, v*(g7,2) = q1o and v*(g7,t) = g7 as well. One of
g6 # q10 and g7 # q10 is definitely true, thus, there is an F-construction. O

Substituting ¢¢ = q9, ¢v = q10, g8 = qio, ¢ = t and y = z shows that an
F-construction implies an E-construction. Hence:

Corollary 3. A language L can be recognized by multi-letter QFA iff the mini-
mal DFA of L does not contain any F-construction.

5 Closure Properties

Theorem 5. The class Lqora, is closed against language intersection, language
union and language complement.

Proof. Suppose A and B are two minimal DFA recognizing accordingly languages
L 4 and Lp and neither contains an F-construction, but the minimal DFA C of
the language L 4 N Lp contains an F-construction. Easy to prove that any DFA
recognizing L 4N Lp contains an F-construction as well. Let us consider a DFA C’
such that Q% = QA xQP, Q. = QA x QB the initial state is (¢, ¢&), and
Y ((g*, 4B), o) = (vA(¢*, 0),7B(¢5, o). Easy to see that C’ and C recognize the
same language L 4 N Lg. Thus, there are two words z,y € X+ and two distinct
states (7', %), (¢5',¢5) € Qc/ that form an F-construction for C’. At least of
one of gi* # g3' and ¢ # ¢ is true, therefore A or B (or both) contains an F-
construction. Contradiction, which means Lgr 4, is closed against intersection.

Since for any QFA recognizing a language L substituting Quee by @ \ Qace
gives us a QFA recognizing the complement of L, Lora, is also closed against
union. O

Theorem 6. The class Lora, s not closed against Kleene star.

Proof. In the alphabet {a, b} the minimal DFA of the language a does not contain
any F-construction, but the minimal DFA of the language a* does. a

Theorem 7. The class Lora, is not closed against concatenation.

Proof. The regular languages (a + b)*a and (a + b)* are in Lgpa,, but the
minimal DFA of the language (a + b)*a(a + b)* contains an F-construction. O
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6 Conclusion

We have shown that for GFA and QFA, contrary to DFA, seeing multiple input
letters cannot be simulated by the one-input-letter model (e.g. by encoding into
states). Thus, seeing several letters really enhance capabilities of GFA and QFA.
Since these enhanced models can deal with the language (a+b)*a not recognized
by any of the up-to-now introduced one-way read-only QFA models, a similar
enhancement for those models should improve also their capabilities.

These results also indicate that our notion of what can be done by a finite-state
real-time read-only quantum automaton is not yet completely clear, and there
could be other enhancements or perhaps modifications of the word acceptance
or language recognition notions leading to further improvements.

References

1. Ambainis, A., Beaudry, M., Golovkins, M., Kikusts, A., Mercer, M., Thérien, D.:
Algebraic results on quantum automata. In: Diekert, V., Habib, M. (eds.) STACS
2004. LNCS, vol. 2996, pp. 93-104. Springer, Heidelberg (2004)

2. Ambainis, A., Freivalds, R.: 1-way quantum finite automata: strengths, weaknesses
and generalizations. In: Proceedings of the 39th Annual Symposium on Founda-
tions of Computer Science. pp. 332-341 (1998)

3. Bertoni, A., Mereghetti, C., Palano, B.: Quantum computing: 1-way quantum
automata. In: Esik, Z., Fiilép, Z. (eds.) DLT 2003. LNCS, vol. 2710, pp. 1-20.
Springer, Heidelberg (2003)

4. Brodsky, A., Pippenger, N.: Characterizations of 1-way quantum finite automata.
SIAM Journal on Computing 31(5), 1456-1478 (2002) Appeared earlier as Techni-
cal Report TR-~99-03, University of British Columbia, 1999

5. Ciamarra, M.P.: Quantum reversibility and a new model of quantum automaton.
In: Freivalds, R. (ed.) FCT 2001. LNCS, vol. 2138, pp. 376-379. Springer, Heidel-
berg (2001)

6. Dzelme, I.: Kvantu automati ar jauktajiem stavokliem. Technical Report, Univer-
sity of Latvia (2003)

7. Hromkovi¢, J.: One-way multihead deterministic finite automata. Acta. Informat-
ica 19, 377-384 (1983)

8. Kondacs, A., Watrous, J.: On the power of quantum finite state automata. In:
Kondacs, A., Watrous, J. (eds.) Proceedings of the 38th IEEE Conference on Foun-
dations of Computer Science, pp. 66-75 (1997)

9. Moore, C., Crutchfield, J.: Quantum automata and quantum grammars. Theoret-
ical Computer Science 237, 97-97 (1997) Appeared in preprint form as Santa-Fe
Institute Working Paper 97-07-062, 1997

10. Nayak, A.: Optimal lower bounds for quantum automata and random access codes.
In: Proceedings of the 40th Annual Symposium on Foundations of Computer Sci-
ence, pp. 369-377 (1999)

11. Paschen, K.: Quantum finite automata using ancilla qubits. Technical Report, Uni-
versity of Karlsruhe (2000)

12. Sipser, M.: Introduction to the Theory of Computation, pp. 31-90. PWS, Boston
(1997)



Approximability and Non-approximability
Results in Computing the Mean Speedup
of Trace Monoids*

Alberto Bertoni and Roberto Radicioni

Universita degli Studi di Milano
Dipartimento di Scienze dell’Informazione
Via Comelico 39, 20135 Milano, Italy
{bertoni,radicioni}@dsi.unimi.it

Abstract. The “mean speedup” of a trace monoid can be interpreted
as an index of the “intrinsic parallelism”. We study the problem of com-
puting the mean speedup under two conditions: (1) uniform distribution
on the words of given length and (2) uniform distribution on the traces
of given height. In the first case, we give an approximability result show-
ing a probabilistic fully polynomial time approximation scheme, while,
in the second case, we prove that the problem is NP-hard to approximate
within n'~¢ for every ¢ > 0, unless NP = coR.

Introduction

Partial commutation and trace monoids have been initially introduced in a com-
binatorial context [4] and then as an abstract description of concurrent processes
[9). In a concurrent system, traces codify a process as a sequence of events cho-
sen in a finite set X', some of which can occur simultaneously in according to a
commutation relation C' on Y. In this interpretation, the length and the height
of a trace are respectively intended as the sequential and the parallel execution
time of a process, so that their ratio is the speedup, i.e. a parameter representing
how much faster is parallel execution with respect to sequential one.

The asymptotic behaviour of the mean speedup has been analyzed considering
the uniform distribution over the words of a given length [T02TT] and over the
traces of a given length or height [g], for every concurrent alphabet (X, C).

In all these cases, for all trace monoids the asymptotic behaviour converges to
a real number (with an abuse of language we call it mean speedup) representing
an index of the “intrinsic parallelism” of the trace monoid. While in the cases
of uniform distribution on traces of given length or height the mean speedup is
an algebraic number [§], in the case of uniform distribution on words of given
length the mean speedup generally is transcendental [g].

In this paper, we study the problem of computing the mean speedup consider-
ing the uniform distribution over the words of a given length (MSWL problem)
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and the uniform distribution over the traces of a given height (MSTH problem).
The MSWL problem is a restriction of the mean spectral radius problem for sets
of max-algebra matrices, which has been proved to be NP-hard to approximate
[1]. Nevertheless, in this work we show a probabilistic fully polynomial time ap-
proximation scheme for the MSWL problem. The algorithm takes as input a par-
allel alphabet (X, C) and error € > 0 and works in time O((| Z|° /€3) log(|Z| /€)).
It exploits of some subwords in the words of X*, that we called pivot words.

On the contrary, in the case of uniform distribution over the traces of given
height, we prove that the mean speedup is NP-hard to approximate within a
factor n'~¢, unless NP = coR. The proof is based on a particular relation
between the the size of the maximal clique in (X, C) and the mean speedup of
(X3 C®)), that is, the disjoint union of three isomorphic copies of (X, C).

The paper is organized as follows. In Section [T preliminary notions on trace
monoids and approximation algorithms are recalled. In Section 2] we introduce
a general notion of the mean speedup of a trace monoid and formally define
the problems MSWL and MSTH. Then, in Section Bl and Section [ we present
the two main results of this work: a fully polynomial approximation scheme for
MSWL and a strong non approximability result for MSTH.

1 Preliminaries

Given an alphabet X and a word w € X*, we denote its length by [(w) and the
number of occurrences of a symbol o in w by I, (w). Moreover, given a function
f: A — B, we denote the preimage of f for b € B by f~(b). For example,
I=Y(n) = Xm.

A commutation relation is a symmetric, irreflexive relation C' C X' x X' over
Y. If (a,b) € C then we say that the symbols a and b commute (aCb). We call
dependence relation the complementary relation D = (X x X))\ C. The graph
(X, C) is usually called a independence graph or a parallel alphabet, as well. Con-
versely, we call (X, D) the conflict graph of (X,C). The partially commutative
monoid (or trace monoid) generated by a parallel alphabet (X, (') is the monoid
M = X*/ = where = is congruence induced by the equalities

{ab=ba | (a,b) € C}.

A trace is an element of M. The notions of length and number of occurrences
are directly extended to the traces. Hence, from this point on, [=(n) = {t €
M | I(t) = n}. Moreover, we denote by Alph(t) the set {oc € X' | I,(t) > 0}. The
natural congruence defined by C induces a morphism 1 : X* — M mapping
every word X* in a trace in M.

A univocal representation of a trace can be obtained in terms of cliques in
the graph (X, C). In this view, a clique is a trace whose letters are all mutu-
ally independent. A pair of cliques (c1,¢2) is said C'F-admissible if for each o9
in Alph(cz) there exists a o1 in Alph(cq) such that (o1,02) € C. Every trace
t € M univocally identifies a sequence (c1, .. ., ¢;,) of cliques in (X, C') such that
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(¢i,cit1) is a CF-admissible pair, for 1 < 4 < m, and ¢t = ¢; - - - ¢;,. This repre-
sentation has been introduced in [4] and is called Cartier-Foata decomposition.
The integer m is the height of ¢ and is denoted by h(t).

In this context, the Cartier-Foata graph (or graph of cliques) of (¥,C) is
a directed graph I' = (¥, Adm) where ¥ is the set of cliques of (¥, () and
(c1,¢2) € Adm if and only if (¢1,¢2) is a CF-admissible pair. Therefore, each
trace t in M = X*/ = identifies a walk path of length h(¢) in the graph of
cliques of (X, C).

An alternative definition of h(t) can be given inductively by considering the
height of every symbol o through t¢. Let (c1,...,¢y) be the CF-decomposition
of a trace t. We denote with h,(t) the largest ¢ such that ¢; contains o. Then:

ho(t) if o; 75 o,
he(to;) = { (Am?xc{h,g(t)} +1 if o, =0, (1)

where hy(¢) =0 for all ¢ € X. Then, h(t) = max,ex{ho(¢)}.

We finally recall some definitions concerning approximation algorithms. Given
a problem P, we denote by sol(I) the solution of P on the instance I and by
A(I) the output of an algorithm A on input I. We are interested in problems
whose solutions are nonnegative numbers. In this context, given a problem P and
a function r(n) : N — N, a probabilistic algorithm A working in polynomial
time is a r(n)-approzimation algorithm for P if, for every n > 0 and every
instance I of P of size n, with probability at least 1/2 it holds that

A(I) sol(d)
max{sol(])’ A(I) } < r(n)

The value max{ A(I)/sol(I),sol(I)/A(I)} is called the performance ratio of A on
input I. This parameter is clearly always greater than or equal to 1.

A problem P admits a probabilistic fully polynomial time approzimation
scheme (pFPTAS) if there exists a probabilistic algorithm A that, having as
input an instance I of P and a real number € > 0, works in polynomial time in
the size of I and 1/e and returns a solution with performance ratio 1 + ¢ with
probability at least 1/2.

2 The Speedup

In parallel computing, the speedup is the ratio between the execution time of a
sequential algorithm and the execution time of its parallel version. The length
I(t) of a trace t can be viewed as its sequential execution time, while the height
h(t) represents the parallel execution time. Hence, the ratio I(t)/h(l) can be
interpreted as the speedup of an algorithm codified by a trace t.

Given a trace monoid M and a probability measure on its traces, we study the
mean speedup of M. Formally, a weight function on M is a function £ : M — N
such that ’{fl(n)’ < oo for every n > 0. For example, the length and the height
of a trace are weight functions.
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Definition 1. Consider a trace monoid M, a weight function £ over M and,
for every n > 0, a probability distribution P, over the set £(n). Let pee py(n)
be the mean value of the speedup of the traces in £~ 1(n)

poem() = X PO,
teg—1(n)

If the limit pa,e.py = liMy oo pm,e,py(n) exists, we call poaqe,py the mean
speedup of the triple (M, &, P).

The three most studied cases consider the mean speedup computed over the
uniform distribution over the words of a given length [TOJ2I3ITT], over the traces
of a given length [BI6I8] and over the traces of a given height [§]. In this work,
we analyze the first and the third case.

Uniform Distribution over the Words of a Given Length. By setting
&(t) = I(t) and P,(t) = ’1/)_1(15)’ /|X|", the probability of t is proportional to
the number of words of X* mapped in ¢ by 1. Denoting the mean speedup by
As, we have

o Wt W) n . m 1
M(Z.0) = lim 3 DT R T e 2 h(w)

tel—1(n) weXm

The existence of this limit has been proved in [I0]. Formally, the problem of
computing A, is defined as

PROBLEM: Mean Speedup on Word Length (MSWL)
INPUT: a graph (X, C);
OutpuT: A (X,C).

Our aim is to develop an efficient approximation algorithm for MSWL.

Uniform Distribution over the Traces of a Given Height. By setting
&(t) = h(t) and P,(t) = 1/|h~'(n)|, the probability of a trace ¢ is uniform over
all the traces of height n. Denoting the mean speedup by n, we have

. 1 Ut . 1

(%, 0) = T 2 h=t(n)| n nlggonlh—l(n)\ 2, @)
teh=1(n) teh=1(n)

This limit has been proved to exist and to be an algebraic number in [§]. Formally,

the problem of computing 1, can be defined as

PROBLEM: Mean Speedup on Trace Height (MSTH)
INPUT: a graph (X, C);
OurputT: nm(X,C).

Our aim is to classify MSTH from a computational complexity point of view.
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3 MSWL Is Approximable

The mean speedup A, (X, C) has been widely studied [T02I3JTT]. In particular,
in [I0] it has been proved the existence of \.(X,C) for any parallel alphabet
(X, C) by means of Klingman’s Ergodic Theorem; exact computation for simple
monoids are proposed in [I1I2], while it is known that generally A.(X,C) is
not algebraic [§]. As observed in [8], MSWL is a restriction of the max-algebra
spectral radius estimation problem, whose approximation is NP-hard [I]. On
the contrary, the main result of this section is the approximability of MSWL
by means of a pFPTAS.

Let (z,)nen+ be a sequence of independent uniform random variables with
values in X, so that the sequence (x1,...,2,) is generated with uniform distri-
bution over X™. In [I0] has been proved that,

Prob{nllrrgo B - 2)) :/\*(Z,C')} = 1 (2)

A first consequence is the following
Lemma 1. Let (X,C) be a parallel alphabet. Then

im L ST Rw) = A(Z,0)

n—oo n ‘E|n e
Proof. Equation (@) implies that h(y(x1 -+ 2,))/n — A(X,C) ! with proba-
bility 1, as n goes to the infinity. The thesis immediately follows (see also [11]
Theorem 3.1]).

As a second consequence, let (X, D) be the conflict graph of (X,C) and let
(X5, Ds)ses be the set of the connected components of (X, D). For all s € S,
denote by Cs = (X x Xy) \ Dy the commutation relation restricted to Xs.

Lemma 2. The mean speedup of (X,C) can be expressed as a function of the
mean speedups of the subgraphs (Xs, Cs)ses:

R
M(X,C) = 13161391{|Es|>\*(23703) .

Proof. The lemma is proved in [I0, Theorem 5.7] by using Strong Law of Large
Numbers and Equation (2I).

Lemma [ allows to extend a pFPTAS A for MSWL restricted to the case of
parallel alphabets with connected conflicts graph to a pFPTAS A for MSWL.

Lemma 3. Let A be a pFPTAS for MSWL restricted to the case of (X,C) is
a parallel alphabet with connected conflict graph, then

A(X,C,€) = min { |§ A(xmcs,e)}

ses S|

is a pFPTAS for MSWL.
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Proof. Let /1( = A(Xs,Cs, €). By hypothesis, for every s € S, we have that

5)
(1+6)LA(s) < A(Zs,Cs) < (14 €)A(s), which implies

L[5 1] 12
A < «(2s, Cs < A .
Hm{ BN <S>} < m{ﬂ (ZC)p < (taming 5 46)
Then, by Lemmal (1+¢) tA(X,C,e) < A\(X,C) < (1+€)A(X,C,¢). Since A
works in polynomial time, the thesis follows.

In light of these results, we prove the following

Theorem 1. The MSWL problem admits a pFPTAS.

Proof. From Lemma [I] and Lemma [ it is sufficient to prove the existence of
a pFPTAS for approximating \.(X,C)~!, having as input a parallel alphabet
(X, C) whose conflict graph is connected. The algorithm

Input: (X, C,¢)

1: j « [12(6n/€) log (6n/€)];
2: t « [(4log2)(n/e)?];

3: generate uniformly at random ¢ words 1, s, ..., z; € X7.
4: compute the sample mean S; = | S h(x:)/g.
Output: S;

approximates A, (X, C)~! with performance ratio at most 1+ ¢, for every (X, C)
having a connected conflict graph (X, D). It clearly works in polynomial time
with respect of |¥] and 1/e. Indeed, the computation of the height of a word
w € X* can be made in time O(|X| - k) by exploiting Equation (). Hence, the
complexity of the algorithm is O(n°e¢~3log(n/e)).

Its correctness is proved in the next subsection.

3.1 Correctness of the Algorithm

Let X be the random variable X (w) = h(w)/l(w), where w € X7. We denote
by A\; = E[X(w) | w € XJ] the expected value of X over the whole set X7,
and write A = lim;_. A;. It is straightforward to observe that, if j < j/, then
Aj > Ajr. Henceforward, we assume that the conflict graph (X, D) is connected,
and let n = |X|. Let T be a spanning tree for (¥, D) and fix a root o, then
give an order o1,...,0, to the vertices in X', such that the sons of a vertex oy,
precede oy in the word oy09---0,. The word p = 01+ -0p_10,0p_1---01 18
called a pivot word for (X, D) and satisfies the following property:

Lemma 4. h(wipwsz) > h(wy) + h(ws).

Proof. Let ¢, be the clique containing the symbol o,, of p in the CF-decomposi-
tion of wypws and let x; be a symbol in wyoy ---0y,—1. If ; = 0, then x; Doy,
and it does not belong to c¢,;. Otherwise, by the particular form of the pivot
word, there exists a path of dependences x;Day, a1 Das, ..., asDo, in T such
that x;a1a0, ..., a0, is a subword of wyoq -+ - 0p,. Then, z; does not belong to
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cr. It can be proved symmetrically that none of the symbols in ¢, ---o1ws
are in ¢, and, then, the clique ¢, is exactly {o,}.

Now, let (dy,...,d;) and (eq,...,ep) be the CF-decompositions of the words
wi01 -+ 0p—1 and o,_1 - - - 01w, respectively. The CF-decomposition of wipws
is then (dy,...,dk, {on},e1,...,en) and its height is

h(wlpwg) = h(w101 cee O'nfl) +1+ h(o’nfl cee O’lwg) > h(wl) + h(’wg),
which proves the lemma.
Corollary 1. If p is a subword of y, then h(wiyws) > h(wi) + h(w2).

The probability that a word of length H contains p as a subword goes rapidly
to 1 as H goes to infinity. Indeed:

Lemma 5. Let P be the probability that x € X contains p as a subword. Then,
H
P >1-—2ne 202,

Proof. Split z in 2n — 1 factors z1,...,z2,—1 of length [;ﬂ and a remaining
factor xo, of smaller or equal length. P is at least the probability that x; contains
01, ..., Ty contains o, T,y contains o,_1, ..., Toyp—1 contains oy. In formula:

P >1—"Prob{o; & Alph(z1) V o2 & Alph(za) V-V o1 &€ Alph(z2,-1)}

n—1 I_rgjl H
>1—(2n—1)< > > 1 —2ne 2n2.
n

Lemma [ guarantees that the property of Corollary [ holds for a fraction of
strings which tends rapidly to 1 and provides a further property for A;:

Lemma 6. For every n,H,j € N such that 0 < 2n —1 < H < 27, it holds
H
Aj = Ay = A <1 T 2nezf2) . (3)

Proof. Let wiywy € X% +H  where [(wy) = l(wy) = j and I(y) = H. From
Corollary [[l and Lemma [}l we have that h(wiyws) > h(wi) + h(we) with
probability 1 — 2ne™ on2 or, equivalently,

h(wyyws) < h(wy) + h(ws) < 1_H h(wy) + h(ws)
2%+H =  2+H @~ 2j 2j

That is, with probability 1 — 2ne” 2n2 ,

H

Xuen) > (1= 51 ) §(X(w) + X(un)) ()
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Let us denote by A the set of all the words in X¥ having the pivot word as a
subword. Then, by (@),

XojrH = Z X(wlng)n_(2j+m > Z X(wlng)n_(2j+m

wi,wo € X wy,wo € X
yexH yeEA

()

yeA

Recalling Lemma Bl we have

H _H H _m
)\2]‘ Z /\2j+H Z /\j (1_2j> (1—277,6 2”2) Z /\j (1—2j—2ne 2712).

Lemma [f] allows to prove the following

Lemma 7. Let A =lim, .o Aj. Then, for every j > n,

log i
< exp <6n2 Og,J) .
J

1< Y
- A

Proof. Consider Lemma [0 and write H as a function of j such that, for j going

to the infinity, the quantity at the last member of Equation (@) tends to A;.
Hence, let H = H(j) = 2n?logj. Then, for j > n, we have

logj 2 log j
A2j > A (1—n2 ij — Jn) > A <1—2n2 O§]>.

Extending such inequality to 2¥j, we can write it as

log(2° = log (2%}
Apej > A]H( —2n QOgG J)) > Ajexp [Zlog (1—2n2 OgQ(SjJ))}.
s=0

Since log(1 — 2z) > —3x for 0 < < Z, a lower bound for the sum is

Zl(’g< 210g2(€2 J)> > Z(_SnQIOgJ ;s.log2> - _GnQIOgJ
)

s=0 J

and we obtain, for every k > 0, the following inequality

log i
;= Aj exp <—6n2 O§J> .

Hence, for k going to the infinity, we have 1 < >:\7 < exp (6n2 1°§j>.

Now, we are ready to prove the correctness of the algorithm. First of all, by
Lemma [[ we have (\; — \) < A(exp(6n?logj/j) —1).
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Observe that exp(6n?log7/7) — 1 < €/2 whereas
6n? 6
J = [12 o log ( n>—‘ (Line 1 of the algorithm).
€ €

Therefore, A\; — A < X -¢/2.
Since A > 1/n, applying Hoeffding’s Inequality, we obtain

t
1le =
> } < 26_;n2.

1
tZXi—/\j

i=1

Z o =

Prob {|S; - Xyl > /\;} < Prob{

Then, by setting £ = [(4log2)(n/€)?] (Line 2 of the algorithm):

1

o

Hence, with probability at least 1/2, we have |S; — A| < [S; — Aj[+[A; — A| < A-e

or, equivalently, max { 5:\7, 5/*\]—} <l+e

Prob {|S; - A > /\;} <

4 MSTH Is Not Approximable (Unless NP = coR)

The mean speedup over traces of the same height has been studied by Krob
et al. in [8]. They proved that, given a parallel alphabet (X, C'), the bivariate
generating function counting the traces having a given length and height is
rational and that na (X, C) is an algebraic number. In this section we prove
that, unless NP = coR, any approximation algorithm for MSTH must have
performance ratio £2(n'=¢), for any € > 0.

The idea is that of reducing to MSTH the MAX-CLIQUE problem, which is
difficult to approximate [7]. The reduction is based on the following construction.
Let G = (X,C) be a parallel alphabet. We denote by G*) = (2*) C*) the
disjoint union of k graphs G; = (X;,C;), 1 <i < k, isomorphic to G, where

k
) = |_| Y, and CW = |_|CZ-.
1

1

Notice that, for every clique ¢ of G*), there exists a unique I € {1,2,...,k}
such that ¢ is a clique in G;. We denote this situation by T'(c) = I. Let I'(k) be
the graph of cliques of G**) and let ¢ and ¢’ be two cliques in G*) such that
T(c) #T(¢"). Then, (¢,¢") is an arc in I'(k).

Given a path t = x1 -2, in I'(k), we set the weight function £(¢) = |c1| +
-+« + |ep | (if ¢ is intended as a trace, (¢) = I(t)). Then, considering the uniform
distribution over the paths of length n in I'(k), we define the expected value

én(k) = El&(x1 -+ ay) | 212 is a path in T'(K)].
Let G = (X®) C®), By definition, we have

nM(Z(k),C(k)) = lim fk(n)

n—oo N
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From this point on, we write 7a(G®) for na(X*, C*)) for simplicity of
notation. Moreover, we denote by Mg the maximal size of a clique of G, and by
m¢ the mean size of a clique in G, under uniform distribution over the cliques.

The following result states that, for large k, mg can be considered a lower
bound for na(G*)).

Lemma 8. For every k>0, Mg > nm(GR) > mg(1 —2/k).

Proof. The first inequality is trivial, since £(t) < n-Mg for every path ¢ of length
n in I'® by definition. Hence, we focus our attention on the second inequality.

We say that a path @1 -+ -2+ 2, in I'(k) has a “hit” in position [ if and only
if T(xp—1) # T(x;) # T(xj41). M 21 - -2y - - - 2, has a hit in position [, then every
sequence i -+ &j—1 € Tj41 -+ Ty, with T'(¢) = T'(;) is a path in I'(k). Therefore,

E[¢(x;) | 1+ -2+ 2, has a hit in position I] = mg. (5)
The probability P, that a path x1---x;-- -, has a hit in position [ is

k—2
A (6)

Indeed, fixed a path zq---zj_121%141 - - - Ty, the probability that T'(x;—1) #
T(x;) # T(xp41) is at least 1 — 1/k if T(x;—1) = T(x141) and at least 1 — 2/k
otherwise. Then, it follows that

&n (k)

I
=

[E(z1 - xp) | 21+ 2y is a path in T'(k)] =
El¢(z1)+ -+ &(@n) | 21+ @, is a path in ['(k)] =

[
NE

El(z) | 1+ @, is a path in I'(k)] >

1

NE

E[¢(x;) | @1+ - @y is a path in I'(k) with a hit in pos. {] - F.

1

From Equations (@) and (@), we have &,(k) > n-mg - (1 — 2/k). Hence,

i 0 > me (1)

lim

The next lemma states that mq is close to Mg.

Lemma 9. Let G(X,C) be a graph and let |X| = n. Then mg > Mg/(41log, n).

Proof. Let Prob{|c| < s} be the probability that the size of a random clique,
selected with uniform probability over the cliques of G, is smaller than s. If
Mg < 5, then the thesis is immediately proved, since M¢/(4logyn) < 1.

Now, suppose that Mg > 5. Recalling that G contains at least 2¢ cliques
and at most (7) cliques of size [, we have

Z?:l (7) < e-n’

Prob{|c| < s} < oMe S oMe -



82 A. Bertoni and R. Radicioni

Observe that e-n®/2M¢ < 1/2 if and only if s < (Mg — 1 —log, €)/ log, n. Since

Mg - Mg —1—log,e
2logon — logyn

for every Mg > 5, for s = Mg /(2log, n) it holds that Prob{|c| > s} < 1/2.
By applying Markov’s Inequality, we finally obtain

1 21
) < Prob{|c| > s} < W;G = mg Z(\)f;n7

which proves the lemma.

The reduction of MAX-CLIQUE to MSTH is given in the following

Lemma 10. Let A be an approzimation algorithm with performance ratio r(n)
for MSTH. Then, the algorithm B(X,C) = A(X®),C®)) is an approzimation
algorithm with performance ratio 12 - r(3n)log(n) for MAX-CLIQUE.

Proof. Given the oracle A, the algorithm clearly works in polynomial time with
respect to n = |X).

For the sake of simplicity, we denote ny (X, C) by n(G). From Lemma 8 we
know that Mg > n(G®)) > mg/3. By Lemma [ mg > Mg/(4log, n). Hence,

Mg

Mg > n(G®)) > .
a Z ) 2 12logy n

Since A has performance ratio 7(n) and works with an input of size 3n, then we
have

r(3n) > max{A(G(g)) n(G*) }

H(ED) AG)

- A(G®) Mg

max

- Mg " 12logy nA(G®))
{A(G(3)) Mg }

ax ,

> )
~ 12logyn Mg W AG®)

that proves the lemma.

Now, the main result of this section is immediately proved:

Theorem 2. If NP # CoR, then any approzimation algorithm for MSTH has
performance ratio r(n) = 2(n'=¢), for every e > 0.

Proof. By Hastad [7], given € > 0, any approximation algorithm for MAX-
CLIQUE has performance ratio §2(n'=¢), unless NP = coR. Hence, by Lemmal[I0,
127(3n)logy n > 2(n'~¢) for every e > 0, which is equivalent to the thesis.
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5 Conclusions and Open Problems

In this paper we proved that the MSWL problem admits a probabilistic FPTAS,
obtained by exploiting concentration results [I0] and the properties of some
words that we called pivot words. In this direction, it seems to be possible to
improve the performance of the randomized algorithm by exploiting the ergodic
theorem, as in [I1]. The existence of a deterministic FPTAS for MSWTL is a still
open problem.

In addition, we proved that the MSTH problem is NP-hard to approximate
within | X |176, unless NP = coR. The approximability of the mean speedup
considering the uniform distribution over the traces of a given length remains
an open problem.
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Abstract. We study the dynamics of cellular automata, and more
specifically their transitivity and expansivity, when the set of configu-
rations is endowed with a shift-invariant (pseudo-)distance. We first give
an original proof of the non-transitivity of cellular automata when the
set of configurations is endowed with the Besicovitch pseudo-distance.
We then show that the Besicovitch pseudo-distance induces a distance
on the set of shift-invariant measures and on the whole space of mea-
sures, and we prove that in these spaces also, cellular automata cannot
be expansive nor transitive.

1 Introduction

Cellular automata were introduced by J. von Neumann as a simple formal model
for cellular growth and replication. They consist in a discrete lattice of finite-state
machines, called cells which evolve sequentially and synchronously according to
a local rule. This local rule is the same for all cells and determines how a cell will
evolve given the states of a finite number of neighboring cells. A snapshot of the
states of the cells is called a configuration, and a cellular automaton can be seen
as a map from the set of configurations to itself. Despite the apparent simplicity
of their definition, cellular automata, seen as discrete dynamical systems, can
have very complex behaviors, some of which not even being fully understood yet.
This behavior is typically studied by endowing the set of configurations with the
Cantor distance. For this distance the so-called shift maps, which spacially shift
the states of cells according to a fixed vector, can have highly chaotic behaviors.

Other distances can also be defined on the space of configurations for which
the shift maps are non-chaotic. An example of such a distance is the Besicovitch
distance (in fact, pseudo-distance), introduced by Cattaneo et al. [CEMM97].
It was proven by Blanchard et al. [BCE03] that no cellular automaton can be
transitive for this pseudo-distance. Their proof uses Kolmogorov complexity,
which is an algorithmic measure of information content. We first provide new
simple proof of this fact, also based on Kolmogorov complexity, and we show
that our proof can be turned into a purely analytic one, based on Hausdorff
dimension.

T. Harju, J. Karhumiki, and A. Lepisté (Eds.): DLT 2007, LNCS 4588, pp. 84[a5] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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Suppose now that a measure p is defined on the set of configurations. A cel-
lular automaton acts on the set of configurations and canonically transforms p
into another measure. Hence, instead of its action on the set of configurations,
a cellular automaton can be studied via its action on the set of measures. If 4 is
shift-invariant, then its image by any cellular automaton is also shift-invariant.
Hence, cellular automata also have a natural action on the set of shift-invariant
measures. In [Sab07], it is shown that any pseudo-distance on the set of configura-
tions induces a pseudo-distance on the set of shift-invariant measures. Thus, both
the Cantor and the Besicovitch distances induce a distance on the set of shift-
invariant measures. We show that in this framework also, no cellular automaton
is transitive nor expansive on the set of shift-invariant measures endowed with
the distance induced by the Besicovitch distance.

The last section of the paper unifies the two proofs of non-transitivity, in the
space of configurations and in the space of shift-invariant measures respectively,
by embedding these two spaces in the (much) bigger one containing all mea-
sures (non-necessarily shift-invariant). Here again, Kolmogorov complexity and
effective Hausdorff dimension turn out to be the cornerstone of the proof.

Before moving on to our discussion, we recall the formal definition of the
main concepts of the paper, namely transitivity and expansivity. Let (X, d) be
a metric space, and f : X — X. The map f is said to be transitive if for any
x,y € X and any ¢ > 0, there exists 2/, ¥’ € X and n € N such that d(z,2') < e,
d(y,y") < eand f"(z') =y Tt is said to be expansive if there exists € > 0 such
that for all x,y with x # y, there exists an n € N such that d(f"(x), f"(y)) > .

Informally, transitivity is a mixing property, while expansivity is a sign of
sensitivity to initial conditions. Hence, both these conditions are often seen as
symptomatic of chaotic dynamical systems.

2 Action of Cellular Automata on A"

Formally speaking, a cellular automaton is a tuple (A, M, U, §) where A is a finite
alphabet (the set of states), M is a semi-group (the set of indices of cells), U is
a finite subset of M (the neighborhood), and 6 is a function from AY into A (the
local rule). In this setting, the set of configurations is the set A™. The cellular
automaton acts on it via its global rule, defined as follows: for all z € A, and all
i € M, the i-th coordinate of F'(x) is given by the rule F'(z); = 6((x;1x : k € U)).
In the sequel, when this create no confusion, we will make no distinction between
a CA and its global rule.

In this paper, the semi-group M will be of the form M = Z% x N, but most
of the results we will present can be generalized to a larger class of semi-groups.
Let M = Z% x N¥'. For all m € M, we denote by |m/| the distance of m to
the origin point. This allows us to define the radius of the cellular automaton:
r(F) = max{|m| : m € U} where U is the neighborhood of F.

Cantor Topology. One can define a topology on AY by endowing A with the
discrete topology, and considering the product topology (or Cantor topology)
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on A, For this topology, AM is compact, perfect and totally disconnected.
Moreover one can define a metric (which we call the Cantor distance) on A
which is compatible with the Cantor topology:

va,y € A", do(z,y) = o—min{|i[:z;#y; €M}

Let U C M. For x € AY, we denote by zy € AY the restriction of z to U. For
a pattern w € AY, one defines the cylinder centered on w by [w]y = {z € A% :
ry = w}.

The action of M on itself allows to define an action on A by shift. For all
m € M this action is defined by:

o™ AM — AM
(in)ieM — ($i+m)ieM

Cellular automata commute with the shift maps: for every cellular automaton
F:AM — AM and all m € M, F oo™ = ¢™ o F. In fact, this a fundamental
characteristic of CA. Indeed, Hedlund’s theorem [Hed69] states that the cellular
automata on (AM, d¢) are exactly the continuous functions which commute with
the shift maps. It is easy to remark that any cellular automaton F' is Lipschitz
for the distance d¢. More precisely, for all ,y € A, one has:

do(F(z), F(y)) < 27" de(a,y).

It is well-known and easy to see that the action of any shift ¢ on (A, d¢)
is transitive. More generally, for all surjective cellular automaton F : AM — AM
of neighborhood U one can easily check that the action of F o o™ on (A, d¢)
is transitive for all m € M\ U. The reason for this is that the distance d¢ is
non-homogeneous, hence a simple transport of information is enough to obtain
transitivity. This can seem counter-intuitive, and a natural way to overcome
this problem is to look at the action of cellular automata on spaces where the
distance is shift-invariant or even where the points of the space are themselves
shift-invariant. In such spaces, transitivity will not come from transport of in-
formation, but rather from creation of information.

Besicovitch Topology. Thus, it seems that a shift-invariant distance on AM
would be very appropriate to study the dynamics of cellular automata. Following
this idea, Cattaneo et al. introduced the Besicovitch pseudo-distance:

Definition 1 ([CEMMO97]). The Besicovitch pseudo-distance dp is defined on
AM by
Card({z S Un N s 7& yz})
d =i
5(@.y) = meup Card(U,,)

Informally speaking, it measures the asymptotic density of the cells on which
x and y differ. It is clearly a pseudo-distance, i.e. it satisfies both the symetry
property and triangular inequality. However, dg(z,y) does not imply = = y: if «
and y coincide everywhere except on a very sparse set of cells, their Besicovitch
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pseudo-distance is zero, and yet they are different configurations. Hence, the
topology induced on A by dp is not separated. Notice also that dp is shift-
invariant.

It was proven by Blanchard et al. that CA cannot be expansive with respect
to dBI

Theorem 1 ([BFK97]). There is no expansive CA on (AM, dp).

Cattaneo et al. asked whether there exist transitive CA for the Besicovitch
pseudo-distance. It remained a recurrent open question (see [BFK97|, [Man98],
DFMO00]) until it was negatively answered by Blanchard et al. [BCF03]. The
original proof of this theorem uses the notion of Kolmogorov complexity, but
is quite involved. We present here a simpler proof also based on Kolmogorov
complexity, which we will extend later to a much more general framework. We
assume that the reader is familiar with Kolmogorov complexity (see [LVI7] for
an extensive survey, see also [Cal02] for Kolmogorov complexity of strings over
a non-binary alphabet).

Theorem 2. There is no transitive CA on (A™, dp).

Proof. For all x € AM, we set

. o K(zw,)
i) =Y Cara(0,)
where K denotes Kolmogorov complexity (what version of Kolmogorov com-
plexity we use does not matter, since all versions coincide up to a logarithmic
term). Notice that the quantity dim;(z) lies in [0,log|.A|] (here and in the rest
of the paper, log is the logartihm of base 2). The notation dim; is justified by
a result of Mayordomo who (elaborating on the work of Staiger and
others) showed that this quantity is an effectivization of Hausdorfl dimension.
We start with two easy lemmas, which we will need again later on:

Lemma 1. For every x € A™ and every CA F, one has dim; (F(z)) < dimy ()

Indeed, to compute F'(z)y, , one only needs to know zy, , ., by definition of a
CA. Hence K(F(z)u,) < K(zu,,,, ) But as M = N? x Z4" | there are at most
O(n?+4"=1) cells in U, 4, (r) \ U,. Hence,

K(F(z)u,) < K(zu < K(wu,) + O(n? 4" 1),

n+r(F))

Since the quantity O(n?t9'~1) is a o(Card(U,)) (because Card(U,) =
O(n®*7)), the lemma is proved.

Lemma 2. For all z,y € AM:
| dim; (z) — dimy (y)| < h(ds(z,y))

with h(z) = —(1—z)log(1 —z) — zlog(x) + x log | A| (notice that h(z) is concave,
and tends towards 0 as x tends towards 0, which proves that dimy is uniformly
continuous w.r.t dg).
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Let k = |A|. We identify A with (Z/kZ) = {0...k — 1}, and hence A™ with
(Z/kZ)M, which is a group (and we denote its addition by @®). If dg(z,y) < ¢
then by definition of dp, one can write x = y @ z, where z is a configuration such

that for all n, card (C{;reji%j;#)}) < e+o(1). For a given n, setting N = Card(U,,),

the number of patterns consisting of N cells, with at least (1 —¢&)N cells labeled
by 0 is bounded by
N
N eN
€ (6 N) | Al

Hence, the Kolmogorov complexity of 2y, is not greater than the logarithm of
this quantity, which, by Stirling’s formula, is equal to ()N + o(N). Since zy,
can be computed from yy, and zy,, it follows that for all n,

K(zy,) < K(yu,) + K(zu,) + o(Card(Uy,))
< K(yu,) + fi(e)Card(U,,) + o(Card(U,,))

By definition of dimj, the lemma follows. We are now ready to prove Theorem 21
Let F be a CA on A™. Let = be a configuration such that dim;(z) = 0 and y
such that dim; (y) = log|.A| (such sequences exist, see for example [Lut00]). Let
e > 0. If F were transitive, then there would exist 2/,y' € AM and n € N
such that dg(z,2’) < e, dp(y,y’) < € and F"(2') = ¢'. By Lemma [2 we
would then have dim;(z’) < k(e), and dimq(y’) > 1 — h(e). But also, applying
inductively Lemma[llon 2/, we would have dim; (F™(z')) < dimy (2') < hi(e), i.e,
dims (y’) < h(e). For ¢ small enough, this contradicts dimq(y’) > 1 — h(e). O

3 Action of Cellular Automata on M, (AM)

Measures on AY. Let B be the Borel sigma-algebra of A™. We denote by
M(AM) the set of probability measures on A" defined on the sigma-algebra 8.
Usually M (A") is endowed with weak* topology: a sequence (i, )nen of M(AM)
converges to u € M(AM) if and only if for all finite subset U C M and for all
pattern u € AY, one has lim,, 0 s ([u]y) = p([u]v).

In the weak* topology, the set M (A™) is compact and metrizable. One defines
a distance compatible with the weak* topology by for all u, v € M(AM):

) = Y sy S ) = vils,)

neN ue AVn

where U, = {m € M : |m| < n}.

Let FF: X — Y be a mesurable function between the measurable spaces X
and Y and let u € M(X). It is possible to consider the mesure Fip on Y defined
by F.u(B) = u(F~1(B)) for all measurable set B C Y. Thus, the M-action o

acts naturally on M(AM) by:
"™(uw(B)) = p(o~™(B)), for allm € M, p € M(A™) and B € B.

g

A measure p € M(AM) is said o-invariant if o™p = p for all m € M; denote
M, (AM) the set of o-invariant probability measure.
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The Distance df'. In [Sab07], a general framework to define a distance
on My (AM) is given: let d be a pseudo-distance on A, we want to intro-
duce a pseudo-distance on M, (A) induced by the pseudo-distance d. Let
v € My(AM), the intuitive idea is to calculate the mean of d(z,y) when
x is chosen according to the probability measure p and y according to the prob-
ability measure v. If we just take (x,y) according to the probability p x v, when
v = p, one obtains [ d(z,y)d(px x p) which is in general positive. Hence it is
important to allow some kind of correlation in the choice of = and y. This is why
we introduce the notion of joint measure.

Let 1 and v be two o-invariant probability measures on A™. A probability
measure A on AM x AM is a joint measure according to p and v if X is ¢ x o-
invariant and 7!\ = g and 72\ = v, where 7! and 72 are respectively the
projections according the first and second coordinate. Denote J(u, ) the set of
joint measures according p and v. Of course, one has J(j,v) C Mgy (AY x
AM). Moreover J(u,v) is convex and compact for the weak topology.

Definition 2. Let d be a pseudo-distance on A™ such that (z,y) — d(z,y) is
Borel-measurable (this is the case for do and dg). One defines a function d™

from My (AM) x M, (AM) on R by:

dM(p,v) = )\E}I%fl. y)/d(m, y)dX\(z,y)  for all p,v € My (AM).

In [Sab07], we prove that d3! is equivalent to d/! and that d%! defines a distance
on My (AM), which is not equivalent to d*'. Moreover we give general properties
about this type of measure. In particular we have the following lemma:

Lemma 3. Let p,v € M, (A™) and let U C M be a finite subset. One has:

1
M > : ) U
dg' (p,v) > Card(D) Aegl(i,u)A([u]U X [v]y :u,v € A°, u # v).

Proof. Let p,v € My (AM) and let A € J(u,v). Let u,v € AY, one has:
U koxpklvc Y U [am x bm
u,veAY  u#v meU \ a,beEA,a#b

One deduces the following inequality:

Muly x o]y s u,v € A, u#v) < Z A[a]m X [b]m s a, b€ A, a #Db)
meU
= Card(U) A([a]o % [b]o : a,b € A, a #b),

where (x) follows from the o x o-invariance of .

This lemma allows in particular to prove that dg/‘ is a distance.
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Action of a Cellular Automaton on M, (AY). Let (AY F) be a CA
and g € My (AM). Since F commutes with the shift, if u € Mgy (AM) then
Fopu € My (AM). Let d be a pseudo-distance on AY. To study the N-action of F,
on (M, (AM), dM) as a dynamical system, we are going to prove the continuity
of the function F, on (M, (AY), dM).

Proposition 1. Let d be a pseudo-distance on AM and let F : AM — AM be a
function d-Lipschitz of constant K on AM. For all u,v € My (A™), one has:

dM (Fop, Fov) < KdM (p,v).
In particular F, is continuous on (M, (AM), dM).

Proof. Let A € J(u,v), one has (Fy X F)A € J(Fiup, Fyv), thus:

/d(ny)d(F,k x )M = /d(F(az),F(y)) dx < /Kd(ac,y) dA.

One deduces that d(Fyp, Fuv) < Kd(u,v).

Since all CA are Lipschitz for dc and dpg, this proposition holds for all CA. Thus
one can study the dynamical system F, : M, (AM) — M, (AM) according to
the distance d! or d!.

Non-expansivity of CA on (M, (A"),dx"). In the space of measures
(M (AM), d%Y), we have the following counterpart to Theorem [Tt

Proposition 2. Let (A™, F) be a CA. F, does not act expansively on (Mq(AM),
dyh).

Proof. Let p,v € (My(AM) and € > 0. Consider i/ = (1 — )u + ev. Let
N e T(u,p) and N € J(u,v), such that A = (1 — )N +eXN’ € T(p, ). One
then has:

(1-0) [dwp)ax += [ dwpax’ = [ degar = i)

Thus,

ed™(p,v) = (1= e)d™ (u, p) + ed™ (p,v) > d™(p, (1 = e)p + ev)

Since F) preserves convex combinations, one has F'i/ = (1 — e)Fl'u + e Fl'v
for alln € N, so dM(Fu, F™u') < ed™(F™pu, FI'v). Hence, F, is not enxpansive
in (Mg (AM), d31).

Continuity of the Entropy of o. The information contained in a a generic
configuration can be expressed by the entropy of the shift. A comparative study
of the entropy of the shift and Kolmogorov complexity was carried out by

Brudno [Bru82]. As we will see, the entropy of the shift is continuous with
respect to the underlying measure.

Definition 3. Let u € M, (A™), the entropy of the shift M-action can be de-
fined as:
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_ o Hu(Pu,)
hu(o) = B rd(u,)

where Py, is the partition of cylinders centered on U,, and H,(Puy,) is the en-
tropy of the partition Py, according to the measure p, defined by:

Hy(Py,)=— Y p[ulu,)log(u([u]u,))-
ueAln

One recalls that U, = {m € M : |m| < n}.
Let Py and Py be two partitions of AM. We define the refinement of Py and
PQ by
P11V Py Z{AQB:AE'P1 andBEPz}.

Moreover it is possible to define the conditional entropy of P1 given Ps:
wANB
PP == Y ) 3 M0 togluca)
BeP2 AeP,y "

Thanks conditional entropy, it is possible to decompose the entropy of a refine-
ment:

HH(Pl VPy) = HM(PQ) + HM(Pl‘PQ).

It is well known that the function p — hy, (o) is upper semi-continuous in

(Mg (AM), dM), see [DGST6] for more detail.

Theorem 3. The function p —  hy(o) is wuniformly continuous in

(M (A™), d5").
Proof. Let p and v in M, (A™). By definition of the entropy of o, one has

_ . HM (PUn ) _ . HV (PU71 )
hulo) = B a0 (o) = lim o)

However, for all A € J (i, ) one has:
|Hu(Pu,) = Hy(Pu,)| = [Hx(Py, x AY) — Hy(A" x Py,)]
= |(Hx(Pu, x A") — Hx(Py, x A" v A" x Py,))
_(HA(AM x Py,) — Hx(Py, x AMv AM x Pu,))|
< Hy(Py, x AM|AM™ x Py, ) + Hy(AY x Py, [Py, x A™).

Moreover, one has:

HA(,PUn X AM|AM X PUn) < Z H)\('Pi X AM|AM X PUn)
€U,
< Card(U,,)Hx(Py x AM|AM x Py, )
< Card(U, ) Hx(Po x AM|AM x Py),

where Py = Py,. Symmetrically one obtains

Hy(AM x Py, [Py, x AM) < Card(U,,)Hy (AM x Po|Py x AM).
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Thus, by summation one has:
|h (o) = hy(0)] < Ha(Py x AMAM x Po) + Hy(AM x Py|Py x AM).

Consider @ = (Uq,peA.azb]@lo X [bo; Use alalo x [a]o), the partition of AM x AM
formed of two elements. Set 6 = A(Uq bea,ab(alo X [b]o). One has:

Ha(Po x A AM x Py) < H(a) < —(6log(8) + (1 — 6) log(1 — 6)).

Let € > 0. The function 6 — 6log(8)+(1—6)log(1—06) tends towards 0 when 6
tends towards 0. Thus, there exists 69 > 0 such that ¢ log(6)+(1—06)log(1-6) < §
for all § < &. Let p,v € My (A™) such that d'(i,v) < 8. According to
Lemma 3] there exists A € J(u,r) such that

Alalo x [blo : a,b € A a #b) < di' (n,v) < bo.

In this case, one has Hx(Py x AM|AM x Py) < 5, and symmetrically Hy (A x
Po, Po x AM) < 5. We deduce that for all ¢ > 0, there exists § such that if
d¥ (p,v) < 8o then

\hu(0) — hy(0)| < Hx(Po x AMAM x Py) + Hy(AM x P[Py x AM) < e.

This proves the uniform continuity of y — k(o) in (M, (AM), di").

Application to Transitivity
Theorem 4. Let (A™, F) be a CA. F, cannot be transitive in (M, (AM),d}").

Proof. Let
U={peMz(A") : h,(0) <1/3} and V = {p € M, (A" : h, (o) > 2/3}.

By Theorem [ & and V are open sets of (M, (A™),d}!). Since F' commutes
with o, it can be view as a factor map from (A, u, o) to (AM, F.u,0), so one
has h, (o) > hp, (o). Thus Fi,(U) C U. One deduces that VN F*(U) = ( for all
n € N, thus F, can not be transitive in (M, (A™), d3").

In (M, (AM), dM), the function g — h, () is just upper semi-continuous, so ¥
is not open and the previous proof does not hold. In the space (M, (AM), dM),
the existence of transitive CA is open.

4 Action of Cellular Automata on M (AM)

In this section, we do not restrict ourselves to the space of shift-invariant mea-
sures: we instead consider the whole space M(AM). The distance d’%' defined
in the previous section can be extended to arbitrary measures, hence endowing
M(AM) with a Besicovitch-like topology. On the space M(AM), di! is only a
pseudo-distance, as for example two measures which are equal up to a shift are
at distance 0 from each other. Similarly to (A, dp), the space (M(AM), d}!) is
not separated.



The Dynamics of Cellular Automata in Shift-Invariant Topologies 93

The space (M, (AM), d%") can clearly be viewed as a subspace of (M (AM),
d¥Y). Moreover, (A™, dg) can also be viewed as a subspace of (M(AM), d%!) via
the isometric embedding

AM — M (AM
T — Oy
where ¢, is the measure concentrated on = (i.e. 6,(A) =1if x € A, 6,(A) =0
otherwise).

The proof of non-expansivity of CA which was proven in the previous section
naturally extends to the whole space (M(AM),d¥!). On the other hand, the
proofs of non-transitivity we presented respectively for (A™, dg) and (M, (AY),
d%) cannot be extended in a completely straightforward way to (M(A™),dg).

It is true however that no CA is transitive in this space. In fact, non-transitivity
happens in the larger class of Lipschitz funtions:

Theorem 5. Let F : A — AM be a function that is Lipschitz w.r.t. the dis-
tance dc. The action of F, on (M(A™M),d}') is not transitive.

Proof. We adapt the proof of Theorem[2l First notice that for a function I that
is Lipschitz in d¢ with constant 2" one only needs to know F ay, ., to compute
F(x)y, , hence Lemma [ remains true if one takes F' to be a Lipschitz function
w.r.t. do and one replaces Kolmogorov complexity K by K, i.e. Kolmogorov

complexity relativized to oracle F' (F' being a Lipschitz function, it can be given

as an oracle), and dim; by dimgF).

For a measure j, we set

Edim; (u) = /diml(ac) dp(x)
We will need the following analogue of Lemma[2] (which can be relativized to
any given oracle):
Lemma 4. There exists a constant ¢ such that for all p,v:
Ay (p,v) < ¢ = ’]Ediml(u) - ]Ediml(y)‘ < h(dy (p,v))
and thus, Edimy is uniformly continuous w.r.t. dg/l.

Let ¢ be the constant such that & is increasing on [0, ¢], and let u, v be such that
d¥ (p,v) < c. Let € € (d' (11, v), c). By definition of d!, there exists a measure
A € J(p,v) such that

/dB(ac,y) d<e
Since & is increasing on [0, ¢] and concave:
[ #lan(e) <[ [ dote.g)ar) < e
which by Lemma [l implies:

/ | dimy () — dimy ()] A\ < A(e)
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and thus
|Edim; (1) — Edim; ()| < h(e)

which implies the desired result, as & can be chosen arbitrarily close to d!(u, v).

We are now ready to prove Theorem [l Let I’ be a Lipschitz function w.r.t.
dec. Let 6 be the measure concentrated on the configuration where all cells have
state 0, and v be Lebesgue measure. Let 1/ be a measure such that d! (6o, ') <
e and ¢/ be a measure such that d'(v, ") < ¢ with ¢ small enough. Since
Edim; (6p) = 0 and Edim; (v) = log | A|, by Lemma @], one has Edim; (1) < fi(e)
and Edim; (u”) > 1 — h(e).

By Lemma [ for all # € A™ one has dimgF)(F(ac)) < dimgF)(ac), hence
for every p € M(AY), Edim{")(F. (1)) < Edim{"(u). Hence, by the above
discussion, if d'(6o, 1) < ¢, for all n € N, EdimgF)(Ff(u)) < hi(e), which (still
by the above discussion) means that F(u) will never be dJ!-close to Lebesgue
measure. This finishes the proof of the theorem.

The non-tranisitivity of CA in (M, (AM),d%") (as stated in Theorem H) im-
mediately follows from the above proof, as 6y and Lebesgue measure are shift-
invariant measures. On can also modifiy the above proof to get Theorem
instead of Lebesgue measure, take v equal to &, for some z € AM such that
dimgF)(z) = log | AJ, the rest of the proof remaining the same.

5 Conclusion

It appears that in the shift-invariant topologies we considered, cellular automata
cannot be expansive nor transitive. This is mainly due to the unability of cellular
automata to create information. Indeed, for the non-transitivity of CA, the three
proofs we gave all have the same scheme. First, we define on a (pseudo-)metric
space (E,d) where d is a shift-invariant distance (in this paper, resp. (A™, dg),
(Mo (AM), d%Y) and (M(AM),d}!)) a quantity which in some sense measures
the amount of information, Z : E — Ry, (resp. dimy, h,(0) and Edim, ), which
we prove to be uniformly continuous w.r.t. the distance d. This amount of in-
formation is non-increasing under the action of a cellular automaton (or even
Lipschitz functions), i.e. Z(F(z)) < Z(z) for all # € E. Since in all cases there
are elements of the space which contain little information (i.e. Z(x) = 0) and
some which contain a lot of information (i.e. in our case Z(x) = log |.A|). Hence,
the two open sets Y = {x € E: Z(x) <e}and V={z € E:Z(x) > log|A| — ¢}
witness, for £ small enough, the non-transitivity of cellular automata.
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Abstract. The notion of an unavoidable set of words appears frequently
in the fields of mathematics and theoretical computer science, in partic-
ular with its connection to the study of combinatorics on words. The
theory of unavoidable sets has seen extensive study over the past twenty
years. In this paper we extend the definition of unavoidable sets of words
to unavoidable sets of partial words. Partial words, or finite sequences
that may contain a number of “do not know” symbols or holes, appear
in natural ways in several areas of current interest such as molecular
biology, data communication, DNA computing, etc. We demonstrate the
utility of the notion of unavoidability on partial words by making use of
it to identify several new classes of unavoidable sets of full words. Along
the way we begin work on classifying the unavoidable sets of partial
words of small cardinality. We pose a conjecture, and show that affirma-
tive proof of this conjecture gives a sufficient condition for classifying all
the unavoidable sets of partial words of size two. Lastly we give a result
which makes the conjecture easy to verify for a significant number of
cases.

1 Introduction

An unavoidable set of words X over an alphabet A is a set for which any suffi-
ciently long word over A will have a factor in X. It is clear from the definition
that from each unavoidable set we can extract a finite unavoidable subset, so
the study can be reduced to finite unavoidable sets. This concept was explicitly
introduced in 1983 in connection with an attempt to characterize the rational
languages among the context-free ones [8]. Since then it has been consistently
studied by researchers in both mathematics and theoretical computer science.
Testing the unavoidability of X can be done in different ways [7]: Check whether
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there is a loop in the finite automaton of Aho and Corasick [1] recognizing
A*\ A* X A*, or simplify X as much as possible. There is a large literature on
unavoidable sets of words and we refer the reader to [6,14] for more information.

Another concept relevant to this paper is that of a partial word, or a finite
sequence of symbols from a finite alphabet that may contain a number of “do not
know” symbols or “holes”. Partial words appear in natural ways in several areas
of current interest such as molecular biology, data communication, and DNA
computing. In this paper, we introduce unavoidable sets of partial words. In
terms of unavoidability, sets of partial words serve as efficient representations of
sets of full words. This is strongly analogous to the study of unavoidable patterns,
in which sets of patterns are used to represent infinite sets of full words [13]. The
main goal here is to demonstrate that the study of unavoidable sets of partial
words leads to new insights both on the theory of unavoidable sets and on the
combinatorial structure of the set of words A* as a whole. In accomplishing this
we mainly focus on the problem of classifying the unavoidable sets of size two.

The contents of our paper are summarized as follows. In Section 2] we review
some basic definitions related to words and partial words. In Section Bl we recall
the definition of unavoidable sets of words and some useful elementary proper-
ties. There, we present our definition of unavoidable sets of partial words and we
introduce the problem of classifying such sets of small cardinality and in partic-
ular those with two elements, x1, s, with respect to the regular constraints: xq
matches the pattern (ao*)*a and z9 the pattern (bo*)*b where ¢ denotes the “do
not know” symbol and a, b denote distinct letters of the alphabet. In Section [4]
we give an elegant characterization of the particular case of this problem when
21 matches a¢*a and xo matches bo*b, propose a conjecture characterizing the
case where x1 matches ao*a and xo matches bo*bo*b, and prove that verifying
this conjecture is sufficient for solving the problem in general. There, we also
prove one direction of our conjecture. In Section Bl we give partial results to-
wards the other direction of our conjecture and in particular prove that it is easy
to verify in a large number of cases. Finally in Section[6, we pose several natural
and interesting questions related to unavoidable sets of partial words.

2 Preliminaries

We begin this section with the following basic terms and definitions.

Throughout this paper A is a fixed finite set called the alphabet whose elements
we call letters. We use A* to denote the set of words over A, that is the set of
finite sequences of letters in the alphabet. For u € A* we write |u| for the length
of u. Under the concatenation operation of words, A* forms a free monoid whose
identity is the empty word which we denote by e. If there exist x,y € A* such
that u = zvy then we say that v is a factor of u.

A two-sided infinite word w is a function w : Z — A. A finite word u is a factor
of the two-sided infinite word w if u is a finite subsequence of w, that is if there
exists some ¢ € Z so that u = w(i + 1) ... w(i + |u|). For a positive integer p, we
say that w has period p if w(i) = w(j) for all ¢,j € Z satisfying ¢ = j mod p. If
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w has period p for some p then we call w periodic. We can now define infinite
powers of a word: if v is a nonempty finite word, then we denote by vZ the unique
two-sided infinite word w such that w has period |v| and w(0)...w(jv| = 1) = v.

A word of finite length n over an alphabet A can be defined as a total function
w:{0,...,n—1} — A. Analogously a partial word (or, pword) of length n over
A is a partial function w : {0,...,n — 1} — A. For 0 <14 < n, if u(i) is defined,
then we say that ¢ belongs to the domain of u (denoted by ¢ € D(u)). Otherwise
we say that ¢ belongs to the set of holes of u (denoted by ¢ € H(u)). In cases
where H (u) is empty we say that u is a full word.

Let A, = AU{o}. If u is a partial word of length n over A, then the companion
of w is the total function u, : {0,...,n — 1} — A, defined by

v {u(i) if i € D(u)

o otherwise

Throughout this paper we identify a partial word with its companion. We reserve
the term letter for members of A. We will refer to an occurrence of the symbol
¢ in a partial word as a hole.

Two partial words u and v of equal length are said to be compatible, denoted
by u T v, if u(i) = v(4) for every i € D(u) N D(v). If X is a set of partial words,
we use X to denote the set of all full words compatible with a member of X.

3 Unavoidable Sets

We first recall the definition of an unavoidable set of full words and some relevant
properties. Let X C A*. A two-sided infinite word w avoids X if no factor of w
is a member of X. We say that X is unavoidable if no two-sided infinite word
avoids X . In other words X is unavoidable if every two-sided infinite word has
a factor in X.

Following are two useful facts giving alternative characterizations of unavoid-
able sets: (1) The set X C A* is unavoidable if and only if there are only finitely
many words in A* with no member of X as a factor; and (2) If the set X C A*
is finite, then X is unavoidable if and only if no periodic two-sided infinite word
avoids it. Proofs can be found in [13].

We now give our extension of the definition of unavoidable sets of words to
unavoidable sets of partial words.

Definition 1. Let X C A%. A two-sided infinite word w avoids X if no factor
of w is a member of X. We say that X is unavoidable if no two-sided infinite
word avoids X . In other words X is unavoidable if every two-sided infinite word
has a factor compatible with a member of X.

There is a simple connection between sets of partial words and sets of full words
that is worth noting. By the definition of X, w has a factor in X if and only if
that same factor is compatible with a member of X. Thus the two-sided infinite
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words which avoid X are exactly those which avoid X, and X is unavoidable if
and only if X is unavoidable.

With regards to unavoidability X is then essentially a representation of a set
of full words. This representation makes possible new approaches to unavoidable
sets of full words. It is easier to consider the two-sided infinite words avoiding
X = {aa, bo®b} as those without an occurrence of aa and no two occurrences of
b separated by three letters rather as the words avoiding

X = {aa, baaab, baabb, babab, babbb, bbaab, bbabb, bbbab, bbbbb} .

It is most natural to look first for the unavoidable sets of partial words that
have small cardinality. Insight into the structure of A* can be gained by identi-
fying an unavoidable set, especially if that set contains few elements.

Any set of partial words containing the empty word or ¢" for some n € N will
be called a trivial unavoidable set. To find nontrivial unavoidable sets of size 2
we may assume that A = {a,b}. Classifying the unavoidable sets of size 2 is a
daunting task and is the focus of this paper.

Say X = {x1,22} is unavoidable. As mentioned before if X is nontrivial it
must be that one member of X is compatible with a power of a and the other is
compatible with a power of b, as that is the only way to guarantee that both a”
and bZ will not avoid X. So in order to classify the unavoidable sets of size 2, it
is sufficient to determine for which my,ms, ..., m; and ny,ns,...,n; the set

Xongromglng,en = 100" a .. ao™*a, bo"1b. .. bo" b}

is unavoidable. We can in fact simplify the situation a little further. The following
lemma tells us that it is enough to solve the problem for cases where mi+1, mo+
1,....mp+1and ny 4+ 1,ne +1,...,n; + 1 are relatively prime.

Lemma 1. Let p € N. The set Xy, mpni,...n
the set

, is unavoidable if and only if

Y = {aop(mlﬂ)*la oo aoPmet D=1 pep(mit ) =1y - bop(n,«}l)f]b}

18 unavoidable.

Proof. In terms of notation it will be helpful to define

J
Mj :Zmi—&—l
=1

Now suppose the two-sided infinite word w avoids X,,, . m.|n1,...n,» and let
v=...w(—=1)Pw(0)Pw(l)’...

We claim that v avoids Y. Suppose otherwise. Then v has a factor compatible
with some x € Y. Without loss of generality say that

z = aoP(m+D—1g  op(mstl)—1,
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Then to say that v has a factor compatible with x is equivalent to saying that
there exists ¢ € Z for which

v(i) =v(i+pMi)=---=v(i +pMg) =a
But if we set h = L;J then this implies that
w(h) =wh+M)=--=wh+ M) =a

contradicting the fact that w avoids Xy, . myjng,...n;-

We prove the other direction analogously. Suppose now that the two-sided
infinite word w avoids Y, and set v = ... w(—p)w(0)w(p).... We claim that v
avoids X, mylni,...n,- Otherwise v has a factor compatible with some = € p
which we may suppose without loss of generality is a¢™'a...o™*a. Then there
exists ¢ € Z for which

v(i) =v(i+ M) = =v(i + M)
but this implies that
w(pi) = w(pi +pMi) = - = w(pi + pMy)
which contradicts the fact that w avoids Y.

In order to solve the problem of identifying when X, ., jn,,....n, i unavoidable
we start with small values of k and [. The set {a, bo™'b...bo™ b} is unavoidable
for if w is a two-sided infinite word which lacks a factor compatible with a it
must be b%. This handles the case where k = 0 (and symmetrically [ = 0).

4 Special Cases

We first consider the case where k = 1 and [ = 1, that is, we consider the set
Xomln = {a0™a, bo™b}. In this case, we can give a nice characterization of which
integers m, n make this set avoidable.

Theorem 1. Write m + 1 = 2%rg,n + 1 = 2'ry where 19,71 are odd. Then
Xonln = {a0™a, bo™b} is avoidable if and only if s = t.

Proof. Let w be a two-sided infinite word avoiding X, |,,. Then w also avoids
bo™b. Otherwise for some i € Z, w(i) = b and w(i + m + 1) = b. Since w avoids
bo™b we must have that w(i +n + 1) = a and w(i + m + 14 n+ 1) = a, which
contradicts the fact that w avoids a¢™a. A symmetrical argument shows that w
avoids ao"a.

For ease of notation, write a = b and b = a. Let p € N. We will say that
a two-sided infinite word is p-alternating if for all ¢ € Z, w(i) = w(i + p). By
our previous observation it is easy to see that w avoids X,,, if and only if w
is m + l-alternating and n + 1-alternating. Thus to prove the theorem it is suf-
ficient to show that a two-sided infinite word exists which is p-alternating and
g-alternating if and only if s = ¢ where p = 2°r¢ and q = 2'r; with r¢ and r; odd.
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Notice that if w is p-alternating then it has period 2p: for i € Z,

w(i) = w(i + p) = w(i + 2p) = w(i + 2p)

Now suppose s # t. Without loss of generality say s < t. Then s+ 1 < t. Let [
be the least common multiple of p and ¢. The prime factorization of [ must have
no greater power of 2 than the prime factorization of q. Thus there exists an odd
number k such that k¢ = 0 mod 2p. If there were a two-sided infinite word w
which was p-alternating and g-alternating we would have w(0) = w(2p) = w(kq)
since w has period 2p. But since k is odd and w is g-alternating we also have
w(0) = w(kq). This is a contradiction. We have half of the necessary implica-
tion.

Now suppose s = t. Then p = 2°ryp, ¢ = 2°r;. We only need to prove that
there exists some w which is p-alternating and g-alternating and we do this by
induction on s. If s = 0, then p and ¢ are odd. Then the word ... ababab... is
p-alternating and g-alternating. This handles our base case. Now say w is 2°rg
and 2%r;-alternating. Then v = ... w(—1)w(=1)w(0)w(0)w(1)w(1)... is 25Tlrg
and 25t 17 -alternating. This finishes the induction and our proof.

We next consider the case where k£ = 1 and [ = 2, that is, sets of the form
Xonlnine = 100™a,bo™bo"2b}. We believe, based on extensive experimental
evidence, that we have identified the cases for which X,,|,, », is unavoidable
which we state in this section (Conjecture [I]). As a result of this conjecture,
Xonrreosmplny,...,n; 18 avoidable for all larger k,l. Here we prove one direction of
our conjecture, and in Section Bl we give partial results towards the other direc-
tion which turns out to be easy for even values of m.

There is a delicate tension in the change of difficulty of the problem as we
increase k and [. On the one hand, we have identified a large number of avoidable
sets of the form {ao™a,bo™b}. For X,,|,,, n, to be avoidable it is sufficient that
{ao™a,bo™ b}, {ac™a, bo™2b} or {ao™a, bo™ T2 F1p} be avoidable. Thus by first
identifying the avoidable sets for smaller values of k£ and [ our job has gotten a lit-
tle easier. On the other hand the structure of words avoiding {ao™a, bo™ bo™2b}
is not nearly as nice as those avoiding {a¢™a, bo™b}. There is no simple charac-
terization akin to p-alternation.

In proving that a set of the form X,,,, ,, is unavoidable our strategy is to
derive a contradiction using structural properties that any potential two-sided
infinite word w avoiding X would have. These properties take the form of certain
rules involving the occurrences of letters in w. For example, whenever w(i) =
w(i4+n1+1) = bin w, we must have that w(i4+n1+n2+2) = a. The presence of an
a also has implications: if w(i) = a then w(i—m —1) =b and w(i+m+1) = b.
Often particular values of m,n; and ny have a relationship that cause these
patterns to reoccur and perpetuate themselves, making a contradiction easy to
find. In order for this to happen we also need a starting point for the perpetuation
the ground. For this Theorem [Ilis a very handy tool.

We give an example of this in action. The set {ac”a,bobo®b} is unavoidable.
Suppose instead that there exists a two-sided infinite word w which avoids it.
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We know from Theorem [l that {ac”a,bob} is unavoidable, thus w must have a
factor compatible with bob. Say without loss of generality that w(0) = w(2) = b.
This implies that w(6) = a, which in turn implies that w(—2) = b. Then we
have that w(—2) = w(0) = b, forcing w(4) = a. This propagation continues:
w(—4) = w(—2) = b and so w(2) = a, which makes w(—6) = b giving w(0) = a,
a contradiction. This example is part of a more general phenomenon. Notice how
in this example as the patterns reoccur, we have a sequence of a’s traveling to
the left toward the b at w(0). There is a symmetric situation in which the b’s
travel to the right towards the a at w(nq +1). Both scenarios are covered by the
following proposition.

Proposition 1. Suppose either m = 2ny +ne +2 orm = ng — ny — 1, and
ny + 1 divides na +1. Then X, n, is unavoidable if and only if {ao™a, bo™ b}
1s unavoidable.

One notable consequence of Proposition [ is that if m is odd, then both
{ao™a,bbo™ b} and {ao™a, bbo™2b} are unavoidable.

The next theorem takes advantage of the perpetuating pattern phenomenon
in a more complicated context. Proposition [Il held because each a forced a b
into the next position of an occurence of w(i) = w(i + ny; + 1) = b, which in
turn forced a new a in w. This created a single traveling sequence of a’s and
b’s, causing an a to overlap with the b at w(0), yielding a contradiction. In the
next argument, we take notice of the fact that each a occurring in w may con-
tribute to two occurrences of w(i) = w(i + ny + 1) = b simultaneously so that
a contradiction will occur after many traveling sequences of letters appear and
overlap.

Theorem 2. Say that m = no—ny1—1 orm = 2ny+ns+2, and that the highest
power of 2 dividing ni + 1 is less than the highest power of 2 dividing m + 1.
Then X n, n, 8 unavoidable.

Proof. Since the highest power of 2 dividing n; + 1 is different than the highest
power of 2 dividing m+1, we have that the set Y = {a¢"a, bo™ b} is unavoidable.
Consider first the case where m = ny —nj — 1 and suppose for contradiction that
there exists a two-sided infinite word w that avoids X. Then w has no factor
compatible with {ac™a}, and so since Y is unavoidable it must have a factor
compatible with {bo™1b}. Assume without loss of generality that w(0) = b and
w(ny +1) =b.

We now generate an infinite table of facts about w. Two horizontally adjacent
entries in the table will represent positions in w which are n; + 1 letters apart.
Two vertically adjacent entries in the table will represent positions in w which
are m + 1 = ng — ny letters apart. The two upper left entries of our table
are w(0) = b and w(ny + 1) = b, two facts we have already assumed. Since w
avoids X,|n, n, We have more information relevant to the table: two horizontally
adjacent b entries force an a entry diagonally down and to the right from them,
and an a entry forces a b entry in the vertically adjacent positions. From these
rules we can build the following table, labeling the columns Cy, Cq, .. .:
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Co 4 Cs Cs
w0)=bw(ni+1)=>b w@2n +2)=> w(3n; +3)=0b
wng +ne+2)=aw?2n; +ny+3)=a
w2n2 +2)=>b w(ng +2n2+3)=>

For ¢ € N, we shall define v; to be the factor of w represented by C;. If 7 is odd
then C; has i entries, and if 7 is even then C; has ¢ + 1 entries. Thus we define

v w(ing + w(ing +i+ 1) ... w(ing + ) if ¢ even
Tl w((Eng +Dw(ing + i+ 1) . cow(ng + (1 — 1)ng +14) if i odd

Two adjacent entries in C; represent a distance of m+ 1 positions between letters
in v;. Thus for i even we have that |v;| = ém + 1 and for ¢ odd we have that
[v;] = (i — 1)m 4+ 1. We can also use the table to get some partial information
about the positions of a’s and b’s in v;. For j € N, v;(j) = b if 7 = 0 mod 2m + 2,
and v;(j) = a if j =m + 1 mod 2m + 2.

Because the highest power of 2 dividing nj + 1 is no greater than the highest
power of 2 dividing m4 + 1, there exists some k for which k(n;+1) = m + 1 mod
2m + 2. Take 7 sufficiently large so that |v;| > knq + k. Because of how k was
chosen, we have that v;(knq + k) = a. However examining the table we see that

w((i+k)n1 +i+ k) =vi(kn1 + k) =vi1£(0) =b

a contradiction. This handles the situation where m = ny — ny — 1. The proof
for the case where m = 2n; + no + 2 is similar, the only difference is that the
table will represent increasingly negative positions of w, rather than increasingly
positive ones.

As an application of Theorem [ take m = 1. Let us see for which n; € N
the hypotheses of the theorem hold to make X,,,, », unavoidable. The highest
power of 2 dividing n; + 1 should be less than the highest power of 2 dividing
m + 1 = 2. Thus n; + 1 must be odd, n; is even. Since m = 1 we cannot have
m = 2n1+ns+2. Say we have m = no—nq1—1. Then ny = ny+2. So we have that
for any even ny, the set {aca, bo™bo™T2b} is unavoidable. We will prove in Section
Blthat this is a complete characterization of unavoidability of X, n, for m = 1.

The next proposition identifies another large class of unavoidable sets using
a modification of the strategies discussed so far.

Proposition 2. Suppose ny < na, 2m = nq + ng and |m — nq| divides m + 1.
Then X n, n, @8 unavoidable.

We believe that together Lemma [I Proposition Il Proposition Bl and Theo-
rem [2] nearly give a complete characterization of when X,,,, », is unavoidable.
Following is what we believe to be the only exception.

Proposition 3. The set Xgj1,3 = {ao%a, bobo®b} is unavoidable.
We now state our conjecture.

Congecture 1. The set X,,,, »n, is unavoidable precisely when the hypotheses of
at least one of Lemma[Il Proposition[I Proposition 2 PropositionBlor Theorem
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hold. Restated, X,,|n, n, is unavoidable for relatively prime m + 1, ny + 1 and
ng + 1 with ny < ng if and only if one of the following conditions (or their
symmetric equivalents) hold:

— Proposition [[I The case where the set {ao™a,bo™ b} is unavoidable, m =
2n1 +no +2or m=ns —ny — 1, and ny + 1 divides no + 1.

— Theorem 2t The case where m = ny — ny — 1 or m = 2n; + ny + 2, and the
highest power of 2 dividing ni + 1 is less than the highest power of 2 dividing
m+ 1.

— Proposition 2 The case where ny < ng, 2m = n; + ng and |m — nq| divides
m+ 1.

— Proposition Bt The case where m = 6, ny = 1 and ny = 3.

The reader may verify that for any fixed m the only one of the above conditions
that contributes infinitely many unavoidable sets to X, n, is Theorem 2 and
that this theorem never applies to even m. Thus the conjecture states that there
are only finitely many values of m,n1,nz with m fixed and even and X1, n,
unavoidable. We will prove in Section [ that this is indeed the case.

Using Lemma [Tl we may assume without loss of generality that m + 1,1 +
1,n2+1 are relatively prime. An important consequence of the conjecture is that
in order for X,,,, n, to be unavoidable it is necessary that either m = 6 and
ni,ne = 1,3, or that one of the following equations hold:

m=2ny +ng + 2 (1)
m=2ny+mny +2 (2)
m=mny; —ng —1 (3)
m=ng—n3—1 (4)

2m = ny + ng (5)

Using this fact we can show that an affirmative proof of the conjecture has a
powerful consequence.

We end this section with the following proposition which implies that if Con-
jecture [l is true then we have completely classified the unavoidable sets of size
two.

Proposition 4. If Conjecture [ holds, then Xy, . mijn.,...n
allk>2 and 1 > 3.

, 1s avoidable for

Proof. Assuming Conjecture [0 holds, it is enough to prove that both
KXony,malna e A0 Xop 0, no ny are avoidable for all mq,ma,n1,n2. We handle
the case of X, myjn, n.- Assume without loss of generality that my,ma,n1,n2
are relatively prime. In order for this set to be unavoidable it is necessary that
the sets {ao™ a, bo™ bo™2b}, {ao™2a, bo™2bo™2b}, {ao™ ao™2a, bo™ b} and the set
{ao™ a0 a, bo™ b} are unavoidable as well. For each of these sets, Conjecture[I]
gives a necessary condition: either m = 6 and ny = 1,ne = 3 (or symmetrically
ny = 3,n2 = 1) or one of Equations [ 2 Bl @ or [ must hold. Consider the
following tables:
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mi = 2n1 +no + 2 mo = 2n1 + no + 2
mi = 2no +nq + 2 mo = 2no +nq + 2
mlznl—ng—l mgznl—ng—l
m1:n2—n1—1 m2:n2—n1—1
m1=6,n1=1,n2=3m2:6,n1=1,n2=3
177,1:6,77,2:1,77,1:37712:6,712:1,77,1:3
2mq = n1 + no 2mo = n1 + no

ny = 2my +mo + 2 no = 2my +mg + 2
ny = 2ms +mq + 2 ng = 2mo +mq + 2
nlzml—mg—l ngzml—mg—l
n1:m2—m1—1 ngzmg—ml—l
n1:6,m1=1,m2=3n2=6,m1=1,m2=3
n1=6,m2:17m1:3n2:67m2=1,m1:3
2n1 = mq + no 2ny = my1 + mo

In order for X, yman, ,n, to be unavoidable it is necessary that at least one
equation from each column be satisfied. It is easy to verify using a computer
algebra system that this is impossible except in the case where the last equation
in each column is satisfied. However in this case m; = ms = n; = ng and so by
Theorem [ the set is avoidable.

5 Avoidability Results for kK =1 and I = 2

In order to prove the conjecture, only one direction remains. We must show that
if none of the hypotheses of Lemma [, Proposition [l Proposition 2 Proposition
or Theorem 2 hold then X, ,, is avoidable. In this section we give partial
results towards this goal.

We have found that in general identifying sets of the form X,,|,,, ., as avoid-
able tends to be a more difficult task than identifying them as unavoidable. In
the case of unavoidability we needed only consider a single word then derive a
contradiction from its necessary structural properties. To find a class of avoidable
sets we must invent some general procedure for producing a two-sided infinite
word which avoids each such set. This is precisely what we move towards in the
following propositions in which we verify that the conjecture holds for certain
values of m and n;.

It is easy to see that none of Equations [l 2 Bl @ or Bl are satisfied when
ni,ng < m < nj + ng + 2. Thus the conjecture for such values is that Xn|ni,ne
is avoidable. The following fact verifies that this is indeed the case.

Proposition 5. If ni,na <m <ni+nz + 2 then Xy n, n, i avoidable.
The next proposition makes the conjecture easy to verify for even values of m.

Proposition 6. Assume m is even and that 2m < ni,nz. Then Xy, n, n, 08
avoidable.
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For any fixed even m there are then only finitely many values of ny,no which
might be unavoidable. The reader may verify that this is consistent with the
conjecture. The reader may also verify that the conjecture for m = 0 is that
X0|n1,n, is always avoidable, and indeed this is given by Proposition[@ Similarly
the conjecture for m = 2 is that Xy, ,, is avoidable except for ny = 1,n2 = 3 or
ne = 3,n1 = 1. It is easy to find avoiding two-sided infinite words for other values
of n1 and ny less than 5 when m = 2. By Proposition[@l this is all that is necessary
to confirm the conjecture for m = 2. In this way we have been able to verify the
conjecture for all even m up to very large values. The odd values of m seem to be
much more difficult and will most likely require more sophisticated techniques.
The following proposition gives our confirmation of the conjecture for m = 1.

Proposition 7. The conjecture holds for m = 1; that is X1, n, is unavoidable
if and only if n1 and ny are even numbers with |ny — na| = 2.

The following and final proposition says that if m and n; are close enough in
value then X,,,, », is avoidable for large enough ns.

Proposition 8. Let s € N with s < m — 2. Then for n > 2(m + 1)2 +m — 1,
Xonjmts,n = 1a0™a,bo5bo"b} is avoidable.

6 Open Questions

Conjecture [T although tested in numerous cases via computer, and verified for
m = 1 and a large number of even values of m, still remains to be proven. As
was shown in Section ] an affirmative answer to this question would imply that
Xony,..omp|ni,...n; 18 avoidable for all k,l > 3. Given that avoidable sets of the
form X, mpjng,...n, for small k and [ translate directly to avoidable sets for
larger k and [, it might seem intuitive that for some sufficiently large fixed k and [
there exists an easy proof that X,,,, 1, |n,...,n, 15 always avoidable, and thus all
larger values are. This is a deceptively difficult question. There is an interesting
tension occurring between the increase in avoidability of X, i, jn.,...n, and
the structural complication of X, . i, |ny,...n, @ k and [ increase.
We pose two open questions that propose direction for further research.

Open question 1. Can one find some sufficiently large values of k and | for

which it is easy to prove that X, m,|n.,...n, 15 always avoidable?

Efficient algorithms to determine if a finite set of full words is unavoidable are
well known, see for example [6]. These same algorithms can be used to decide if
a finite set of partial words X is unavoidable by determining the unavoidability
of X. However this incurs a dramatic loss in efficiency, as each pword v in X
can contribute as many as ||A[I77®| elements to X. There are algorithms for
finding repetitions with gaps that could be useful for answering Open question 2]
for instance [9,10,11,12,15].

Open question 2. Is there an efficient procedure to determine if a finite set of
partial words is unavoidable?



Two Element Unavoidable Sets of Partial Words 107

References

10.

11.

12.

13.

14.

15.

. Aho, A.V., Corasick, M.J.: Efficient string machines, an aid to bibliographic re-

search. Comm. ACM 18, 333-340 (1975)

. Berstel, J., Boasson, L.: Partial words and a theorem of Fine and Wilf. Theoret.

Comput. Sci. 218, 135-141 (1999)
Blanchet-Sadri, F.: Codes, orderings, and partial words. Theoret. Comput. Sci. 329,
177-202 (2004)

. Blanchet-Sadri, F.: Primitive partial words. Discrete Appl. Math. 148, 195213

(2005)

Blanchet-Sadri, F., Duncan, S.: Partial Words and the Critical Factorization The-
orem. J. Combin. Theory Ser. A 109, 221-245 (2005),
http://www.uncg.edu/mat/cft/

Choffrut, C., Culik II, K.: On extendibility of unavoidable sets. Discrete Appl.
Math. 9, 125-137 (1984)

Choffrut, C., Karhuméki, J.: Combinatorics of Words. In: Rozenberg, G., Salomaa,
A. (eds.) Handbook of Formal Languages, vol. 1, pp. 329-438. Springer, Heidelberg
(1997)

Ehrenfeucht, A., Haussler, D., Rozenberg, G.: On regularity of context-free lan-
guages. Theoret. Comput. Sci. 27, 311-322 (1983)

Kolpakov, R., Kucherov, G.: Finding Approximate Repetitions Under Hamming
Distance. In: Meyer auf der Heide, F. (ed.) ESA 2001. LNCS, vol. 2161, pp. 170-
181. Springer-Verlag, Heidelberg (2001)

Kolpakov, R., Kucherov, G.: Finding Approximate Repetitions Under Hamming
Distance. Theoret. Comput. Sci. 33, 135-156 (2003)

Landau, G., Schmidt, J.: An Algorithm for Approximate Tandem Repeats. In:
Apostolico, A., Crochemore, M., Galil, Z., Manber, U. (eds.) Combinatorial Pattern
Matching. LNCS, vol. 684, pp. 120-133. Springer-Verlag, Heidelberg (1993)
Landau, G.M., Schmidt, J.P., Sokol, D.: An Algorithm for Approximate Tandem
Repeats. J. Comput. Biology 8, 1-18 (2001)

Lothaire, M.: Algebraic Combinatorics on Words. Cambridge University Press,
Cambridge (2002)

Rosaz, L.: Inventories of unavoidable languages and the word-extension conjecture.
Theoret. Comput. Sci. 201, 151-170 (1998)

Schmidt, J.P.: All Highest Scoring Paths in Weighted Grid Graphs and Their
Application to Finding All Approximate Repeats in Strings. STAM J. Comput. 27,
972-992 (1998)


http://www.uncg.edu/mat/cft/

Hairpin Finite Automata

Henning Bordihn!, Markus Holzer?, and Martin Kutrib?

! Institut fir Informatik, Universitdt Potsdam,
August-Bebel-Strafle 89, D-14482 Potsdam, Germany
henning@cs.uni-potsdam.de
2 Institut fiir Informatik, Technische Universitat Miinchen,
Boltzmannstrafie 3, D-85748 Garching bei Miinchen, Germany
holzer@informatik.tu-muenchen.de
3 Institut fiir Informatik, Universitit Giessen,
Arndtstrale 2, D-35392 Giessen, Germany
kutrib@informatik.uni-giessen.de

Abstract. We introduce and investigate nondeterministic finite autom-
ata with the additional ability to apply the hairpin inversion operation
to the remaining part of the input. We consider three different modes of
hairpin operations, namely left-most hairpin, general hairpin, and right-
most hairpin. We show that these operations do not increase the compu-
tation power, when the number of operations is bounded by a constant.
An unbounded number of these operations leads to language families
that are properly contained in the family of context-sensitive languages
and are supersets of the family of regular languages. Moreover, we show
that in most cases we obtain incomparability results for the language
families under consideration. Finally, we summarize closure properties of
language families accepted by variants of hairpin finite automata.

1 Introduction

Since the origin of life it evolves by replication (and mutation) of DNA or RNA,
but it was not until one and a half decade ago that DNA computing, or more
generally computing with molecules, was discovered for solving problems in com-
puter science. For instance, in [I] it was shown how to solve the NP-complete
Hamiltonian Path Problem with tools from molecular biology. Also the gene as-
sembly performed during the replication of certain single-cell organisms, namely
ciliates, has inspired several computational models, e.g., see [OII]. For further
information about the biological process underlying ciliate genetics we refer to,
e.g., [T2I13]. Although the models proposed in [9] and [I1] are different, both are
based on simple operations on the DNA molecule guided by pointers. In the latter
model the used operations are inspired by the way in which a DNA molecule can
fold, namely hi (hairpin loop with inverted pointers) which reverses a substring
between a pointer p and the reversal of p , Id (loop with direct repeat of pointers)
which deletes a substring between two occurrences of a pointer, and dlad (dou-
ble loop with alternating direct repeat of pointers) which swaps two substrings
marked by pointer-pairs. The hairpin inverse of a word w in X7T is defined as

T. Harju, J. Karhumiki, and A. Lepisto (Eds.): DLT 2007, LNCS 4588, pp. 108 ‘ 2007.
(© Springer-Verlag Berlin Heidelberg 2007
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hi(w) = {xpyfpfz | w = zpypfz and z,y, 2 € X*, p € X}, where p is called
pointer. By using appropriate morphisms it is enough to consider pointers of
length 1 only, namely hi(w) = { zay®az | w = rayaz and z,y,2z € X*, a € X }.

In order to understand the very nature of the generative power of the afore-
mentioned operations several authors studied them from a purely language the-
oretical perspective, see e.g., [ABIGITIE]. Tt is worth mentioning that the appli-
cation of the operations is only guided by the pointers in the word, and thus
no additional (other) control on the application of the operation is present. In
this paper we develop the novel approach to combine bio-inspired operations
with an additional control mechanism, namely a (finite) automaton. This leads
to the recently introduced extended finite state automata, which are finite state
machines equipped with an additional operation on the unread part of the in-
put. These machines have been investigated in several papers and led to the
devices of flip-pushdown automata [I4], the “flip-pushdown input-reversal” the-
orem [I0], input-reversal automata [2], and revolving-input automata [3]. Here
we restrict ourself to extended finite automata with the additional operation
of hairpin inversion and distinguish three different modes of hairpin inversion,
namely left-most hairpin (the involved pointers are as close as possible), general
hairpin (no restriction on the pointers), and right-most hairpin (the pointers are
as far away as possible).

Obviously, if the number of operations applied is zero, the family of regu-
lar languages is characterized. We show that this remains true as long as the
number of hairpin operations is arbitrarily constant, regardless of the interpre-
tation of the hairpin operation. In most cases the induced language families are
incomparable (or properly included) with each other. To this end, we develop
a pumping argument for languages accepted by right-most and general hairpin
finite automata. Moreover, we investigate the relation of the hairpin finite au-
tomata language families to the context-free languages and their most important
sub-families. There it turns out that whenever the letter structure of a left-most
hairpin, general hairpin, or right-most hairpin language is “simple” in a certain
sense, then the language is regular. Concerning the closure properties of the
language families under consideration, we show quite negative results. For all
investigated formal language operations, except the union, both the right-most
hairpin and general hairpin finite automata language families are not closed. This
is quite surprising, since we are dealing with language families defined by au-
tomata. Nevertheless, this nicely resembles some non-closure properties recently
obtained for revolving finite automata languages [3].

2 Preliminaries

We denote the powerset of a set S by 2°. The empty word is denoted by A,
the reversal of a word w by w't, and for the length of w we write |w|. For the
number of occurrences of a symbol @ in w we use the notation |wl,. Set inclusion
is denoted by C, and strict set inclusion by C.
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In the following we consider finite automata with the ability to apply the
hairpin operation to the unread part of the input. We may start with a uniform
definition.

Definition 1. A (nondeterministic) extended finite state automaton is a 6-tuple
A=(Q,X,6,A, q, F), where Q is a finite set of states, X is the input alphabet, 6
and A are mappings from Q x (X U{A}) to 29, where 6 is called the transition
function, qo € Q is the initial state, and F' C @Q is the set of accepting states.
Furthermore, A is said to be M-free, if both 6 and A are restricted to Q x 3.

The different modes are formally distinguished by different interpretations of
the mapping A. To this end, we consider configurations of extended finite state
automata to be tuples (g,w), where ¢ € @ is the current state, and w € X*
is the still unread part of the input. If @ is in X U {A\} and w in X*, then we
write (¢, aw) Fa (p,w), if p is in §(q,a). Those transitions will be referred to as
ordinary transitions.

A hairpin operation is performed by applying the mapping A. For a € X and
v,w e X*

1. a left-most hairpin transition is defined by (q, avaw) F4 (p, av®aw), for p in
Alg,a) or A(g,\), and v € (X\ {a})*,

2. a general hairpin transition is defined by (g, avaw) F4 (p, av®aw), for p in
A(g,a) or A(g, \), and

3. a right-most hairpin transition is defined by (g, avaw) F4 (p, avfaw), for p
in A(q,a) or A(g,A), and w € (X'\ {a})*.

The corresponding transitions will be referred to as non-ordinary transitions.

An extended finite state automaton A = (Q, X, 6, 4, qo, F)) with left-most
hairpin, general hairpin, or right-most hairpin transitions is called a left-most
hairpin finite automaton (Ih-FA), general hairpin finite automaton (h-FA), or
right-most hairpin finite automaton (rh-FA), respectively.

For any type of hairpin automata, whenever there is a choice between an
ordinary transition or a hairpin operation, the automaton nondeterministically
chooses the next move. As usual, the reflexive transitive closure of F 4 is denoted
by F%. The subscript A will be dropped from 4 and % whenever the meaning
remains clear.

Let k& be a non-negative integer. We define Ty (A), the language accepted
with at most k non-ordinary steps to be Ty(A) = {w € X* | (qo,w) F%
(¢, \) with at most k non-ordinary steps and ¢ € F' }. If the number of non-ord-
inary steps is not bounded, the language accepted is analogously defined as above
and denoted by T'(A).

In order to clarify our notation we give an example. In the sequel we often
deal with languages where the symbols are embedded in marker symbols #. To
this end, we define an homomorphism that maps any symbol a to a#, and define
L# = #h(L), for any language L over some alphabet not containing #. That is,

aras - -ay € L < #a#astt---#a,# € L# and NeEL < #¢€ L#.
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In what follows, when specifying an automaton we will list only those transitions
which do not map to the empty set.
Example 2. The non-regular context-free language
L#, where L = {w € {a,b}* | |w|, = |wl|p }

is accepted by the general hairpin automaton A = (Q,{a,b,#},6, 4, q0,{q\})
with state set Q - {q07 Aa);49a;9b,4a?; 4b? Qatts b#, Jattb, qb#a} and

% 6qu7 ))— Eq/\i 2 ggqam )):_{?a#b}} 9. 6(qvr, #) = {qws}
5 A = (ol 7 S gy 10 Oamd) = ()
4. 6(qa7, #) = {qan} 8. Agp, #) = {qv} 11. 6(qpea, #) = {q0}

Automaton A accepts L# as follows: When starting in state qo the first tran-
sition reads the leading letter # and changes to state gn. Next, the transi-
tions (2)-(6) read the letters a, #, b, and # in sequence while doing a hair-
pin transition on the first # letter. If this is possible the automaton will be in
state g again. More formally, for v € {a#,b#}"{a,b} and w € {a#, b#}* we
find (qn, a#v#b#w) Fa (qo, #v#b#w) Fa (qar, #b#0#w) Fa (qus, b0 #W) 4
(Qasp, #0T#w) Fa (g, vF#w), and (qn, a#b#w) Fa (qo, #b#w) Fa (qar, #b#w) 4
(qas, b#w) Fa (Gamy, #w) Fa (gx,w). A similar reasoning applies for the transi-
tions (7)—(11).

Ezample 3. By a straightforward modification of the automaton in Example [2
we obtain (1) a general hairpin automaton that accepts the non-context-free
language L#, where L = {w € {a,b,c}* | |w|a = |w|p = |w|c }, and (2) a right-
most hairpin automaton that accepts the non-regular context-free language L#,
where L = {a"b" | n > 0}.

By standard techniques one can prove that A-moves do not increase the com-
putational power of hairpin automata. So, in the sequel we may consider \-free
automata for convenience.

Theorem 4. Let k be a non-negative integer. For a hairpin automaton A of any
type, one can construct a A-free hairpin automaton B of the same type, such that
T, (A) = Ty(B). The statements remain true if an unbounded number of hairpin
steps s allowed.

3 Hairpin Finite Automata

Now we turn to investigate the computational capacities of the devices in ques-
tion. Our first results concern the weakest automata. The following theorem
shows that providing finite automata with a bounded number of hairpin transi-
tions does not increase their computational capacity. To this end, we need the
following result shown in [5]. Recall that a language family is called a trio, if it
is closed under \-free homomorphism, inverse homomorphism, and intersection
with regular languages.
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Lemma 5. Let £ be a trio closed under hairpin inversion. Then for each L €
£ over X, and for each a € X, the a-projected hairpin inverse of L is in £. Here
the a-projected hairpin inverse of a language L C X* is defined to be hiq(L) =
{hig(w) | w € L}, where hi,(w) = {zayaz | w = zayaz and z,y,z € X* },
forwe X* and a € X.

Theorem 6. Let k be a non-negative integer. A language L is accepted by any
type of hairpin automaton A with at most k hairpin steps, i.e., T(A) = L, if
and only if L is reqular.

Proof. Since any given nondeterministic finite automaton is a hairpin automaton
whose transition A is not defined, clearly, any regular language is accepted by
any type of hairpin automaton.

For the converse implication we argue as follows: Let L C X* be accepted by a
hairpin automaton A = (Q, X, 8, A, qo, F') with at most k hairpin steps. Then L
can be written as L = UF_ T_;(A), where T_;(A) is the language accepted by A
with ezactly i hairpin steps. It suffices to show that each T_;(A) is regular.
The proof is by induction on k. We start with the left- and right-most hairpin
operations.

If £ = 0, the statement is obviously true. Now consider an accepting compu-
tation on input w such that A performs exactly k + 1 left-most (right-most, re-
spectively) hairpin operations. Let A, , = (Q, X, 6, A, p, {q}) be defined from A.
Moreover, let u,v,z € X* and a € Y. We find a decomposition w = uavax
obeying the properties for left-most (right-most, respectively) hairpin such that
(qo,w) = (g0, uavax) +* (q,avaz) - (p,avfaz) =* (gf, \), where (qo, uavaz) +*
(¢, avazx) is a computation without any hairpin step, p € A(g, a), (p, av®ax) H*
(gf, ) is a computation with exactly & hairpin moves, and g5 € F. The decom-
position gives rise to the languages L;;, and L, defined as

Ly, = U T—0(Age,q) - { avaz € % | avaz € Ty (Ap,q,),
wen penaa v e (X\{a})*, and ¢ € F}
and
Ln= |J Too(Aga) {avaz € % | aviaz € Top(4,,,),
S5 YO z e (X\{a})*, and q; € F}.

By induction hypothesis, the languages T—y and T_; are regular. Thus, lan-
guage L, can be rewritten as

U T—0(Ago,q) - ga(hi#(ggl(T:MAp,q‘f)) NR,)),

q€Q
acX,pecA(q,a)

where g, : (X U{#})* — X* is the homomorphism defined as g,(b) = b, if b € X,
and g, (#) = a, otherwise, and R, = #(X'\ {a})*#2X*. A similar construction can
be given for L,,. By Lemma [0l and since the family of regular languages is a
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concatenation closed trio, the languages L;, and L, are regular, too. Hence we
conclude that T_(j41)(A) is regular and the stated claim follows for the hairpin
operations under consideration.

For the general hairpin the idea of the above given proof is not directly ap-
plicable, because the pointers for the general hairpin operation are not uniquely
determined as in the case of left- and right-most hairpin. Nevertheless, by an-
other construction we succeed showing that at most k general hairpin operations
remain regular. We sketch the construction for £ = 2, but it is easy to see that
it generalizes to arbitrary k. Performing exactly two general hairpin operations
results in three different situation schemes, namely, the pointers are (i) non-
overlapping, (ii) nested overlapping, and (iii) cross dependent. In case (i) the
input to the automaton is of the form wjausausbusbus, and the two general
hairpins are done on the pointers a and b, which are not necessarily differ-
ent. Similarly, for (ii) and (iii) the input is of the form wujauzbusbusaus and
uyausbusaugsbus, respectively. To construct a finite automaton for the hairpin
language under consideration, the machine guesses the situation scheme, e.g.,
cross dependent, and then the input is assumed to be of the form u; ausbuzausbus
and will be processed as follows: During the computation from left to right of
the simulating finite state automaton, 2-5 mappings of the form @Q x 2% induced
by the transition function § of the hairpin automaton for the words u; and uf,
for 1 < i < 5, are computed online. Finally these mappings are appropriately
combined together with the transition function A of the hairpin automaton such
that a run on the word ujauffbulfausbus is simulated. Since the number of situ-
ation schemes is a constant depending on k£ we are done. The tedious details are
omitted due to the space limitation. a

In the sequel we consider automata whose number of hairpin transitions is not
restricted to be constant. We call a hairpin transition or a series of consecutive
hairpin transitions void, if they change the state of the automaton only, but do
not change the remaining input word. For example, if in between the pointers
there is a palindrome, or if two consecutive hairpin transitions on the same
pointer pair are performed, then the transitions are void. Observe that the latter
case is not useless. It can be used to test whether there is a matching symbol in
the remaining input. If not, the computation gets stuck, otherwise it continues.

We turn to compare the computational capacities of the devices under consid-
eration. To this end, next we present a tool for showing that certain languages
are not accepted by right-most hairpin automata.

Lemma 7. Let L C X* be a right-most hairpin automaton language. Then there
exist constants n > 0 and {,r, where { + r > 0, such that any word of L that
admits a factorization v:u(v®)Yw, where x,y > n, u,v € X, all symbols of v are
different, and w € X* contains no symbols of v, implies v*v" ‘u(vf)Yv* w € L,
for any i > 0.

Proof. Let A be a Mfree, s-state right-most hairpin automaton accepting lan-
guage L. We set n = 25+ 1, let v = a1---a, € X7, and consider an input
vPu(vf)Yw, where z,y > n, u € X,
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While A consumes subwords v, hairpin transitions have the following form:
z’ Ry’
(q,a;a;q1 - arpv” w(v™)Y ag -+ - aip10; - aqw)

’

’
F(p, aaigy - - apv? w0 ay - aip1a; - aqw).

So, the state may change, the subword u is reversed, and the numbers 2’ and 3’
of still unread subwords v are interchanged.

Whenever automaton A reads the first symbol a; of some subword v, it does
it in some state ¢ having performed either an even or an odd number of hairpin
transitions. For this there are at most n — 1 = 2s possibilities. Since = and y are
at least n, there are at least two configurations which are identical except for
the number of consumed subwords v, say (g, v**u(v?)¥*w) and (g, v*2u(v)¥2w),
for an even number of hairpin transitions performed, and (g, v¥*u®(vf)*1w) and
(g, v2ut(v®)*2w), for an odd number of hairpin transitions performed, where
1<z <z <2, 1<y <y <y, and w2 +y2 < 1 +y1.

Now let £ = 21 — x5 and 7 = y; — y2 in the case of an even number of hairpin
operations, and £ = y; — y2 and r = x1 — 2 in the other case. We obtain
{+7r=ux1 —x2+y1 —y2 > 1. Moreover, there are computations

(g, v*ro1 = T2y (v BYY1 (pR)¥1=v20p) 15 (g, v u(vB)¥1w)  or
(g, 0910 02 (o)1 (01 —520) 1 (g, w0 (o)),

Repeating the computations completes the proof. a

Theorem 8. There is a general hairpin automaton language, which is neither
a left-most, nor a right-most hairpin automaton language.

Proof. By Example 2 the language L#, where L = {w € {a,b}* | |w|, = |wls }
is a general hairpin automaton language. In order to disprove that L# is a right-
most hairpin automaton language we apply Lemmal[il Contrarily we assume L#
is such a language, set v = #a, w = ), and consider words v"#(b#)?" (v)"
where n is the constant of Lemma[7 Since these words belong to L#, there are
constants £ + 7 > 0 such that v T*#(b#)%" (vf')"*" belongs to L#, too, which is
a contradiction.

In order to disprove that L# is a left-most hairpin automaton language we
consider words (#a)™ (#b)™#, m > 1. While reading the first half of the input,
any left-most hairpin transition is a void one. Therefore, if m is large enough, a
corresponding acceptor would run into cycles, and words with more symbols a
than symbols b would be accepted. a

9

At first glance, one could expect that general hairpin automata are more powerful
than right-most hairpin automata. In fact, both automata classes are incompa-
rable with respect to their language acceptance capacities. In order to prove this
result, we present a tool for showing that certain languages are not accepted by
general hairpin automata.

Lemma 9. Let L C X* be a language accepted by some general hairpin automa-
ton A, and let uavawaz be a word in L, where a € X, and u,v,w,z € X*.
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1. If there is an accepting computation such that (q, avawaz) = (p, awfavfaz)
is the first non-void hairpin transition, then uawav®az belongs to L, too.

2. If there is an accepting computation such that (q,avawaz) F (p, av®awaz)
is the first non-void hairpin transition, then uawavaz belongs to L, too.

Proof. We consider an accepting computation of general hairpin automaton A on
input uavawaz. We have (qo, uavawaz) H* (g, avawaz), since there are only void
hairpin transitions on the prefix u, (¢, avawaz) F (p,awfavfaz) (respectively
(g, avawaz)  (p,avfawaz)) is the first non-void hairpin transition, and finally
(p, awfavaz) F* (qp, ) (respectively (p,avfawaz) F* (qf,A)) is the rest of
the computation. Due to the nondeterministic choice of the matching pointer a,
we obtain (go, uawavfaz) * (q,awavfaz) & (p, awfavfaz) +* (gr, \) (respec-
tively (qo, uaw®Ravaz) H* (q,awRavaz) - (p, avBawaz) F* (qs,A)), and the as-

sertion follows. O

Theorem 10. There is a right-most hairpin automaton language, which is nei-
ther a left-most nor a general hairpin automaton language.

Proof. By Example Bl language L#, where L = {a"b™ | n > 0} is a right-most
hairpin automaton language.

In order to disprove that L# is a general hairpin automaton language we ap-
ply Lemma [0 Contrarily, we assume L# is accepted by some general hairpin
automaton A. We observe that A has to perform a non-void hairpin transition
while reading the first half #a#a - - - #a of the input. Otherwise it would run into
a loop, if n is large enough. Whenever A performs a hairpin transition on point-
ers a, it is a void transition since in between the pointers there is a palindrome.
Therefore, the non-void transition appears on pointers #. Moreover, in between
both pointers there are both symbols a and b. Otherwise it would be a void
transition. We conclude that the input can be factorized u#x#z, where the first
non-void transition appears on the pointers #, and x contains at least one sym-
bol a and at least one symbol b. So, we obtain u#v#w#z, where v contains no b
and w contains no a. By Lemma [ (@), the input u#w#v™#z belongs to L#, too.
This is a contradiction since some symbol a in v follows some symbol b in w.

In order to disprove that L# is a left-most hairpin automaton language, we
observe that L is bounded but non-regular, and apply Corollary [I4 O

Now we turn to compare the devices under consideration with some standard
language families. Trivially, all types of hairpin finite state automata accept the
regular languages. Obviously, unary languages accepted by hairpin automata
are regular since a hairpin transition does not change the remaining part of the
input. Therefore, it can be omitted.

Theorem 11. A unary language L is accepted by a hairpin automaton of any
type if and only if L is regular.

Example [3] shows that general hairpin and right-most hairpin automata accept
non-regular languages. On the other hand, the context-sensitive languages form
a proper upper bound.
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Theorem 12. The families of languages accepted by hairpin finite state au-
tomata of any type are properly included in the family of context-sensitive lan-

guages. For left- and right-most hairpin automata, in addition, they are properly
included in NP.

Proof. The first statement follows by a straightforward simulation of a hairpin
automaton A by a nondeterministic linear space-bounded Turing machine. The
properness of the inclusion follows by unary languages and Theorem [[2 For the
second statement, in case of left- and right-most hairpin automata the Turing
machine obeys a polynomial time bound. We consider an accepting computation
of a right- or left-most hairpin automaton A on an input of length n. Let s be
the number of states of A. Since A is a one-way device, the input head may stay
at most s-n time steps on one input tape cell, otherwise the computation would
run into cycles. Therefore, the computation obeys a time-bound of O(n?). The
details are left to the reader. The properness follows by Theorem [§ since there
is a non-accepted context-free language, and the context-free languages belong
to NP. O

Observe that a straightforward simulation of a general hairpin automaton by a
Turing machine does not lead to a polynomial time bound in general, since for
instance on a word of the form (#01)"# the hairpin inverse operation may be
used to produce all possible words w with w € (#{01,10})™#. Since the number
of words of this form is exponential in n, the running time is not necessarily
bounded by a polynomial anymore.

Next we focus our interest on context-free languages and some of their most
important sub-families. In particular, we consider linear, deterministic, and
bounded context-free languages. We recall that a language over some alphabet
{a1,...,ar} is bounded, if it is a subset of aja} - - - aj.

Theorem 13. Let L be a bounded language. If L is accepted by a hairpin au-
tomaton of any type, then it is reqular.

Proof. Let A be an automaton of a type under consideration, and let A accept
a bounded language L. We construct an equivalent nondeterministic finite au-
tomaton A’. Basically, the construction is based on the observation that any
hairpin transition, regardless of left-most hairpin, right-most hairpin, or general
hairpin, is a void one. Automaton A’ may simulate ordinary transitions of A
directly. Whenever A applies a hairpin transition, automaton A’ simulates the
state change directly and, in addition, remembers that it has to check whether
the next input symbol is a matching pointer, i.e., whether there is a matching
pointer at all. If the check fails, automaton A’ rejects. a

For left-most hairpin automata the following generalization follows immediately.

Corollary 14. Let L be a bounded language. If L# is accepted by a left-most
hairpin automaton, then L is reqular.

Now we can collect the first parts of the comparisons.
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Theorem 15. There is a bounded, linear, deterministic context-free language,
which is neither a general hairpin, nor a left-most hairpin, nor a right-most
hairpin automaton language.

Proof. The language {a"™b™ | n > 0} is bounded, linear, deterministic context
free, but not regular. Hence, the statement holds due to Theorem [[3] a

For the converse comparison we derive the following corollary from Example [l
Corollary 16. There is a non-context-free general hairpin automaton language.

The non-context-free language of Example Blis not accepted by right-most hair-
pin automata. But nevertheless, the next theorem says that there is a suitable
language.

Theorem 17. There is a non-context-free right-most hairpin automaton lan-
guage.

Proof. The witness language is L = { (a#$)"(b#)"(c$)" | n > 1}. Clearly, lan-
guage L is not context free.

A (deterministic) right-most hairpin automaton A which accepts L works in
cycles. A cycle starts in the initial state g¢o. By reading a symbol a, state ¢ is
reached. Next, a right-most hairpin transition on # leads to state g2. Reading #
and b consecutively leads to state ¢g3. If automaton A finds an input symbol $
in state gs, it tries to read the sequence $#c$. If this sequence is the rest of
the input, automaton A accepts. If A finds an input symbol # in state g3, it
performs a right-most hairpin transition and changes to state g4. Subsequently,
it reads the #, which leads to state ¢5, and tries to perform a right-most hairpin
transition on $, which leads to state gg. The computation continues by reading $
and ¢ consecutively. Now A is in state ¢7. Next a right-most hairpin transition
on $ leads to state gs. Finally, reading the symbol $ completes the cycle, and A
changes back to state gg. So, automaton A computes cycles as follows:

(qo, (a#8)™ (b#)"(c$)") = (qu, #8(a#$)" ' (b#)" ' b#(c$)")
F (g, #b(#D)" 1 ($#a)"1$#(c$)") F2 (g3, (#D)" 1 ($#a)" 1$#(c$)")
= (qa, #$(a#$)™ 1 (b#)" 20#(c$)") b= (g5, $(a#$)" " (0#)" " (c$)" ' c$)
= (g6, $c($c)"~(#0)" 1 ($#a)"'$) 2 (g7, $c($c)" 2 (#D)" ! ($#a)"'$)
= (gs, $(a#8)" 1 (0#)" 1 (c$)"2c$) I (qo, (a#$)" " (b#)" " (c$)" ).

The acceptance is completed by:
(QO7a#$b#c$) + (Q1a #$b#C$) F (qQa #b$#C$) |_2 (Q3a $#C$) }_4 (qf’ A)

It remains to be shown that every accepted word belongs to L. To this end, we
observe that for all states there is just one unique transition to get in. Therefore,
we can reconstruct accepted words simply by reversing the above computations.

O
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CSL

— R~

CFL

Z(th-FA) ~— Z(h-FA) _LIN < DCFL

v

Z(Ih-FA) < - BCFL

x

REG

Fig. 1. Inclusion structure, where a solid line with one arrow indicates a proper in-
clusion, a solid line with two arrows links incomparable families, a dotted line with
one arrow indicates either proper inclusion or equality, and a dotted line with two
arrows links families which are either incomparable or related by a proper inclusion.
In addition, language families that are not linked by a path are pairwise incompara-
ble. Z(Ih-FA), £ (rh-FA), and 2 (h-FA) denote the families of languages which are
accepted by left-most hairpin, right-most hairpin, and general hairpin automata, re-
spectively. Moreover, BCFL refers to the family of bounded context-free languages.
The context-sensitive languages are a proper superset of all depicted families (indi-
cated by the arrows pointing to CSL). The regular languages are properly contained
in all families other than .#(lh-FA) (indicated by the arrows starting at REG).

4 Conclusions

We have studied the power of hairpin finite automata, which are finite machines
equipped with the additional ability to apply a hairpin inversion operation on
the unread part of the input. The proven inclusion relations are summarized in
Figure [[I Moreover, we also considered closure and non-closure properties, as
well as basic computational complexity problems of these language families. The
closure properties are summarized in the following table.

u n o~ * h7b by B
h-FA  yes mno mno mno no no no  no
rh-FA  yes mno no mno no no no ?

Nevertheless, several questions for hairpin finite automata remain unanswered.
We mention a few of them: (1) What is the computational power of left-most
hairpin automata? We were not even able to determine the relationship between
the automata and ordinary finite automata. So, is there a non-regular language
accepted by left-most hairpin automata? Or are these hairpin automata another
characterization of regular languages? In the latter case, the closure properties
would be trivial, but descriptional complexity issues would be of natural interest.
In the former case, negative closure properties would be of interest. (2) The fam-
ily of general hairpin automata languages is not even closed under intersection
with regular sets. This fact sheds some light on the relations between nondeter-
minism (with respect to the choice of matching pointers) and the structure of
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words. Is the family of right-most hairpin languages closed under intersection
with regular sets? (3) The hairpin inversion operation deals with the reversal of
subwords, but the family of general hairpin automata languages is not closed un-
der reversal. What about the family of right-most hairpin automata languages?
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Abstract. The biological process of gene assembly has been modeled
based on three types of string rewriting rules, called string pointer rules,
defined on so-called legal strings. It has been shown that reduction
graphs, graphs that are based on the notion of breakpoint graph in the
theory of sorting by reversal, for legal strings provide valuable insights
into the gene assembly process. We characterize which legal strings ob-
tain the same reduction graph (up to isomorphism), and moreover we
characterize which graphs are (isomorphic to) reduction graphs.

1 Introduction

Ciliates form a large group of one-cellular organisms that are able to transform
one nucleus, called the micronucleus, into an astonishing different one, called the
macronucleus. This intricate DNA transformation process is called gene assem-
bly. Each gene in the micronucleus, called micronuclear gene, is transformed to
a gene in the macronucleus, called macronuclear gene. The string pointer reduc-
tion system models gene assembly based on three types of string rewriting rules,
called string pointer rules, defined on so-called legal strings [I]. In this model,
a micronuclear gene is represented by a legal string u, while its macronuclear
gene (with its waste products) is represented by the reduction graph of u [23].
The reduction graph is based on the notion of breakpoint graph in the theory of
sorting by reversal [4J5/6].

In this paper we characterize which graphs are (isomorphic to) reduction
graphs (cf. Theorem [I3]). This characterization corresponds to an efficient al-
gorithm. In this way we obtain a restriction on the form of the macronuclear
structures that can possibly occur. We also provide a characterization that de-
termines, given two legal strings, whether or not they have the same reduction
graph (cf. Theorem [I3]). This may allow one to determine which micronuclear
genes obtain the same macronuclear structure. It turns out that two legal strings
obtain the same reduction graph (up to isomorphism) exactly when they can be
transformed into each other by two types of string rewriting rules, which sur-
prisingly are in a sense dual to the string positive rules and the string double
rules (two of the three types of string pointer rules).
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The latter characterization has other uses as well. In a sense, the reduction
graph allows for a complete characterization of applicability of string nega-
tive rules, the other type of string pointer rule, during the transformation pro-
cess [2I7IRI3]. Moreover, it has been shown that the reduction graph does not re-
tain much information about the applicability of the other two types of rules [7].
Therefore, the legal strings that obtain the same reduction graph are exactly
the legal strings that have similar characteristics concerning the string negative
rule. From a biological point of view, this may allow for a way to determine
whether or not the strategies regarding the string negative rule are different
among the different kinds of (genes in) ciliates. Due to space constraints, proofs
of the results are omitted, but can be found in an extended version [9].

2 String Pointer Reduction System

The string pointer reduction system is the model of gene assembly that is used in
this paper. In this section we give a concise description of this system, omitting
examples and motivation. We refer to [I0] for an in-depth description of this
model including motivation and examples.

We fix £ > 2, and define the alphabet A = {2,3,...,k}. For D C A, we define
D ={a|a€ D} and Il = AU A. The elements of IT will be called pointers.
We use the “bar operator” to move from A to A and back from A to A. Hence,
for p € I, p = p. For a string u = x1x5 - - - x,, with x; € II, the inverse of u is
the string @ = Z,Z,_1---%1. For p € I, we define p to be pif p € A, and p
if p€ A, ie., pis the “unbarred” variant of p. The domain of a string v € IT*
is dom(v) = {p | p occurs in v}. A legal string is a string u € IT* such that for
each p € IT that occurs in u, u contains exactly two occurrences from {p, p}. For
a pointer p and a legal string wu, if both p and p occur in u then we say that both
p and p are positive in u; if on the other hand only p or only p occurs in u, then
both p and p are negative in u. We say that legal strings u and v are equivalent,
denoted by u = v, if there is homomorphism ¢ : IT* — IT* with ¢(p) € {p,p}
and p(p) = @(p) for all p € IT such that p(u) = v. E.g., legal strings 2233 and
2233 are equivalent, while 2233 are 2233 are not. Note that ~ is an equivalence
relation. Equivalent legal strings are characterized by their “unbarred version”
and their set of positive pointers.

The string pointer reduction system consists of three types of reduction rules,
called string pointer rules, operating on legal strings. Here we will not consider
these rules directly, but rather study the reduction graph (which is recalled in
the next section) that captures essential properties of the rewriting system.

3 Reduction Graph

First we give some general notions w.r.t. graphs. A coloured base B is a 4-tuple
(V, f, s,t) such that V is a finite set of vertices, s,t € V are the source and target
vertices respectively, and f: V\{s,t} — I" for some set of vertex labels I". The
elements of {{z,y} | z,y € V,x # y} are called edges for B. A n-edge coloured



122 R. Brijder and H.J. Hoogeboom

graph, n > 1, is a tuple G = (V, E1,Es,- -+, Ey, f,s,t) where B = (V, f,s,1)
is a coloured base and, for ¢ € {1,...,n}, E; is a set of edges for B. We also
denote G by B(E1, Es, - -+ , E,). We define dom(G) = rng(f), where rng( f) is the
range f(V) of f. As usual, graphs G and G’ are considered isomorphic, denoted
G ~ G’, when they are equal modulo the identity of the vertices. However, the
source (target, resp.) vertex of G needs to correspond to the source (target, resp.)
vertex of G.

We now recall the definition of reduction graph. This definition is equal to
the one in [7], and is in slightly less general form compared to the one in [2]. We
refer to [2], where it was introduced, for a motivation and for more examples
and results. The notion of reduction graph uses the intuition from the notion of
breakpoint graph (or reality-and-desire diagram) known from another branch of
DNA processing theory called sorting by reversal, see e.g. [6] and [11].

Definition 1. Let u = pips---p, with p1,...,p, € II be a legal string. The re-
duction graph of u, denoted by R, is a 2-edge coloured graph (V, Ey, Es, f, s,1),
where

V={hL,l....,I,} U{I,L,....0I,} U {s,t},

Ei1={eo,e1,...,e,} with e;={I/, I;11} for 1 <i <n,eo={s, I1},e,={1,t},

FEy = {{.[2/7]]}7{1“13/} | 1,] € {172,...,71,} with ¢ # j and p; :pj} U
UL, Ly ALY 14,5 € {1,2,...,n} and p; = p;}, and

f(L)=fI})=p;for 1 <i<n.

The edges of Ey are called the reality edges, and the edges of Fy are called the
desire edges. Notice that for each p € dom(u), the reduction graph of u has
exactly two desire edges containing vertices labelled by p. It follows from the
definition that, given legal strings u and v, u ~ v iff R, = R,. Reality edges
follow the linear order of the legal string, whereas desire edges connect positions
in the string that will be joined when performing reduction rules, see [2].

In depictions of reduction graphs, we will represent the vertices (except for s
and t¢) by their labels, because the exact identity of the vertices is not essential
for the problems considered in this paper. We will also depict reality edges as
“double edges” to distinguish them from the desire edges.

Fig. 1. The reduction graph R, of u in Example [
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s 2 2 6 6 t 6 6 5
2 7 7 7 7 3 5 5
2 4 4 4 4 3 5 3 3

Fig. 2. The reduction graph of Figure [Tl obtained by rearranging the vertices

Ezample 1. The reduction graph of u = 274735342656 is depicted in Figure [l
Note how positive pointers (here 4 and 7) are connected by crossing desire edges,
while those for negative pointers are parallel. By rearranging the vertices we can
depict the graph as shown in Figure

4 Abstract Reduction Graphs and Extensions

We now generalize the notion of reduction graph as a starting point to consider
which graphs are (isomorphic to) reduction graphs. Moreover, we extend the
reduction graphs by a set of edges, called merge edges, such that, along with the
reality edges, the linear structure of the legal string is preserved in the graph.
We will first define a set of edges for a given coloured base which has features in
common with desire edges of a reduction graph.

Definition 2. Let B = (V, f, s,t) be a coloured base. We say that a set of edges
E for B is desirable if (i) for all {v1,v2} € E, f(v1) = f(v2), and (ii) for each
v € V\{s,t} there is exactly one e € E such that v € e.

We now generalize the concept of reduction graph. We define for f: X — Y and
yevY, f iy ={zeX|flx) =y}

Definition 3. A 2-edge coloured graph B(E1, Es) with B = (V| f, s, t) is called
an abstract reduction graph if

1. tng(f) C 4, and for each p € mg(f), |f~(p)] = 4,
2. for each v € V there is exactly one e € F such that v € e,
3. Es is desirable for B.

The set of all abstract reduction graphs is denoted by G. Clearly, if G ~ R, for
some u, then G € G. Therefore, for abstract reduction graphs G = B(F1, Es),
the edges in Fy are called reality edges and the edges in Fy are called desire
edges. For graphical depictions of abstract reduction graphs we will use the same
conventions as we have for reduction graphs. Thus, edges in F; will be depicted
as “double edges”, vertices are represented by their label, etc.

The definition of abstract reduction graph captures the “look and feel” of
reduction graphs (see the next example). Each vertex label occurs four times,
etc. The first goal of this paper is to set additional properties that characterize
reduction graphs. It will turn out that the next example will not pass the test.
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2 2 5 5 9 8 8 s
5 5 4 4 9 7 7 9
2 2 3 3 8 8 3 3 9
4 4 7 7 6 6 6 6 t

Fig. 3. An abstract reduction graph

Ezxample 2. The 2-edge coloured graph in Figure [l is an abstract reduction
graph.

Next we introduce an extension to reduction graphs such that the “generic”
linear order of the vertices s, I, I1, .. ., I, I] , t is retained, even when we consider
the graphs up to isomorphism.

Definition 4. Let u be a legal string. The extended reduction graph of u, de-
noted by &,, is a 3-edge coloured graph B(E, Es, E3), where R, = B(E1, E»)
and B3 = {{;, I/} | 1 <i<n} with n = |ul.

? 7

The edges in E3 are called the merge edges of u, denoted by M,. In this way,
the reality edges and the merge edges form a unique path which passes through
the vertices in the generic linear order. This is illustrated in the next example.
In figures merge edges will be depicted by “dashed edges”.

Fig. 4. The extended reduction graph &, of u given in Example [Tl

Ezample 3. The extended reduction graph &, of u given in Example [l is shown
in Figured cf. Figure [l

Merge edges can be generalized for abstract reduction graphs as follows.

Definition 5. Let G = B(FE1, Es) € G, and let E be a set of edges for B. We
say that E is merge-legal for G if E is desirable for B, and F; N E = &. We
denote the set {E | E merge-legal for G} by wg. The set of all E € wg where
B(E1, E) is a connected graph is denoted by 6.

For legal string u, we also denote wg, and O, by w, and 6,, respectively.
Notice that M, € 6, C w,. Therefore, merge-legal edges will also be depicted
by “dashed edges”.
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s 2 2 3 3 t s 2 2 3 3 t
\ | | / N / | /
\ ! \ / AN [ /
\ | | / N | /
Vo2 3 12 3
\ / \ /
\ / \ /
\ / \ /
2 3 2 3

Fig. 5. An abstract reduction graph with two different sets of merge-legal edges

Ezxample 4. Figure [l depicts an abstract reduction graph twice. On the left-
hand side it is augmented with a merge-legal set that is not in 6, and on the
right-hand side is augmented with a merge-legal set that is in 0.

We say that G = B(F1, Es, E) is an extended abstract reduction graph if G' =
B(E1,E;) € G and E € 0¢. Since M,, € 0, for each legal string u, this notion
is a natural abstraction of the notion of extended reduction graph, and hence
the edges in F will be called merge edges (of G). Moreover, for each graph
G' = B(E4, Es) € G isomorphic to a reduction graph we must have g # @. In
the next section we show that this condition is sufficient.

s 2 _ 2 6 6 t 6 6
4 -
7 s
v _ —
s 7 P RN N
2 7/ 7 7 7 7 3 5 5
/ N /
\ N/
/ N
\ VAN
2 4 4 4 4 3 N 5 5
~_ ~.. - - NN
N
N N
NS
3 3

Fig. 6. An extended abstract reduction graph obtained by augmenting the reduction
graph of Figure 2 with merge edges

Ezample 5. If we consider the reduction graph R, = B(FE1, E2) of Example [I]
shown in Figures[Mand 2l then, of course, B(E1, Ea, M,,) = &, shown in Figure d
is a extended abstract reduction graph. In Figure [d another extended reduction
graph is shown — it is R, augmented with a set of merge edges F in 6,. It is
easy to see that indeed E € 6,,: simply notice that the path from s to ¢ induced
by the reality and merge edges will go through every vertex of the graph.

5 Back to Legal Strings

We now show that for extended abstract reduction graphs G we can “go back”
in the sense that there are legal strings u such that G is isomorphic to &,. Due to
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space constraints, we do this by example. The idea is that the reality and merge
edges together form the linear structure of the legal string, while the desire edges
determine whether the pointers are positive or negative.

S 2--2 7--7 4--4 2--2 6--6 5--5 3--3 7--7 4--4 3--3 5--5 6--6 t

Fig. 7. The extended abstract reduction graph G given in Example [6]

Example 6. Let us consider the extended abstract reduction graph G of Fig-
ure [l By rearranging the vertices we obtain Figure [l From this figure and the
definition of extended reduction graph, it is clear that v = 274265374356 is a
legal string that corresponds to G. Moreover, every legal string equivalent to v
also corresponds to G.

Let Lg be the set of all legal strings that corresponds to extended abstract
reduction graph G. It turns out that L is an non-empty equivalence class w.r.t.
to the = relation (for legal strings).

Theorem 6. (i) Let G and G’ be extended abstract reduction graphs. Then G =
G’ iff Lg = Lg. (ii) Let w and v be legal strings. Then u v iff &, ~ &, .

Let G be an extended abstract reduction graph, and take u € L¢ (such a u exists
since L¢ is nonempty). Since u € Lg, and the Lg’s are equivalence classes, we
have Lg, = L and therefore G =~ &,. Thus every extended abstract reduction
graph G is isomorphic to an extended reduction graph. As a corollary we have
the following graph theoretical characterization of reduction graphs.

Theorem 7. Let G be a 2-edge coloured graph. Then G is isomorphic to a re-
duction graph iff G € G and 0 # @.

It is easy to verify that ¢ = @ for graph G in Figure B Therefore this graph
is not isomorphic to a reduction graph. From an algorithmic point of view,
Theorem [1 is not very useful since it requires one to check for each F € wg,
whether or not E € 0 (this is e.g. not trivial for the graph in Figure ().

Fig. 8. An abstract reduction graph G for which g = @
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6 Flip Edges

In this section and the next two we provide a characterization of the statement
O # @. This allows, using Theorem [ for an efficient algorithm that determines
whether or not a given G € G is isomorphic to a reduction graph. Moreover,
it allows for an efficient algorithm that determines a legal string w for which
G~Ry.

V] — — — U3 v1 v3

V2 — — — V4 V2 V4

Fig. 9. Flip operation for p. All vertices are labelled by p.

Let G € G. Then a merge-legal set for G is easily obtained as follows. Let
p € dom(G) and let {v1,v2} and {v3,v4} be the two desire edges with vertices
labelled by p. A merge-legal set for G must have either the edges {vi,v3} and
{va,v4} or the edges {v1, v4} and {va, v3}, see both sides in Figure[d By assigning
such edges for each p € dom(G) we obtain a merge-legal set for G. Thus, wg # @
for each G € G. Note that in particular, if dom(G) = @, then wg = {&}.

We now formally define a type of operation that in Figure [0 transforms the
situation on the left-hand side to the situation on the right-hand side, and the
other way around. Informally speaking it “flips” edges of merge-legal sets.

Definition 8. Let G = B(E1, Ey) € G, let f be the vertex labeling function of
G, and let p € dom(G). The flip operation for p (w.r.t. G), denoted by flipg
is the function wg — wg defined by:

flipg,(E) = {{vi,v2} € E'| f(v1) #p # f(v2)} U{er, ea},

where e; and e, are the two edges with vertices labelled by p such that eq,es &
E;UE.

When G is clear from the context, we also denote flips ,, by flip,. By Figure [
the flip operations are self-inverse, i.e. ﬂipap is the identity function on wg.

Ezample 7. Consider Figure Bl and let G be the abstract reduction graph (ig-
noring the merge-legal edges) of this figure. If we apply flip; , to the set of
merge-legal edges depicted on the left-hand side of the figure, then we obtain
the set of merge-legal edges depicted in on the right-hand side of the figure.

Let G € G, and let D = {p1,...,;m} C dom(G). Then we define flipp, =
flip,, --- flip,,. Note that flip, is well defined. Also, if Dy, Dy C dom(G)
and Dy # Dy, then flipy () # flipp, (E). Moreover, for each E € wg, wg =
{flipp(E) | D € dom(G)}.
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7 Merging and Splitting Connected Components

We now recall the definition of pointer-component graph, introduced in [7]. We
generalize it here (trivially) for abstract reduction graphs in general. Surprisingly
however, this graph has different uses in this paper compared to its original uses
in [7], where it is used to characterize which string negative rules are used in
sequences of string pointer rules that transforms u into the empty string.

First, we recall the notion of multigraph. A multigraph is a (undirected) graph
G = (V, E,¢), where parallel edges are possible. Therefore, F is a finite set of
edges and € : E — {{z,y} | x,y € V'} is the endpoint mapping. We allow z =y,
and therefore edges can be of the form {z,z} = {#} — an edge of this form
should be seen as a “loop” for x. The order |V|] of G is denoted by o(G). Again,
multigraphs are considered isomorphic when they are equal modulo the identity
of the vertices: multigraphs G = (V, E,¢) and G' = (V', E,€') are isomorphic,
denoted G ~ @', if there is a bijection o : V' — V' such that ae = ¢, or more
precisely, for e € E, e(e) = {v1,v2} implies €'(e) = {a(v1), a(ve)}.

Definition 9. Let G € G. The pointer-component graph of G, denoted by PCq,
is a multigraph (¢, F, ¢), where ( is the set of connected components of G, E =
dom(G), and ¢ is, for e € E, defined by e(e) = {C € ¢ | C contains vertices
labelled by e}.

If G = R, for some legal string u, then we also write PC, = PCq and we say
that PC,, is the pointer-component graph of u.

5 3 6
(&5 ¢ R Ci ° Cs Cy
/
3 2 2 9 8 7
4
Co Cs Cs R Cs

7

Fig. 10. The pointer-component graphs of the (abstract) reduction graphs from Fig-
ure [ (left-hand side) and from Figure [ (right-hand side)

Ezample 8. The pointer-component graphs of the (abstract) reduction graphs
from Figure Pl and from Figure 3] are shown in Figure

Let G = B(F1, E2) be an abstract reduction graph and let E € wg. We consider
the effect of the flip operation on the pointer-component graph defined on the
abstract reduction graph H = B(E, E). Note that when G = B(E1, Es) € G
and E € wg, then F is desirable for B, and thus H = B(Ey,E) € G. There-
fore, e.g., PCy is defined. We distinguish the pointers that form loops in the
pointer-component graph: for G € G, bridge(G) = {e € E | |e(e)] = 2}
where PCq = (V,E,¢). E.g., by the right-hand side of Figure we have
bridge(G) = dom(G)\{3,6} for G depicted in Figure Bl
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Definition 10. For each edge p, the p-merge rule, denoted by merge,, is a rule
applicable to (defined on) multigraphs G = (V, E,¢) with p € bridge(G). It is
defined by merge, (G) = (V', E, €'), where V' = (V\e(p))U{v'} with v ¢ V', and
€'(e) = {h(v1), h(ve)} iff €(e) = {v1,v2} where h(v) =o' if v € €(p), otherwise it
is the identity.

It is easy to see that merge rules commute. We are now ready to state the
following result. The (proof of the) result shows that depending on whether or
not p is a loop, the flip operation on p can merge connected components or
modify/split a connected component.

Theorem 11. Let G = B(E1,Es) € G, let E € wg, let H= B(E1, E), and let,
for p € dom(G), H, = B(Ey,flip,(E)).

— If p € bridge(H), then PCy, ~ merge,(PCy)
(and therefore o(PCh,) = o(PCx) — 1).
— If p € dom(H)\bridge(H), then o(PCx) < o(PCp,) < o(PCrx) + 1.

Ezample 9. Consider again Figure Bl and let G = B(FE1, E2) be the abstract
reduction graph (ignoring the merge-legal edges) of this figure. If we let F € wg
be the set of merge-legal edges depicted on the left-hand side of the figure, then
2 € bridge(H) with H = B(FE1, E). Therefore, by Theorem [[T] and the fact that
G has exactly two connected components, Ho = B(FE1, flip,(E)) is a connected
graph. Indeed, this is clear from the right-hand side of the figure (by ignoring
the edges from Es).

8 Connectedness of Pointer-Component Graphs

We now characterize the requirement 6 # @ found in Theorem [l The proof of
this result depends heavily on Theorem [Tl

Theorem 12. Let G € G. Then PCq is a connected graph iff 0c # @.

Ezample 10. By Theorem [[2] and the left-hand side of Figure [I0, for the (ab-
stract) reduction graph G; in Figure 2l we have 6, # &. By the right-hand side
of Figure [I0 for the abstract reduction graph Gs in Figure Bl we have 0¢, = 2.

By Theorem and Theorem [[] we obtain the first main result of this paper.
It shows that one needs to check only a few computationally easy conditions to
determine whether or not a 2-edge coloured graph is (isomorphic to) a reduction
graph. Surprisingly, the “high-level” notion of pointer-component graph is crucial
in this characterization.

Theorem 13. Let G be a 2-edge coloured graph. Then G isomorphic to a re-
duction graph iff G € G and PCq is a connected graph.

Not only is it computationally efficient to determine whether or not a 2-edge
coloured graph G is isomorphic to a reduction graph, but, when this is the case,
then it is also computationally easy to determine a legal string u for which
G ~ R,. Indeed, we can determine such a u from G = B(E1, E») as follows:
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1. Determine an F € wg. As we have seen, such an F is easily obtained.

2. Compute PCy with H = B(E;, E), and determine a set of edges D such
that PCy|p is a tree, where PCy|p is PCy restricted to the set of edges D,

3. Compute G’ = B(E1, E2, flip,(E)), and determine a u € L.

As a consequence, every connected multigraph G = (V, E¢) with B C A
is isomorphic to a pointer-component graph of a legal string. Thus pointer-
component graphs of legal strings can, surprisingly, take all imaginable forms.

9 Dual String Rules

If we let R be the function that assigns to each legal string u its reduction graph
R, then Theorem characterizes the range of R. Here we characterize the
fibers R~ (R,) modulo graph isomorphism, i.e., we characterize when two legal
strings have isomorphic reduction graphs.

First we define the dual string rules. These rules turn out to characterize the
effect of flip operations on the underlying legal string, cf. Theorem [[4] below. For
all p,q € II with p # q we define

— the dual string positive rule for p is defined by dsprp(u1pu2pu3) = U1 plUopus,
— the dual string double rule for p,q is defined by dsdr) q(uipusquspusqus) =
U1 PULGUIPU2GUs,

where uy,us, ..., us are arbitrary (possibly empty) strings over II. Notice that
the dual string rules are self-inverse. Also notice the strong similarities between
these rules and the string pointer rules, given, e.g., in [T0[7].

Let w and v be legal strings. We say that u and v are dual, denoted by ~ if
there is a (possibly empty) sequence ¢ of dual string rules applicable to u such
that ¢(u) ~ v. Notice that a4 is an equivalence relation.

We define dom(dspr,,) = {p} and dom(dsdr, ;) = {p,q} for p,q € II. For a
composition ¢ = p,, -+ pa p1 of dual string rules we define dom(y) = U;dom(p;).
We call ¢ reduced if dom(p;) Ndom(p;) = @ forall 1 <i < j <n.

Let G = B(FE1, Es, E3) be an extended abstract reduction graph, and let
D C dom(G). Then we define flip(G) = B(E1, Ea,flipg: p(E3)), where G' =
B(E1, E»).

Theorem 14. Let u be a legal string, and let D C dom(u). There is a re-
duced sequence ¢ of dual string rules applicable to u such that dom(y) = D iff
flipp(My) € 0y. In this case, E,y) ~ flipp(Ey), and consequently R,y ~ Ru.

Using the previous result, we are ready to show the second (and final) main
result of this paper. It shows that R~!(R,) (modulo graph isomorphism) for
legal string u is the “orbit” of w under the dual string rules.

Theorem 15. Let u and v be legal strings. Then u =g v iff Ry, ~ R,.
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10 Discussion

This paper characterizes the range of R (Theorem [[3) and each fiber R~1(R,,)
modulo graph isomorphism (Theorem [I3]).

The first characterization corresponds to a computationally efficient algorithm
that determines whether or not a graph G is isomorphic to a reduction graph.
It turns out that once G satisfies the “look and feel” of reduction graphs, e.g.,
each vertex label should occur exactly four times, then reduction graphs are
characterized as having a connected pointer-component graph. Moreover, if G
is isomorphic to a reduction graph, then the algorithm given below Theorem [I3]
allows for an efficient determination of a legal string u such that G =~ R,,.

The second characterization determines, given u, the whole set R (R, ) mod-
ulo graph isomorphism. From a biological point of view, the fibers characterize
which micronuclear genes obtain the same macronuclear structure. It turns out
that R™(R,) is the orbit of u under the dual string rules. Surprisingly, these
two types of string rewriting rules are very similar to the string positive rules
and the string double rules that are used to define the model.
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2-Visibly Pushdown Automata*
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Abstract. Visibly Pushdown Automata (VPA) are a special case of
pushdown machines where the stack operations are driven by the in-
put. In this paper, we consider VPA with two stacks, namely 2-VPA.
These automata introduce a useful model to effectively describe con-
current pushdown systems using a simple communication mechanism
between stacks. We show that 2-VPA are strictly more expressive than
VPA. Indeed, 2-VPA accept some context-sensitive languages that are
not context-free and some context-free languages that are not accepted
by any VPA. Nevertheless, the class of languages accepted by 2-VPA is
closed under all boolean operations and determinizable in ExpTIME, but
does not preserve decidability of emptiness problem. By adding an or-
dering constraint on stacks (2-OVPA), decidability of emptiness can be
recovered (preserving desirable closure properties) and solved in PTIME.
Using these properties along with the automata-theoretic approach, we
prove that the model checking problem over 2-OVPA models against
2-OVPA specifications is EXPTIME-complete.

1 Introduction

In the area of formal design verification, one of the most significant developments
has been the discovery of the model checking technique, that automatically allows
to verify on-going behaviors of reactive systems ([4}, @, [12]). In this verification
method (for a survey see [5]), one checks the correctness of a system with respect
to a desired behavior by checking whether a mathematical model of the system
satisfies a formal specification of this behavior.

Traditionally, model checking is applied to finite-state systems, typically mod-
eled by labeled state-transition graphs. Recently, model checking has been ex-
tended to infinite-state sequential systems (e.g., see [I3][2]). These are systems in
which each state carries a finite, but unbounded, amount of information, e.g., a
pushdown store. Pushdown automata (PDA) naturally model the control flow of
sequential programs with nested and recursive procedure calls. Therefore, PDA
are the proper model to tackle with program analysis, compiler optimization,
and model checking questions that can be formulated as decision problems for
PDA. While many analysis problems, such as identifying dead code and accesses
to uninitialized variables, can be captured as regular requirements, many others
require inspection of the stack or matching of calls and returns, and are non-
regular context-free. More examples of useful non-regular properties are given
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© Springer-Verlag Berlin Heidelberg 2007



2-Visibly Pushdown Automata 133

in [I0], where the specification of unbounded message buffers is considered. Since
checking context-free properties on PDA is proved in general to be undecidable
[7], weaker models have been proposed to decide different kinds of non-regular
properties. One of the most promising approaches is that of Visibly Pushdown
Automata (VPA) [I]. These are PDA where the push or pop actions on the stack
are controlled externally by the input alphabet. Such a restriction on the use of
the stack allows to enjoy all desirable closure properties and tractable decision
problems, though retaining an expressiveness adequate to formulate program
analysis questions (as summarized in Figure [I]). Therefore, checking pushdown
properties of pushdown models is feasible as long as the calls and returns are
made visible. This visibility requirement seems quite natural while writing re-
quirements about pre/post conditions or for inter-procedural flow properties. In
particular, requirements that can be verified in this manner include all regular
properties, and non-regular properties such as: partial correctness (if P holds
when a procedure is invoked, then, if the procedure returns, P’ holds upon
return), total correctness (if P holds when a procedure is invoked, then the pro-
cedure must return and P’ must hold at the return state), local properties (the
computation within a procedure by skipping over calls to other procedures sat-
isfies a regular property, for instance, every request is followed by a response),
access control (a procedure A can be invoked only if another procedure B is in
the current stack), and stack limits (whenever the stack size is bounded by a
given constant, a property A holds). Unfortunately, some natural context-free
properties like “the number of calls to procedures A and B is the same” cannot
be captured by any VPA [I]. Moreover, VPA cannot explicitly represent con-
currency: for instance, properties of two threads running in parallel, each one
exploiting its own pushdown store.

In this paper, we propose an extension of VPA in order to enrich with fur-
ther expressiveness the model though maintaining some desirable closure prop-
erties and decidability results. We first consider VPA with an additional, input
driven, pushdown store and we call the proposed model 2- Visibly Pushdown Au-
tomaton (2-VPA). As in the VPA case, 2-VPA input symbols are partitioned
in subclasses, each one triggering a transition belonging to a specific class, i.e.,
push/pop/local transition, which also selects the operating stack, i.e., the first or
the second or both. Moreover, visibility in 2-VPA affects the transfer of informa-
tion from one stack to the other. 2-VPA turn out to be strictly more expressive
than VPA and they also accept some context-sensitive languages that are not
context-free. Unfortunately, this extension does not preserve decidability of the
emptiness problem as we prove by a reduction from the halting problem over
Minsky Machines. In the automata-theoretic approach, to gain with a decidable
model checking procedure, decidability of the emptiness problem is crucial. For
this reason, we add to 2-VPA a suitable restriction on stack operations, namely
we consider 2-VPA in which pop operations on the second stack are allowed
only if the first stack is empty. We call such a variant ordered 2-VPA (2-OVPA).
The ordering constraint is inspired from the class of multi-pushdown automata
(MPDA), defined in [3]. These are pushdown automata exploiting an ordered
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collection of arbitrary number of pushdown stores in which a pop action on the
i-th stack can occur only if all previous stacks are empty. In [3], it has been
shown that the class of languages accepted by MPDA is strictly included into
context-sensitive languages, it has the emptiness problem decidable, it is closed
under union, but not under intersection and complement.

From an expressive point of view, 2-OVPA are a proper subclass of MPDA
with two stacks (PD?). Differently from PD?, exploiting visibility allows to re-
cover in 2-OVPA closure under intersection and complement thus allowing to
face the model checking problem following the automata-theoretic approach. In
such an approach, to verify whether a system, modeled as a 2-OVPA S, satisfies
a correctness requirement expressed by a 2-OVPA P, we check for emptiness
the intersection between the language accepted by S and the complement of the
language accepted by P (i.e., L(S)NL(P) = (). Since we prove for 2-OVPA that
intersection and emptiness can be performed in polynomial time while com-
plementation in exponential time, and since inclusion for VPA is EXPTIME-
complete [I], we get that model checking an 2-OVPA model against an 2-OVPA
specification is EXPTIME-complete. This is notable since checking context-free
properties on PDA is proved to be undecidable [7], as well as model checking
multi-pushdown properties over MPDA.

The extension we propose for VPA does not only affect expressiveness, but
also gives us a way to naturally describe distributed pushdown systems behav-
ior. In fact, we show that 2-OVPA capture the behavior of systems built on
pairs of VPA running in a suitable synchronous way according to a distributed
computing paradigm. To this purpose, we introduce a composition operator on
VPA parameterized on a communication interface. Given a pair of VPA, this
operator allows to build a Synchronized System of VPA (S-VPA), which behaves
synchronously and in parallel. A communication between two synchronous VPA
consists in a transfer of information from the top of the stack of one VPA to
the top of stack of the other. If we interpret each one of the involved VPA as
a process with its pushdown store (containing activation records of procedure
calls, for instance), the enforced communication form can be seen as a Remote
Procedure Call [I1], widely exploited in the client-server paradigm of distributed
computing. In our case, ordering of VPA modules can be interpreted as follows:
we can see the former one acting as a client and the latter as a server. The client
can always demand to the server the execution of a task and the server can
return a result to the client whenever this is available (its stack is empty). The
properties of languages accepted by 2-VPA and 2-OVPA we obtain along the
paper are summarized in Figure [[l Due to page limitations, proofs are omitted
and reported in the extended version].

2 Preliminaries

Let X be a finite alphabet partitioned into three pairwise disjoint sets Y., 2.,
and X standing respectively for call, return, and local alphabets. We denote

! http://people.na.infn.it/~carotenuto/research/2vpaTechRep.pdf.
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Languages Closure Properties Decision problems

U N Complement Emptiness Inclusion
Regular  Yes Yes Yes NLOGSPACE PspACE
CFL Yes No No PTIME Undecidable
VPL Yes Yes Yes PTiME ExpTIME
Lpp2 Yes No No PTIME Undecidable
2-VPL Yes Yes Yes Undecidable Undecidable
2-OVPL Yes Yes Yes Ptime ExpTime

Fig. 1. A comparison between closure properties and decision problems

the tuple ¥ = (X, X, X0 a wvisibly pushdown alphabet. A (nondeterministic)
visibly pushdown automaton (VPA) on finite words over X [I] is a tuple M =
(Q,Qin, I, L,6,QF), where Q, Qin, Qr, and I' are respectively finite sets of
states, initial states, final states, and stack symbols; 1 & I' is the stack bottom
symbol and we use I'} to denote I'U{L}; and § C §. U 8, U &y, is the transition
relation where 6, = QX X x QX I, 0, =QxX. xI'| xQ,and §; = Q x X; X Q.
We call (g,a,q’,7v) € 6. a push transition, where on reading a the symbol ~ is
pushed onto the stack and the control state changes to ¢'; (¢, a,7,¢") € 6, a pop
transition, where -~y is popped from the stack leading to the control state ¢’; and
(¢,a,q") € & a local transition, where the automaton on reading a only changes
its control to ¢'. A configuration for a VPA M is a pair (¢,0) € Q x (I'*.1)
where o is the stack content. A run p = (qo,00)-..(qk,0x) of M on a word
w = aj...ak is a sequence of configurations such that qg € Q;y, o9 = L, and
for every i € {0,...,k}, one of the following holds: [Push]: (¢;, ai, ¢it1,7) € O,
and 0,11 = v.0;; [Pop]: (¢, ai,7,¢i+1) € 6, and either v € I and 0; = v.0441,
or vy=o0; =041 = L; or [Locall: (¢;,a;,¢+1) € 6 and 0,41 = 0;.

A run is accepting if its last configuration contains a final state. The language
accepted by a VPA M is the set of all words w with an accepting run of M on
w, say it L(M). A language of finite words L C X* is a wvisibly pushdown lan-
guage (VPL) with respect to a pushdown alphabet Y, if there is a VPA M such
that L = L(M). VPLs are a subclass of deterministic context-free languages, a
superclass of regular languages, and are closed under intersection, union, com-
plementation, concatenation, and Kleene-*. Furthermore, the emptiness problem
for a VPA M, i.e., deciding whether L(M) # (), is decidable with time complexity
O(n?), where n is the number of states in M.

In the literature, different extensions of classical pushdown automata with
multiple stacks have been considered. Here, we recall multiple-pushdown au-
tomata as they were introduced in [3]. These machines are pushdown automata
endowed with an ordered set of an arbitrary number of stacks and the constraint
that pop operations occur sequentially and only operate on the first non-empty
stack. Thus, push operations are never constrained and they can be performed
independently on every stack. The formal definition follows.

A multi-pushdown automaton with n > 1 stacks (PD", for short) is a tuple
M= (X, Q, Qin, I', Zo, 6, Qr), where X, Q, Qin, I', and Qp are respectively
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finite sets of input symbols, states, initial states, stack symbols, and final states,
Zy ¢ I' is the bottom stack symbol and used to identify the initial non-empty
stack, and ¢ is the transition relation defined as a partial function from @ x
(DU {e}) x T to 2% If (¢, ay,...,a,) € 8(q,a,7), on reading a the
automaton changes its control state from ¢ to ¢, the stack symbol v € I'
is popped from the first non-empty stack, and for each ¢ in {1,...,n}, and
«a; € I'* is pushed on the i-th stack. A configuration of M is a n + 2-tuple
(g, 2;0°,...,0™), where ¢ € Q, v € ¥*, 0°,...,0™ € I'*, and o' is the content
of the i-th stack. The above configuration is initial if ¢ = qo, ¢° = Zy, and all
other stacks are empty, and it is final if ¢ € F. The transition relation 5, over
configurations is defined in the following way: {(q,ax;e,..., &,7Yiy...,Yn) Fum
(@ 500, 0y Qo1 QYiy ooy QY ) 1 (¢ 0, ..o, ) € 6(q,a,7). A word w is
accepted by a PD™ M iff (q,w;Zo,e...,e) Fi; (gr.€;71,- .., Vn), Where 3, is
the Kleene-closure of ), and gp € Qp. The language of a PD™ M is the set
of words accepted by M. We denote the class of languages accepted by PD" as
Lppn. The following theorem summarizes the main results about PD".

Theorem 1 ([3]). For every n > 1, we have that Lppn subsumes CFLs, it
1s strictly included in CSLs as well as in Lppn+1. It is closed under union,
concatenation and Kleene-*. Moreover, it has a decidable emptiness problem and
solvable in O(|Q[?), where |Q| is the number of states of the automaton.

3 Visibly Pushdown Automata with Two Stacks

A 2-pushdown alphabet is a pair of pushdown alphabets Y= <§‘0, 5‘1), where
20 = (30 50, X9y and = (3! 5 Y1) are a possibly different partitioning
of the same input alphabet Y. The intuition is that the X0 drives the operations
over the first stack and £ those over the second. Symbols in X belonging to call,
return or local partitions of both Y0 and X are simply denoted by Y., X}, 3,
respectively. Furthermore, input symbols that drive a call operation on the first
(resp., second) stack and a return on the second (resp., first) stack are called
synchronized communication symbols and formally denoted as X, = X9 N X!
(resp., Xs, = X0 N XL). Finally, we denote with X, (resp., ) the set of call
(resp., return) symbols for the stack i and local for the other, with ¢ = 0, 1. In the
following, we use Y to denote both a 2-pushdown alphabet and a (1-)pushdown
alphabet, when the meaning is clear from the context.

Definition 1 (2-Visibly Pushdown Automaton). A (nondeterministic) 2-
Visibly Pushdown Automaton (2-VPA) on finite words over a 2-pushdown al-
phabet Y s a tuple M = (Q, Qin, I, L,6,QF), where Q,Qin,Qr, and I" are
respectively finite sets of states, initial states, final states and stack symbols,
1 & I' is the stack bottom symbol (with I'\ used to denote I' U{L}), and é is
the transition relation defined as the union of the following sets, for i € {0,1}:

o 6, C(Q XX, xQx1TI), o 6, C(QxX, xI'L xQ),

e 6, C(QxX.xQxIx1TI), e 0, C(QxX.xI'l xI'l xQ),
o 0, C(OQXxX, xI' xQxT), e §CQxXX xQ.
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We say that M is deterministic if @, is a singleton, and for every ¢ € Q, a € X,
and 7,7, € I'|, there is at most one transition of the form (q, a, ¢'), (¢, a, ¢, 7),
(0,4, 7,7), (a,a,% ), (¢, 07,77, q'), or (¢,a,7,q',7") belonging to 6.
Transitions in &, o.,, and ¢,, extend VPA’s local, call, and return transitions
to deal with two stacks, in a natural way. We call (¢,a,¢’,v,7’) € é. a double-
call transition where on reading a the automaton changes its control state from
q to ¢, and the symbols v and ~' are pushed on the first and second stack,
respectively; we call (¢, a,7v,7',q") € 6, a double-pop transition where on reading
a the automaton changes its control state from ¢ to ¢’, and the symbols ~
and ' are popped from the first and second stack, respectively; finally, we call
(¢,a,7,¢,7") € bs,, with i € {0,1}, a synchronous (communication) transition
between stacks, where on reading a the automaton changes its control state from
q to ¢’ and the symbol v is popped from the stack 7 and +" pushed on the other.
A configuration of a 2-VPA M is a triple (g, 0, 0') where ¢ € Q and 0°,0! €
I'*. 1. For an input word w = a;j...ax € X*, a run of M on w is a sequence
= (90,00,0¢) ... (qr, 0y, 01) where qo € Qin, 0§ = o = L, and for all i €
{0 ,k — 1}, there are j,j° € {0,1}, j # j/, such that one of the following
holds.

Push: (¢i,a;,qit1,7) € Oc;, then azlJrl = 7. o—j and UzJ+1 _ UJ”;
2Push: (¢;, a4, qi11,7,7") € 6. then O'Z+1 =. a] and Uz+1 =+ o' ;
POP' (q“au%qlﬂ) € 5T , then either v = J. = o’ = 1l,ory # L and

= 7.0}, In both cases 0’2_/,'_1 o’
2P0p (¢i, @i, Y0571, Git1) € O, then, for k € {0,1}, either v, = oF
or v # L and of = ~.0F

Local: (g;,ai,qi1+1) € & then o? 1= =0 and o} 1= =o};

_ k
=04 = 1,

Synch (ql,az,%qH_l, 4) € bs; then elther v = a = a;H = l,ory# L and

ol —’YO'H_l In both cases O'H_l = 4.0}

From the above definition, we notice that communication between stacks is
only allowed by applying a synch. transition. For a configuration ¢, we write
¢ Far ¢ meaning that ¢’ is obtained from ¢ by applying one of the rules above.
We omit M when it is clear from the context. A run p is accepting when it ends
with a configuration containing a final state. A word w is accepted if there is an
accepting run p of M on w. The language accepted by M, denoted by L(M), is
the set of all words accepted by M. A language L C X* is a 2-VPL with respect
to X if there is a 2-VPA M over X such that L(M) = L.

Theorem 2. The emptiness problem for 2-VPA is undecidable.

Proof. [sketch] We prove the result by showing a reduction from the halting
problem of two counters Minsky machines. A Minsky machine with two coun-
ters Cp and Cy is a finite sequence M = (L1 : I1;Lo : Is;...; L, : halt)
where n > 1, Lq,..., L, are pairwise different instruction labels, and I1,..., I,
are instructions of type increment, i.e., Cy, := C,, + 1; goto L;, or of type
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test and decrement, i.e., if Cp, = 0 then goto L; else C), := C,, —1; goto Ly,
where 0 <m <1 and 1 < j,k <n. A configuration of M is a triple (L;,vo,v1)
where L; is an instruction label, and vg,v; € N represent the values of the
counters Cy and Cq, respectively. Let Conf be the set of all configurations of
M, the transition relation — C Conf x Conf between configurations is defined in
an obvious way, and —* is the transitive and reflexive closure of <. If (L;,0,0)
— ... = (Lj,v},vj) holds for a Minsky machine M, we say that (L1,0,0) ...
(L, ’U?, vjl) is an execution trace for M. The halting problem for M is to decide
whether there exist vg,v1 € N such that (L1,0,0) —* (L, v, v1). This problem
is known to be undecidable [§].

We now prove that given a two counters Minsky machine M there exists a
2-VPA M’ over X' such that L(M') # 0 iff M eventually halts. Let M = (L :
Ii; Ly : In;...; L, : halt), we define M’ = (Q, Qin, I', L, 6, QF) such that
Q ={L1,....L,}, Qin = {L1}, I' = {A}, where A does not appear in M,
Qr ={L,}, and Y is the partitioned set of all instructions I;, withi = 1,...,n,
such that I; € X, (resp., I; € X.,) if I; is an increment instruction of the
counter Cy (resp., C1), or I; € X, (vesp., I; € X,,) if I; is a test and decrement
instruction over the counter Cy (resp., C1). Finally, 6 is defined as follows: if I;
is an increment instruction such as C, := Cp, + 1; goto L;, with m € {0,1},
then (L;, I;, L;j, A) € é.,,; otherwise, if I; is a test and decrement instruction
such as if Cy, = 0 then goto L; else Cy, := Cp, —1; goto Ly, with m € {0,1}
then (L;, I;, L, Lj), (Li, I;, A, Li,) € 6y, It remains to prove that M halts iff M’
accepts a word. It is easy to show by induction the following assertion.

Given a sequence of numbers s = s182...85, with s; € {1,...,n} for all
i € {1,...,k}, the sequence (Ls,,v? ,v} ) ... (Ls, 05 v} ) of elements from
{L1,...Lp} x N x N is an execution trace of M if and only if the sequence
(Lsy,02,,0%,) - (Lsy, 00, , 05, ) of elements from @ x I'*.L x I'*. L is a run of
M', with |0 | =v] 41 for each i € {1,...,k} and j € 0, 1.

The above assertion implies that M halts iff M’ accepts a word. O

It is interesting to notice that the reduction we consider in the proof of Theorem
2 also applies to the restricted model of VPA with 2 stacks where operations
acting simultaneously on both stacks are avoided. This follows from the fact
that two counters Minsky machine instructions only involves one counter at a
time, and the sets X, X, and X,,, with ¢ € {0, 1}, are empty.

4 Ordered Visibly Pushdown Automata with Two Stacks

In this section, we consider the subclass of 2-VPA which enforces the ordering
constraints on using pushdown stores as defined for MPDA. In more detail, we
consider a class of ordered 2-VPA (2-OVPA) as the class of 2-VPA in which a
pop operation on the second stack can occur only if the first stack is empty.
Thus, in such a model simultaneous pop operations are not allowed. The formal
definition of 2-OVPA follows.
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Definition 2. A 2-OVPA M over X is a 2-VPA such that X, is empty and for
all input word w = ay ...ay € X* and run p = (qo,08,04)...(q 00, 0t) of M
over w, for alli € {1,...,n}, the following hold:

Pop: (¢;,ai,7,qi+1) € 6y, then ol =02,y = L and o} | = .0}
Synch: (g;,ai,7,gi1,%) € 65, then o) = L and 00, =4.L and o}, = 7.0}

Directly from the fact that 2-OVPA are a subclass of MPDA and the fact that
for MPDA the emptiness is solvable in cubic time, we get the following.

Corollary 1. Given a 2-OVPA M, deciding whether L(M) # 0 is solvable in
O(n3), where n is the number of states in M.

While dealing with automata, one interesting question is whether the acceptance
power increases while using e-moves, i.e., transitions that allow to change the
state without consuming any input. Here we investigate 2-VPA with the ability
of performing a restricted form of e-moves: we only enable e-moves on reading
the top of the stack symbols on a local action. More formally, the variant 2-VPA_
of 2-VPA we consider is obtained by replacing ¢; in Definition [ with a subset of
Q x (X U{e}) x I' x I' x @ and by substituting the Local rule in the definition
of a run for 2-VPA with the following: _
Local.: a; € X, U {e} and there exists (¢i,ai,v°, 7", ¢i+1) € 6 such that o} =
U{H =~J.07, for all j € {0,1}.

Since at each step, a 2-VPA. can now choose whether to consume an input
symbol or take an e-move, we consider the run definition modified accordingly.
In the following theorem, we show that 2-VPA and 2-VPA., as well as 2-OVPA
and 2-OVPA,, are expressively equivalent.

Theorem 3. L €2-VPL iff L € 2-VPL. and L €2-OVPL iff L €2-OVPA..
We conclude the section with an example of a language accepted by a 2-OVPA..

Ezxample 1. Let Ly = {a™b"c" | 3n € N }. We show a 2-OVPA, M accepting
Ly. The alphabet X we use for M is partitioned in X, = {a}, X, = {b}, and
Y., = {c} (i.e., all the other partition elements are empty). The automaton is the
following M = (Q, Qin, I, L,6,Qr), with @ = {q0.¢1,92,93,9r}, Qin = {q0},
Qr = {qoa qF}v I'= {A7 B} and 6 = {(q()v a,q1,A), (q1,a,q1, A), (q1,b, 4, g2, B),
(q27 b7 Av q2, B)7 (q27 & J—a Bu q3)7 ((J37 (&) Ba q3)7 ((J37 g, 1,1, qF)} The 2—OVPA5 M
is depicted in Figure 2l where we adopt the following conventions to represent
arcs: for a local transition such as (g;,a, A, B, g;) we label the arc between g;

a, A — % b,A— B c,x— B

N A
A—> B

Fig.2. A 2-OVPA. accepting L1 = {a"b"c"|3n € N}
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and ¢; as a, (A, B); for a synch transition such as (¢, a, 4, ¢;, B) we label the
arc as s,A — B, if a € X,,, and as s, B « A , otherwise; moreover a push or
pop transition is labeled like a synch transition but with one part missing. For
example, a pop from the second stack (¢;,a, B, ¢;) is labeled as a, * < B.

5 Expressiveness and Closure Properties

In this section, we compare 2-VPLs and 2-OVPLs with VPLs [I], determinis-
tic and (nondeterministic) context-free languages (resp., DCFLs and CFLs) [6],
and multi-pushdown languages [3] (Lppn). Recall that the following chain of
inclusions holds: VPLs € DCFLs € CFLs C Lpp2 C CSLs.

Theorem 4. The following assertions hold:

a) 2-OVPLs C 2-VPLs; b) VPLs C 2-OVPLs; ¢) VPLs C 2-VPLs;

d) DCFLs \ 2-VPLs # 0; e) DCFLs \ 2-OVPLs # ();

f) (2-VPLs N CFLs)\ VPLs #0; g) 2-OVPLs CLppz2; h) 2-OVPLs C CSLs.

Although 2-VPLs and 2-OVPLs are strictly more expressive than VPLs, we
show they preserve union, intersection, complementation (and thus inclusion).
These properties, along with the emptiness problem for 2-OVPA being solvable
in PTIME, make 2-OVPA a powerful engine for system verification using the
automata-theoretic approach. We recall that 2-VPA and MPDA do not support
such an approach since MPDA does not enjoy closure under intersection and
complementation, and for 2-VPA the emptiness problem is undecidable.

Theorem 5 (Closure Properties) Let Ly and Lo be two 2-VPLs (resp., 2-
OVPLs) with respect to the same . Then, Ly N Lo, Ly UL2 are 2-VPLs (resp.,
2-OVPLs) over >, Also, Ly - Lo, and L are 2-VPLs over >, Furthermore, all
the mentioned operations can be performed in polynomial-time.

The closure of 2-VPA and 2-OVPA under complementation can be proved as an
immediate consequence of determinization.

Theorem 6 (Determinization). Given a 2-VPA (resp., 2-OVPA) M over X,
there is a deterministic 2-VPA (resp., deterministic 2-OVPA) M' over X such
that L(M) = L(M'). Moreover, if M has n states, we can construct M’ with
0(22"2) states and 0(2”2 -1 X)) stack symbols.

Proof. [sketch]| The proof we present is inspired from that given in [I] for VPA.
There, the main idea is to do a subset construction, postponing handling push
transitions. The push transitions are stored into the stack and simulated later,
namely at the time of the matching pop transitions. The construction has two
components: a set of summary edges S, that keeps track of what state transitions
are possible from a push transition to the corresponding pop transition, and a set
of path edges R, that keeps track of all possible state reached from an initial state.
In our case, we have to handle two stacks and the communication mechanism.
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Therefore, we have to use two summary edges sets Sy and Sy, and, in order
to manage the communication transitions, we augment the structure of states
adding information about the top of the stacks. Let M be a 2-VPA (resp., 2-
OVPA) over ¥. We define a deterministic 2-VPA (resp., 22OVPA) M’ over ¥
such that L(M) = L(M’) behaving as sketched in the following example. We
refer to the extended version for the detailed definition. Let w = w; cJwactws be
an input word, where in w; each push, either into the first or into the second
stack, is matched by a pop, but there may be unmatched pop transitions; ws
and w3 are words in which all push and pop transitions are matched for both
stacks; ¢ and ¢} are push, the former for the first stack and the latter for the
second. In M, after reading w, the first stack is (So, Ro, c?).L, the second stack
is (S1, R1,c}).L, and the control state is (S}, S7, R"). So contains all the pair of
states (g, ¢’) such that the 2-VPA (resp., 2-OVPA) M can go from ¢ with first
stack empty to ¢’ with first stack empty on reading w;. Analogously, S1 contains
all the pairs (q,¢’) such that M can go from ¢ with second stack empty to ¢’
with second stack empty on reading w; c(l)wg. Ry and Ry are the sets of all states
reachable by M from an initial state on reading wy and w1 c{ws, respectively. S§
and S7 are the current summaries for the first and second stack, respectively,
and R” is the set of all states reachable by M on reading w. O

Corollary 2 (Closure under complementation). Let L € 2-VPLs (resp.,
2-OVPLs) over X, then X*\ L € 2-VPLs (resp., 2-OVPLs) over X.

6 Model Checking and Synchronized Systems of VPA

A model checking procedure verifies the correctness of a system with respect to
a desired behavior by checking whether a mathematical model of the system sat-
isfies a formal specification of this behavior. Here, we consider the case whether
both the model of the system and the formal specification of the required be-
havior are given by VPA with two stacks, say them M and P, respectively. The
automata-theoretic approach to model checking exploits the combination of clo-
sure properties and emptiness decidability: checking whether M satisfies P is
reduced to check whether L(M)NL(P) = ( (all the runs of the model M satisfy
the behavioral property represented by P).

Recall that the emptiness problem for 2-OVPA is solvable in cubic time (Corol-
lary ). Since determinization for 2-OVPA is in EXPTIME (Theorem []), and
intersection can be done in polynomial-time (Theorem (), we get an EXPTIME
algorithm to solve the model checking problem. The completeness follows from
the fact that VPA model checking is EXPTIME-complete [T].

Theorem 7. The model checking problem for 2-OVPA is EXPTIME-complete.

In the remaining part of this section we show that 2-OVPA gives a natural
way to describe distributed pushdown systems. In fact, we show that 2-OVPA
capture the behavior of systems built on pairs of VPA working in a suitable
synchronous way according to distributed computing paradigm. To this purpose,
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we introduce an operator of synchronous composition on VPA that allows to
build a Synchronized System of VPA from a pair of VPA My and M;. The
automata My and M; run independently on the same input so that each input
symbol can drive different transitions on the two, that is a local transition for the
former and a push transition for the latter. Only communications between M
and M; have to be synchronized in accordance with a relation A (a parameter
of the synchronous composition operator) that contains all the transitions that
are push transitions for the one and pop transitions for the other. The idea is
that A contains all the pairs of transitions on which the two VPA are allowed to
communicate. The only constraint on the pushdown alphabets is that an input
symbol can not trigger a pop transition on both VPA. Moreover, we have to
prevent that M; can pop whenever My has a non-empty stack, and thus every
pop transition of M; is synchronized with M. Two VPA My and M; over 30
and X? , respectively, are synchronizable if X° = X' and X° N X! is empty.

Definition 3 (Synchronized Systems of VPA). A Synchronized System of
VPA (S-VPA) My||AM; is a pair of synchronizable VPA My and My over 30
and 5’1, respectively, together with a communication relation A C 6% x §1U8% x 61,
where 8% and §' are the transition relations of My and M, respectively.

Armponw=ay...a, € (X°UX)* for My||[xM; is a pair of VPA runs on w,

= (48, L)(a?,0?) ... (an, 0p) for My and 7' = (g5, L)(qi,01) .- (q5,0,) for
M; such that, for all k € {0,...,n — 1}, where ¢} is the transition applied from
(qp, o) to (qpy1,0541) in My, and ¢, is the transition applied from (g, 0}) to
(@p41,0p41) in My, such that if ¢} is a pop transition then o} is empty and if
(t9,t1) € 89 x 61 U62 x 6! then (¢, 1) € A. A run p is accepting if both 7% and 7!
are accepting and thus w is accepted. L(My||[xM1) is the set of words accepted
by My||xM;. From Definition [ it follows that L(Mol||xM71) C L(My) N L(My).
Next theorem states that 2-OVPA are more expressive than S-VPA.

Theorem 8. Let Mol[xMy be_a S-VPA over S0 51, then L(Mo||\My) is a
2-OVPL with respect to £ = (5°, 1.

We give an evidence of the power of the introduced S-VPA by means of an
example of a system behaving in a context-sensitive way. Consider a client-server
system of pushdown processes described by a pair of synchronized VPA (see
Figure[B]) behaving in the following way: first, the client collects in its pushdown
store an ordered pool of jobs on reading a sequence of input job; € JobSet;
after that, the client transfers (rcall) the whole ordered sequence of jobs to the

,,,,,,,,,,,,,,,,,,,,,,,, Server
reall,pop(7ob:) .-~ refurnSol;, - - {> ) __rcall,push( Job; )~~~

pop( Sl ) / Startool
=i pOp(Jab )
endp;)ool endReal
solve, Jo
push(sol ;) restart, pop( returSol

Fig. 3. An example of an S-VPA

Client job;
N startpool pUSh(anq)

L restart

pop(L
endRcall
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server; then the server dispatches to the client a solution for each job (solve)
in the same order the client has collected the jobs; moreover, the server waits a
special commitment from the client (returnSol;) after each dispatching, which is
necessary to process next job; when the server runs out of pending jobs, the whole
system can restart the computation (restart). Notice that the communication
interface A relates each Job; that the server has to pop, with its solution Sol;
that the client has to push, determining the computation.

7 Conclusions

In this paper, we have investigated ordered visibly pushdown automata with two
stacks (2-OVPA), obtained by merging the definitions of visibly pushdown au-
tomata [I] and multi-pushdown automata with two stacks [3]. We have shown
that 2-OVPA are determinizable, closed under intersection and complementa-
tion, and have the emptiness problem decidable and solvable in polynomial time.
Thus, we get that the inclusion problem is also decidable for 2-OVPA | and in par-
ticular, it is EXpTIME-complete. It is worth noticing that dropping visibility or
the ordering constraint from 2-OVPA makes inclusion undecidable. The proper-
ties satisfied by 2-OVPA, along with the fact that they accept some context-free
languages that are not regular as well as some context-sensitive languages that
are not, context-free, make 2-OVPA a powerful model in system verification while
using the automata-theoretic approach. Finally, the model we propose can be
also extended to deal with an arbitrary number n of stacks (n-OVPA). We argue
(it is left to further investigation) that n-OVPA still retain decidability and clo-
sure properties of 2-OVPA and that, from an expressivity viewpoint, n-OVPA
define a strict hierarchy based on the number of pushdown stores.
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Abstract. The aim of this paper is to describe a quadratic algorithm to compute
the equation K-automaton of a regular K-expression as defined by Lombardy and
Sakarovitch. Our construction is based on an extension to regular K-expressions
of the notion of c-continuation that we introduced to compute the equation au-
tomaton of a regular expression as a quotient of its position automaton.

1 Introduction

The conversion of a regular expression into an automaton is a rather old problem.
The first algorithms appeared in the sixties, respectively based on the notion of po-
sition [21I13]], prebase [22]] and e-transition [23]]. In the nineties, different techniques
were developed to design quadratiﬂ algorithms for the construction of the position
automaton: the star normal form [3]], the compressed normal NFA and the ZPC-
structure [26]]. Moreover the notion of partial derivative of a regular expression intro-
duced by Antimirov [2]] raised several challenging problems that boosted the research
in this topic.

First, what is the relation between these different constructions? It was proved in [10]
that the notions of prebase and of partial derivative lead to an identical automaton, the
equation automatord. Based on the notion of c-continuation it was shown in [11] that the
equation automaton is a quotient of the c-continuation automaton that is itself isomor-
phic to the position automaton. A new construction [I7]] based on the follow relation
was introduced in [1I7] and the follow automaton was proved to be a quotient of the
position automaton. It was shown in [7]] that the follow automaton can be constructed
from the ZPC-structure. Finally, as mentioned in [27], the deep relation that exists be-
tween position, equation and follow automata can be easily understood through the
ZPC-structure and the c-continuation computation.

Second, how to compare the performance of the algorithms that yield a quotient of
the position automaton? The equation automaton and the follow automaton [[17//7]
are both computed in quadratic time and space. Comparing the number of states of these
automata is a more intricated issue. A new approach for this problem appears in [8l9]:

! In the following, complexity depends on the size of the expression.
% This name refers to the systems of expression equations used by Mirkin [22]]. Other names are
partial derivative automaton and Antimirov automaton.

T. Harju, J. Karhumiki, and A. Lepisto (Eds.): DLT 2007, LNCS 4588, pp. 145 2007.
(© Springer-Verlag Berlin Heidelberg 2007
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a class of normalized expressions is defined such that any expression can be turned into
an equivalent normalized one in linear time, and it is proved that the equation automaton
of a normalized expression is always smaller than its follow automaton.

Last, how to extend these constructions to the case of K-expressions? Concerning
the position K-automaton, the first algorithm, based on an inductive construction, is
described in [3], and the first quadratic one, based on a generalization of the notion
of ZPC-structure appears in [2716]]. As for the extension of the equation automaton, the
notion of K-derivative is used in [T920/23]] to show that the automaton of derived terms
of a regular K-expression is the weighted equivalent of the equation automaton. More
recently, a unified frame is presented in [[I]] for the construction of position, equation,
and follow automata and K-automata, based on Thompson -automaton construction,
epsilon-removal and minimization.

This paper addresses the construction of the equation K-automaton. Our algorithm
is based on the computation of a K-covering [20] from the c-continuation K-automaton
onto the equation K-automaton. It therefore provides a good understanding of this au-
tomaton. The structure of the automaton is derived from a set of c-continuations that
is computed straightforwardly via the boolean case algorithm, while the set of weights
is computed apart, leading to an overall quadratic complexity, i.e. as efficient as in the
boolean case. Let us mention that this algorithm has been implemented inside VAU-
CANSON platform [14]], using the data structure proposed in [12] for the computation
of the c-continuations.

The next section contains useful preliminaries and Section 3 is a reminder of the
fundamental results presented in [20]. Section 4 generalizes the computation of c-
derivatives to regular K-expressions, describes the construction of the equation K-
automaton from the c-continuation one and gives an analysis of its complexity.

2 Preliminaries

Let A be a finite alphabet, and (K, ®, ®, 0, 1) be a semiring (commutative or not). The
star operator ® can be partially defined over K as follows [16/18]: the scalar y® ¢ K
is the unique solution (if it exists) of the equationsy @ x @1 =randz Ry P 1 = x,
with 0¥ = 1. In this paper, examples come from the semiring (Q, +, x).

Definition 1. A (non-commutative) formal series S with coefficients in K and variables
in A is a mapping from the free monoid A* to K that associates with the word w € A*
a coefficient (S, w) € K.

A formal series is usually written as an infinite sum: S = > _ ,. (S, u)u. The support
of the formal series .S is the language supp(S) = {u € A* | (S,u) # 0}. The set
of formal series over A with coefficients in K is denoted by K((A)). A structure of
semiring is defined on K((A)) as follows [18]:

- (SeT,u) = (S,u) ® (T, u),
- (SeT,uy= @ (S,u1)® (T,uz), with S, T € K((A)).
ULU2=U
The star of a series S is defined by: S* = @,~, S" with S® =¢, " =51 @ S
if n. > 0. For clarity the symbol S* is used for series, whereas the symbol & is kept
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for the semiring of coefficients K. The star of a formal series does not always exist.
The proper series S, associated with a formal series S is defined by (S,,¢) = 0 and
(Sp,u) = (S, u) for any word u € A*. The star of a proper series always exists. We
will use the following construction for the star of a formal series.

Proposition 1. The star of a formal series S € K((A)) is defined if and only if
(S,e)® is defined in K. In this case: S* = (S,)®(S,(S,£)®)*.

A polynomial is a formal series with finite support. The set of polynomials is denoted
by K(A) that is a subsemiring of K((A)).

Definition 2. The semiring of regular series K Rat(A*) C K((A)) is the smallest set
of K((A)) that contains the semiring K(A) of polynomials, and that is stable under the
operations of addition, product and star (when it is defined).

Definition 3. A regular K-expression over an alphabet A is inductively defined by:

— a € A, k € K are regular K-expressions that respectively denote the regular series
S, =aand Sy =k,

— if F, G and H are regular K-expressions that respectively denote the regular series
Sy, Sg and Sy (such that Sy™ exists), then (F+ G), (F-G) and (H") are regu-
lar K-expressions that respectively denote the regular series Sg ® Sg, Sr ® Sg,
and Sg”*.

Let E be a K-expression. We will denote by A the alphabet of E, and by | E | its size
that is equal to the size of the syntax tree of E. The linearized version E of E is the
K-expression deduced from E by associating with every occurrence of a symbol a of
Ag its rank ¢ in E. Subscripted symbols a; are called positions. Let i be the mapping
that associates with a position a; € Ay the symbol @ € Ag. Given an expression F
over a set of positions, we denote by h(F) the expression obtained by replacing every
position z in F by h(x). We write E = F if E and F graphically coincid.

An element of K can be seen as a K-expression (written k) or as a scalar (written
k). It induces a morphism from the semiring of K-expressions with no occurrence of
symbol of Ag, to the semiring K. We denote by K the scalaf] associated to such an ex-
pression K. Following [6]], the null term A(E) of a K-expression E is the K-expression
induced from E by replacing each occurrence of a symbol of Ag by the symbol 0 (as-
sociated to the scalar 0 of K). For example, if E = (5 - a* + § - b*)* - a*, we get
Ag = {a,b},E = (§ -aj + 5 - b3)* - a3, Ay = {a1,b2,a3} and [E| = 13. It comes
AE) = (4 0"+ 5 -0%)*-0* and A\(E) = 6.

Definition 4. A K-automaton A = (Q, A, qo, 6,7, 1) is defined asfollowﬂ:

— Q is a finite set of states; A is the alphabet; qq is the initial state,
— 6 C Q x A X Q is the set of transitions,
— v : 6 =K (resp. u : Q — K) is the transition (resp. output) weight function.

% Actually there is no conflict with the notation E used for the linearized version of E.
* A more general definition is given in [4]).
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A path p from a state ¢ to a state g, is a sequence of transitions p = (p1,p2, -+, Pn)
with p; = (gi—1,ai,¢q;) for 1 < i < n. Its label is the word w(p) = arag - - - a,. We
denote by coef(p) the weight of the path p in A, with coef(p) = v(p1) @v(p2) @ -+ @
Y(prn) @ 14(qn)- Let C 4 be the set of all paths in A starting from go. The K-automaton
A realizes the series S 4 defined by:

Sq= Z (Sa,u)u, where (S 4, u) = @ coef(p)
u€A* peCa,w(p)=u
A series S € K((A)) is recognizable if there exists a K-automaton that realizes it.

Theorem 1. (Schiitzenberger [24]) A formal series is recognizable if and only if it is
regular.

Definition 5. [20] Let A and B be o K-automata. Let A(q,q') =

D (q,a,¢)a. A surjective mapping o from the set of states of A onto the set
(a,0,¢')€8
of states of B induces a K-covering from A onto B if A is such that:

1) p(p) = p(q)

2) Vr € Qa, @ AA(pv S) = @ AA(Q; 8)

s€p~lo(r) s€p~lo(r)

Vp,q € Qa, ©(p) = v(q) =

and if B satisfies the following conditions:

3)VreQs,  u(r)=pp) foranyp € = (r)
) Y(r,s) € Q%, As(r,s) = D Aulp,q) foranyp e o7 (r)
a€p~1(s)
Proposition 2. [20] Let A and B be two K-automata. If ¢ : A — B is a K-covering,
then S = Spg.

Let E be a regular K-expression over an alphabet A and consider the language L(E)
associated to the linearized version of E [6]]. The polynomials First(E), Last(E) and
Follow (-, E) in K(A) can be computed as follows (where x is a position of E):

First(k) =0 forall k € K
First(a) = la; (a; is the position associated to a in Ay)
First(F + G) = First(F) & First(G)
First(F - G) = First(F) @ A(F) First(G)
First(F*) = A(F)® First(F)
Similar rules hold for Last except for Last(F - G) = Last(G) & A\(G) Last(F).
Follow(x, k) =0 forall k € K

Follow(z,a) = 0foralla € A
Follow(x, F 4+ G) = Follow(z, F') @ Follow(z, G)
Follow(x, F - G) = Follow(z, F) & (Last(F), z) First(G) @ Follow(x, G)
Follow(z, F*) = Follow(z, F) & (Last(F*), z) First(F)
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These polynomials lead to the definition of the position K-automaton of E, that real-
izes the series denoted by E.

Definition 6. The position K-automaton Pg = (Q, Ag, qo, 6,7, 1) is defined by:

- Q={q}UAg withqy ¢ Ag,

_ (First(E),p) #0  ifq = qo,
= (¢,0,p) € 6 & hp) = aand { (Follow(q, E), p) # 0 otherwise.
— Forall (p,a,q) € 6, it holds:

_ [ (First(E), p) if ¢ = qo,
V(Q’ a p) - { <Follow(q’ E)7p> otherwise.

_JAME) if ¢ = qo,
- mla) = { (Last(E), q) otZerw%ge.

3 From K-Derivatives to the Equation K-Automaton

In this section, we recall the main results reported in [20] about the computation of
the set of K-derivatives of a regular K-expression. Such a K-derivative is defined as a
polynomial, which leads to a generalization of the notion of partial derivative [2].

Definition 7. Let ¥ be a regular K—expressiorﬁ and a € A. The K-derivative of E
w.r.t. a is the polynomial 0, (E) inductively defined as follows:

da(k) =0 0a(E+F) = 0,(E) ® 0u(F)
(1fb-a 90(B-F) = 0,(F) - FAD0,(F)
0a(b) = {0 otherwise 9, (E*) = )\(E) (9.(E) - E)

By linearity, the K-derivative of a polynomial is given by: 9, (€D k; E;) = @ k;04(E;).
il icl
The K-derivative of a regular K-expression E w.r.t. a word u € A7 is defined by:
Vu e AT, Va € A, 9ua(E) = 9,(04(E)).

Example 1. The K-derivatives w.r.t. a and b of the regular K-expression £ = éa* (éb*
+ ¢b*)* are the polynomials 0, (E) = Ja* (30" + ;b*)* and 0,(E) = Jb* (30" + 3 b*)*.

Proposition 3. Let E and F be regular K-expressions. Let u € AY and k € K.
Then it holds:

1) 0, (E+F) = 8( ) @ 0y (F),
2) 04(E-F) = ‘Fo @ @, w(F),

u=vw

69 A<E>®<am (E), 1>A<E>®- (B, (B), DAE)® (D, (E) -EX).

U=UT - Unp

3 In [20] a different definition of a K-regular expression is used, where k is not an expression.
Hence a slightly different formulation of the K-derivative.
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There exists a set of regular K-expressions that plays a specific role in the computation
of the K-derivatives of E: the set of derived terms of E.

Definition 8. The ser dt(E) of the derived terms of a regular K-expression E is induc-
tively defined as follows:

dt(F-G) = |J (F:-G) udi(G)

e F;edt(F)
dt(a) = {1} ) *
dt(F + G) = dt(F) U dt(G) de(F7) = FieLth(F)(Fi F*)

The set of derived terms of a regular K-expression E is the equivalent of the prebase of
a regular expression, as introduced by Mirkin [22]].

Example 2. For the regular K-expression E = éa*(éb* + éb*)*, we have:
1 1 1 1 1 1 1
(B) = (o' (b + )"0 (0" + (00 B (" 4 (07)°)

The computation of the K-derivatives of a regular K-expression E leads to the construc-
tion of the equation K-automator(] that realizes the series denoted by E.

Definition 9. The equation K-automaton g = (Q, Ag, qo, 6,7, p) of a regular K-
expression E is defined as follows:

- Q =dt(E) U{E},; g0 = {E},
- (Ei, a7E]~) xR <8a(EZ'), Ej> 75 0 for all E;, Ej S Q,
- ’Y(Ei,a7E]‘) = <8a(Ei)7Ej>forall Ei7Ej S Q,‘ ,U,(EZ) = )\(EZ)

Example 3. (Ex. [l continued)

2b
Fig. 1. The equation K-automaton &g associated with E = Ja* (16" + (b*)*

Theorem 2. [20] There exists a K-covering from the position K-automaton onto the
equation K-automaton of a regular K-expression.

® Also called the automaton of derived terms in [20].
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4 From c-Derivatives to the Equation K-Automaton

We now define the notions of c-derivative, c-continuation and c-continuation automaton
for a regular K-expression. The main point here is that, following Definition[3] a regular
K-expression E can be seen as a regular expression over the alphabet Ag U By, where
Bg is the set of elements of K occurring in E. Therefore, for any symbol = € AE,
the c-continuation w.r.t. z of the regular K-expression E graphically coincids with the
c-continuation w.r.t. = of the associated regular expression. As a consequence, the set
of states and the set of transitions of the c-continuation K automaton of E are computed
straightforwardly via the boolean case algorithm described in [12].

We also define the notion of coefficient of a regular K-expression w.r.t. a symbol
and show how the weights of the transitions are deduced from the coefficients of the
c-continuations. We assume that, for E a regular K-expression, the following identities
are satisfied: 0-E=E-0=0, 0 +E=E+0=E, 1-E=E-1=E.

4.1 From c-Derivatives to the c-Continuation K-Automaton

Definition 10. The c-derivative of a regular K-expression E w.r.t. a symbol a, written
d.(E), is defined by:

=0 do(F) - G ifda(F) #0
1 ifa==z do(F-G) = < do(G) ifde(F) = 0and \(F) # 0
0  otherwise 0 otherwise
J(F+G) {da ifda(F) #0  da(F") = da(F) - F*
do(G) otherwise

The c-derivative of E w.r.t. a word w is defined by: d.(E) = E, and d,, .., (E) =
s .., (o, (E)).

The main property of c-derivatives still holds for regular K-expressions, leading to
the notion of c-continuation.

Theorem 3. IfE is linear, for every symbol a € Ay there exists a K-expression c,(E),
called the c-continuation of E w.r.t. a, such that for every word u € A*, the c-derivative
dya(E) is either 0 or ¢ (E).

Example 4. (Ex. [l continued)
We have dy,p, (E) = b5( 155 + 1b5)* and dyy, (B) = b3(105 + 105)"

Proposition 4. For every symbol a of a linear expression E, the c-continuation c,(E)
can be computed as follows:

€a(a) =1 (F-GQ) = {Ca(F) -G ifca(F). exists
FiQ) — ca(F) ifco(F) exists ca ) ca(G)  otherwise
ca(F +G) = co(G) otherwise ca(F*) = ¢o(F) - F*

In the following we will write ¢, instead of ¢, (E) when there is no ambiguity.
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Definition 11. The coefficient of a linear K-expression E w.r.t. a symbol a is the scalar
k. (E) inductively defined as follows:

ka(k) =0 ko(F 4+ G) = ka(F) @ ka(G)
_ lifb:a ka(F'G):ka F)@A<F)®ka(G)
Fia(b) = {O otherwise ko (F*) = )\(F)® @ ko(F)

—~

The coefficient of E w.r.t. a word v is defined by: k.(E) = ME), and ky, ., (E) =
Fuy (B) © Ky, (du,y (E))-

Definition 12. The c-continuation automaton Cy, = (Qc, Ar, qc, 6c, e, pic) of a reg-
ular K-expression E is defined by:

d QC = {(xacﬂl) ‘ T e AE U {0}}’ qc = (0700)’
o ((x,¢x),a,(y,cy)) € 6c © h(y) = aand dy(cy) = ¢y,

e ve((®;ca)a,(y, ¢y)) = kylca); pe(ca) = Alca).
Notice that if &, (c,;) = 0 then the transition is not considered.

Example 5. (Ex. [l continued)

Fig. 2. The c-continuation K-automaton associated with
E=la"(3b" + b’

4.2 From the c-Continuation K-Automaton to the Equation K-Automaton

As for the boolean case, we can relate the c-continuation K-automaton to both the
position and the equation K-automata.

Proposition 5. Let E be a regular K-expression. Then the following equalities hold:
First(E) = @ ks(E)x, Last(E) = @ Mcg)z, Follow(z,E) = @ ky(cz)y.
A

T€EAR T€EAR yEAg

Theorem 4. The c-continuation and position K-automata of a regular K-expression
are isomorphic.
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As a corollary and according to Proposition[2] the K-automaton Cg, realizes the series
denoted by E.
Following the boolean track [[11]], we now consider the equivalence ~ defined by:

V(x,cz), (2,¢2) € Qe (x,¢5) ~ (2,¢2) < h(cy) = h(cy)

We will denote by [z] the class of the state (x, ¢,;) and we will write z instead of (z, ¢,)
whenever there is no ambiguity (for instance z € [z]). Let z be an arbitrary element
of [x]. We denote by C{, the expression h(c.) that is identical for all z € [x]. Notice
that [z] is characterized by the expression Cf,).

We now define the K-automaton Cg/~ = (Q~, Agr, I, 6~,v~, t~) Whose states
are the ~-classes and that will be proved to be equivalent to Cg. The relation ~ be-
ing right-invariant [11]], the function 6., is well-defined. The soundness of the weight
functions .. and p.. will be proved by exhibiting a K-covering from Cg, onto Cg/ .

Definition 13. The K-automaton Cg/~ = (Q~, AR, Gey Omy Yo, fi~) s defined by:

* Qn ={Cpy |z € A5 U{0}}; g~ = Cl),

¢ (C)ya,Cly) €6~ & forany z € [x], 3t € [y] | h(t) = aand (c.,a,c;) € oc,

o« lClpaCi) = D rel(zres), 00 (b)), forany = € 2],
tely],h(t)=a

o 1-(Cly) = Ales). forany =  [z].

Theorem 5. Let E be a regular K-expression. Then the mapping h defines a
K-covering from Cg, onto Cg/ ~.

Proof. Leth : Q¢ — Q. be the surjective mapping defined by: h(z,c,) = h(cs),
forall z € A U {0}. We have h(z,c,) = h(z,c.) & (z,¢2) ~ (2,¢.) © hicy) =
h(cz).

Condition 1 of the Definition Bl says that two equivalent states in Cg, should have the
same output weight. It can be rewritten: V(x, ¢z ), (2,¢.) € Qc, (x,¢z) ~ (2,¢5) =
pe(x, ci) = pe(z, c.). This condition is satisfied since ¢ (z, ¢,) = A(c,) and (x, ¢;)
~ (z,¢,) = h(cz) = h(c.) = Acw) = Mcez). Moreover, since (z, ¢,) ~ (z,¢,) =
A(cz) = Mcz2), pn(Cly)) can be computed as A(c.), forany z € [z]. Hence the Con-
dition 3 is also satisfied.

Condition 2 ensures that the transition weights in Cg/~. can be computed from the
weights of the transitions outgoing from any state in the origin class. Let us set .S, =

D  el(m,ex),a,(t,c)). The transition weight function v must be such that:
te[yl,h(t)=a
V(z,cz), (2,¢2) € Q. (x,08) ~ (2,¢5) = Y(y,¢y) € Qc. Va € Ag, S, = S..
We have yc((z,¢z), a, (t,¢t)) = ki(cy). Let t = a; (resp. t = a;) be the k' symbol
occurring in ¢, (resp. c.). Since h(c;) = h(c.), we have h(a;) = h(a;). Moreover,
since h(dy, (cz)) = h(da,(cz)), we get h(ca,) = h(cq, ), and thus (a;, ¢q;) ~ (aj,cq;).
Hence for all position ¢ = a; occurring in the left sum there is a corresponding position
t = a; occurring in the right sum. Finally, by a simple induction we get that &, (¢;) =
kq, (c.). Consequently, the two sums are equal and Condition 2 is satisfied. Moreover,
since the sum S is independent from the choice of z in [z], v~ (Cly), a, Cyy) can be
computed as S, for any z € [z]. Hence the Condition 4 is also satisfied. ]
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As a corollary and according to Proposition[2 the K-automaton Cg,/ . realizes the series
denoted by E.

We now show that the K-automaton Cg/~. and the equation K-automaton &g, are
isomorphic.

Lemma 1. Let E be a regular K-expression. Then it holds: dt(E) = | h(c.(E)).
€A

Lemma 2. The following equality holds for all positions x in A U {0}:

Ou(h(ca(®)) = @ ka(co(E)h(da; (ca(E))

a;€Ag,h(a;)=a

Corollary 1. The following equality holds for all positions x, y in A U {0}:

(Oa(h(cs(E)),h(ey(E))) = €D kaslca(E))

a;€lyl,h(ai)=a

Theorem 6. Let E be a regular K-expression. The K-automaton Cg/ ~. and the equa-
tion K-automaton Eg are isomorphic.

Proof. By Lemma [ the K-automata Cg/~. and £ have identical sets of states and
identical output weight functions. By Lemmal[2] they have identical sets of transitions,
and by Corollary[I] identical transition weight functions. [

Finally, let us notice that combining Theorem ] Theorem 3] and Theorem [6] provides a
proof of Theorem 2l

4.3 The Algorithm for Converting E into g

We now give the sketch of the Algorithm AlgoKExptoEq for converting a regular K-
expression into its equation K-automaton.

The complexity is as follows. Let n (resp. n) be the number of states in Cg (resp.
Cg/~). We assume that O(n) = O(|E|). Although O(n) = O(n), time complexity
will be expressed as far as possible w.r.t. n for more accuracy.

On the one hand, the computation of the set of states of Cg /. (Step 1: Lines 3—4) and
the computation of its set of transitions (Step 2: Lines 6,7,9,10) are carried out via the
boolean case algorithm AlgoCroE [12]]. As a straightforward consequence, Step 1 can
be implemented in O(n?) time over the ZPC-structure [26] of the regular expression
associated with E, and Step 2 in O(7in) time. Notice that any optimisation of Step 1 or
of Step 2, would lead to an improvement of both boolean and weighted algorithms.

On the other hand, the computation of the transition weight function (Step 4: Lines
6,7,9,11) can be implemented in O(7n) time. Indeed, the weight . (Cl,, a, Cly)) only
depends on the weights of the transitions outgoing from one arbitrarily chosen element
in [x]. Moreover, each weight v¢((z, ¢z), h(y), (y, ¢y)) is involved in the computing of
at most one weight v (Cl,1, a, Cpy)). Notice that the output weight function (Step 3:
Lines 6-8) is computed in O(72) time since p~(Cly)) = pe((2,c2)) forany z € [z].

Finally it comes an O(n? + fin) complexity. Let us put emphasis on the fact that it
is actually the use of the ZPC-structure that allows us to get this quadratic complexity.
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Algorithm 1. AlgoKExptoEq(E)

: Input: a regular K-expression E
Output: the K-automaton Cg/~
: Compute the set of c-continuations of E and the K-automaton Cg
: Compute Q~ as the quotient Q¢/ ~
Set 6~ to ) and v~ to 0
for all (7, € Q~ do
Choose an arbitrary element (z, ;) in C,.
Set i~ (Clay) = pe((2, ¢2)).
for all ((z,c.),h(y), (y,cy)) € 6c do
b~ = 6~ U (Cpays 1(y), Cly))
VY~ (Claps M(Y), Clyp) = ¥~ (Clay, B(y), Clyp) @ ve (25 ¢2), h(y), (¥, ¢y))
end for
: end for

o AN > e

—_— =
w9

Theorem 7. Let E be a regular K-expression. The Algorithm AlgoKExptoEq computes
the equation K-automaton of E with a time complexity O(|Q3| + |Q~||Qc|), that is a
quadratic time complexity w.r.t. the size of E.

5 Conclusion

The algorithm we described for converting a regular K-expression into its equation K-
automaton makes complete the general approach based on the notion of ZPC-structure
and of c-continuation computation that we already used to handle boolean constructions
as well as the one of the position K-automaton. Its main advantadge is its robustness: it
is straightforwardly deduced from our algorithm for constructing the equation automa-
ton. The role of the set of c-continuations is easy to understand, its computation and
its partitionning are well-studied procedures, leading to a quadratic time complexity in
both boolean and weighted cases.
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Abstract. Fixed point equations @ = F(x) over w-continuous semi-
rings are a natural mathematical foundation of interprocedural program
analysis. Equations over the semiring of the real numbers can be solved
numerically using Newton’s method. We generalize the method to any
w-continuous semiring and show that it converges faster to the least fixed
point than the Kleene sequence 0, F(0), F(F(0)),... We prove that the
Newton approximants in the semiring of languages coincide with finite-
index approximations studied by several authors in the 1960s. Finally,
we apply our results to the analysis of stochastic context-free grammars.

1 Introduction

In [2] we have argued that fixed point equations over w-continuous semirings are
a natural mathematical foundation of interprocedural program analysis. In this
approach a program is mapped (in a syntax-driven way) to a system of fixed
point equations over an abstract semiring. The carrier and the operations of the
semiring are instantiated depending on the information about the program one
wishes to compute. The information is the least solution of the system.

On w-continuous semirings one can apply Kleene’s fixed point theorem, and
so the least solution of a system of equations # = F(x) is the supremum of
the sequence 0, F(0), F%(0),.. ., where 0 is the vector whose components are all
equal to the neutral element of +. If the carrier of the semiring is finite, this
yields a procedure to compute the solution. However, if the carrier is infinite,
the procedure rarely terminates, and its convergence can be very slow. So it
is natural to look for “accelerations”. Loosely speaking, an acceleration is a
function G having the same least fixed point uF as F, but such that (G*(0));>0
converges faster to uF than (F*(0));>o.

In [2] we presented a generic acceleration scheme for commutative w-con-
tinuous semirings, which we call the Newton scheme. We showed that the New-
ton scheme generalizes two well-known but apparently disconnected accelera-
tion schemes from the literature: Newton’s method for approximating a zero of
a differentiable function (this is the reason for the name of our scheme) (see

* This work was partially supported by the DFG project Algorithms for Software
Model Checking.

T. Harju, J. Karhumiki, and A. Lepisté (Eds.): DLT 2007, LNCS 4588, pp. 157 2007.
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for instance [12]), and the Hopkins-Kozen iteration scheme for Kleene algebras
(which are very close to idempotent commutative semirings) [9].

In this paper we further generalize the Newton scheme of [2] to arbitrary
w-continuous semirings, commutative or not. In particular, this allows us to
solve systems of fixed point equations over the language semiring having the
set of languages over a given alphabet as carrier and union and concatenation
of languages as sum and product, respectively. For instance, if we consider this
semiring for the alphabet {(,)}, then the least solution of the equation X =
(X)+ XX + 1 is the Dyck language of well-parenthesized expressions. Clearly,
the least solution of a system is a context-free language, and every context-free
language is the solution of a system.

The Newton acceleration scheme approximates the least solution from below.
In the case of languages, it computes a chain Ly C Ly C Lo ... of approximations
of the least solution L = J,~ L;. Our main theorem characterizes these approx-
imations, and shows that, once again, a well-known concept from the literature
“is nothing but” Newton’s approximation technique.

The i-th approximation of the Newton scheme turns out to be the index-
(i 4+ 1) approximation L;+1(G) of L(G). Recall that a terminal word w is in
L;(G) if there is a derivation S = a3 = -+ = @, = w and every a;, 0 < i <r
contains at most ¢ occurrences of variables [T3ISIT4U7].

Our result allows to transfer results from language theory to numerical anal-
ysis and vice versa. We develop a way of applying finite-index approximations
to stochastic context-free grammars and computing the approximation quality.

It is well-known that Newton’s method for approximating the zero of a func-
tion is based on the notion of differential. Our results require to give a definition
of derivative of a polynomial expressions for arbitrary w-continuous semirings.
This can be seen as a generalization of the Brzozowski’s definition of deriva-
tive for regular languages and Hopkins and Kozen’s definition for commutative
semirings, and could have some interest of its own.

Organization and Contributions of This Paper. In Section Pl we define differen-
tials for power series over w-continuous semirings. Section B introduces a gen-
eralized Newton’s method for approximating the least solution of fixed point
equations over arbitrary w-continuous semirings. In Section @ (Theorem [ET]) we
characterize the iterates of the Newton scheme in terms of the tree dimension, a
concept generalized from [2]. We apply this result to context-free grammars in
Section [l and prove that the Newton iterates coincide with finite-index approx-
imations. In Section [f we apply the generalized Newton’s method to stochastic
context-free grammars.
Missing proofs can be found in a technical report [I].

2 Differentials in w-Continuous Semirings

The goal of this section is to generalize the notion of differential of a function
to w-continuous semirings. More precisely, we will only define the notion for
functions that can be represented as a power series.
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Recall the classical notion of differential that can be found in any elementary
calculus textbook. Let V be a vector space of finite dimension over the real
numbers R. The dual of V' is the vector space whose elements are the linear
functions V' — R, usually called linear forms. Given f: V — R, the differential
Df of f (when it exists) is an application Df: V — V that assigns to every
vector v € V a linear form Df|,. Loosely speaking, Df|, is the best linear
approximation of f at the point v.

We wish to generalize the notion of differential to the case in which R is
replaced by an arbitrary w-continuous semiring, and f is a power series. For
this, we first introduce w-continuous semirings in Section [Z1l In Section [Z2] we
generalize the notions of vector and linear form over the reals. In Section 2.3 we
introduce power series, and finally in Section [Z4] the notion of differential itself.

2.1 w-Continuous Semirings

In the following, we work with w-continuous semirings, as defined in [I1].

Definition 2.1. A semiring S is given by (S,+,-,0,1), where S is a set with
0,1€ 8, (S,+,0) is a commutative monoid with neutral element 0, (S,-,1) is a
monoid with neutral element 1, 0 is an annihilator w.r.t. -, i.e. 0-a=a-0=0
for all @ € S, and - distributes over +, i.e. a-(b+¢) = a-b+a- ¢, and
(a+b)-c=a-c+b-c. The natural order relation C on a semiring S is defined
bya T b< 3d e S:a+d=>b. The semiring S is naturally ordered if C is a
partial order on S.

An w-continuous semiring is a naturally ordered semiring extended by an infinite
summation-operator Y that satisfies the following propertieq!l:

— For every sequence a : N — S the supremum sup{} ;-,<, i | k € N} exists
in Sw.r.t. C, and is equal to ), a;. As a consequence, every non-decreasing
sequence a; C a;+1 converges, i.e. sup{a;} exists.

— It holds
Z(c-ai) =c- <Z ai> , Z(aic) = <Z ai> -c, Z Z a; | = Zai
ieN ieN ieN ieN jeJ \i€l; ieN

for every a : N — S, ¢ € S, and every partition (I;);cs of N.
In the following we often omit the dot - in products.

Ezample 2.1. The real semiring, denoted by Sg, has R>U {oo} as carrier. Sum
and multiplication are defined as expected (e.g. a - 0o = oo for a # 0). Notice
that sum is not idempotent and product is commutative.

The language semiring over an alphabet X', denoted by Sy, has the set of
all languages over Y as carrier. Sum is union, and product is concatenation of
languages. Notice that sum is idempotent and product is not commutative.

! [11] requires infinite summation for any sum, but we need only countable sums here.



160 J. Esparza, S. Kiefer, and M. Luttenberger

2.2 Vectors and Linear Forms

We introduce the notion of vectors and linear forms over an w-continuous semi-
ring §. Notice that the name vector and linear form have to be taken with a
grain of salt, because for instance the set of vectors over S does not build a vector
space (since S may not be a field). However, it is useful to keep the names to
remember that they generalize the usual notions of vector and linear form.

Definition 2.2. Let S be an w-continuous semiring and let X be a finite set of
variables.

A vector is a mapping v: X — S. The set of all vectors is denoted by V.
Given a countable set I and a vector v; for every i € I, we denote by » ., v;
the vector given by (3,c;v:) (X) = 3,0, vi(X) for every X € X.

A linear form is a mapping 1: V — S satisfying l(v + v") = l(v) + (V") for
every v,v' € V and 1(0) = 0, where 0 denotes the vector given by 0(X) =0 for
every X € X. Given a linear form | and s,s' € S, we denote by s-1-s" the linear
form given by (s-1-8")(v) = s-1(v)- s for every v € V. Given a countable set I
and a linear form l; for every i € I, we denote by >_._.1l; the linear form given

by (e li) (W) =3, li(v) for everyv € V.

el

2.3 Polynomials and Power Series

Definition 2.3. Let S be an w-continuous semiring and X be a finite set of
variables. A monomial is a finite expression

a1 X1az - - ap Xy

where k>0, ay,...,ax41 € S and Xq,..., X € X. A polynomial is an expres-
sion of the form my +...+my where k >0 and mq, ..., mi are monomials. We
let S[X] denote the set of polynomials w.r.t. S and X. Similarly, a power series
is an expression of the form Ziel m;, where I is a countable set and m; is a
monomial for every i € I. We use S[X] to denote this set.

Definition 2.4. Let f = a1 XjaeXzas. .. apXpaky:r € S[X] be a monomial
and let v be a vector. We define f(v), the evaluation of f at v, as

f(v) = arv(Xi)azv(Xo)as -+ - pv(Xp) g1
We eatend this to any power series f =3 ., fi € S[X] by f(v) =3, fi(v).
Finally, we can also define the product of polynomials and linear forms as follows:

Definition 2.5. Let I C N, let f,g € S[X] be polynomials, and let | be a linear
form. The expression flg denotes the mapping T:V — V — S given by

T(u,v) = f(u)l(v)g(u) .
We denote by Tly: V — S the linear form given by T'|,(v) = T'(u, v).
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2.4 Differential of a Power Series

Recall that in the real case the differential of a function f: V' — R is a mapping
Df: V — V that assigns to every vector v € V a linear form Df|,,, the best linear
approximation of f at the point v. Given the basis {ey,...,e,} of unit vectors
of V, the dual basis {dXy, . ..,dX,} of V is defined by dX;(aie1+. . .+anen) = a;
for every ay,...,a, € R. Since {dXy,...,dX,} is a basis of V there are functions
Ay Ap: V. — R such that

Dffo = A1 (0) dXy + -+ + An (v) dX,,

for every v € V' (here )\; is the partial derivative of f w.r.t. X;). If for every
variable X; we define Dx,f: V — V as the mapping that assigns to every vector
v the linear form Dy, f|, = A\;(v) dX;, then we have Df = Dx,f +...+ Dx, f.
Definition 7] below generalizes the linear forms Dy, f|, to the case in which
R is replaced by an w-continuous semiring. We start by generalizing the dX;:

Definition 2.6. For every X € X, we denote by dX the linear form defined by
dX(v) = v(X) for every v € V.

Definition 2.7. Let f be a power series and let X € X be a variable. The
differential of f w.r.t. X is the mapping Dxf: V — V — S that assigns to every
vector v the linear form Dxfl|y,: V — S inductively defined as follows:

0 if feSorfeX\{X}
Dyfl, = dx iff=X
T Dxglo-htg-Dxhlo  if f=g-h
Zie] DXfi|v sz = Ziel fi~
Further, we define the differential of f as the linear form
Df := Z Dxf.
XeXx

In the real case the differential is used to approximate the value of a differentiable
function f(v + w) in terms of f(v) and Df|,(u). The following lemma goes in
the same direction.

Lemma 2.1. Let f be a power series and let v, u be two vectors. We have

f(v) + Dffo(u) E f(v+u) C f(v) + Df|oru(u).

3 Solving Systems of Fixed Point Equations

The partial order C on the semiring S can be lifted to an order on vectors, also
denoted by C, given by v C v’ iff v(X) C v'(X) for every X € X.

In the following, let F' be a vector of power series, i.e., a mapping that assigns
to each variable X € X a power series F'(X). For convenience we denote F(X)
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by Fx. Given a vector v, we define F(v) as the vector satisfying (F(v))(X) =
x(v) for every X € X, i.e., F(v) is the vector that assigns to X the result of
evaluating the power series F'x at v. So, F' can be seen as a mapping F': V — V.
Given a vector of power series F', we are interested in the least fixed point of
F, i.e., the least vector v w.r.t. C satisfying v = F(v).

3.1 Kleene’s Iteration Scheme

Recall that a mapping f: S — S is monotone if a C b implies f(a) C f(b), and
w-continuous if for any infinite chain ap C a1 C ag C ... we have sup{f(a;)} =
f(sup{a;}). The definition can be extended to mappings F': V — V from vectors
to vectors in the obvious way (componentwise). Then we may formulate the
following proposition (cf. [I1]).

Proposition 3.1. Let F' be a vector of power series. The mapping induced by F'
1s monotone and continuous. Hence, by Kleene’s theorem, F has a unique least
fized point uF'. Further, uF is the supremum (w.r.t. ©) of the Kleene sequence
given by kO = F(0), and k() = F(k)[

Kleene’s iteration scheme converges very slowly. Consider for instance the equa-
tion X = aXb+ 1 over the semiring of languages over {a, b} (where 0 = () and
1 = {\}). The i-th iteration k) is the language {a’d’ | j < i}, so the scheme
needs an infinite number of iterations to reach pF. Newton’s iteration scheme,
introduced below, can be seen as an “acceleration” of Kleene’s scheme.

3.2 Newton’s Iteration Scheme

Let F be a vector of power series, and v any vector. Then DF|, denotes the
mapping V — V with (DF|y(u)) , = DF x|,(u). So DF|, can be seen as the
evaluation of a mapping DF : V — V — V at v (cf. Definition 7). Lemma 271
then becomes F(v) + DF|,(u) C F(v+ u) C F(v) + DF|yio(u).

Newton’s scheme uses DF' to obtain a sequence that converges more quickly
to the least fixed point than Kleene’s sequence. In order to introduce it we first
define the Kleene star of an arbitrary mapping V — V:

Definition 3.1. Let F: V — V be an arbitrary mapping. The mapping F'.v
— V is inductively defined by F°(v) = v and F*™(v) = F(F'(v)). The Kleene
star of F, denoted by F*, is the mapping F*:V — V given by F*(v) =
ZiZO F'(v).
Now we can define Newton’s scheme.
Definition 3.2. Let F': V. — V be a vector of power series. We define the New-
ton sequence (v));cy as follows:

- VO =F0) and u(i“) v L DFJ% (6D,
where 89 has to satisfy F(v®) = v® 4 69,
In words, v(t1) is obtained by 'adding to v the result of evaluating the Kleene
star of DF|, at the point 5.

2 In [2] we define kO = 0, but k(© = F(0) is slightly more convenient for this paper.
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The name “Newton’s method” is justified as follows: Consider a univariate
equation X = F(X) over Sg with F/|, € (—1,1) for = € [O,MF). Applying
Newton’s method as described above to X = F(X), yields v(+1) = p() 4
Pl (F9) = 00) = o0+ 55y P (F(09) = 0) = 500 FE A

1— F’l (i)
; ()
v — gﬁl L )) But this is exactly Newton’s method for finding a zero of G(X) =

F(X) - X. This can be generalized to equation systems (see [2/0]).
The following theorem summarizes the properties of the Newton sequence.

Theorem 3.1. Let F ¢ S[[X]]X be a vector of power series. For every i € N:

In particular, this theorem ensures the existence of a suitable 50 (because v C
F(v®), and the convergence of the Newton sequence to the same value as the
Kleene sequence. Moreover, since k(2 T v the Newton sequence converges
“at least as fast” as the Kleene sequence.

Ezample 3.1. In the following examples we set X = {X}. Since in this case
vectors only have one component, given an element s of a semiring we also use
s to denote the vector v given by v(X) = s.

Consider the language semiring Sy, ) over the alphabet {a,b}. One can show

that by taking 6 = F(v() Newton’s sequence can be simplified to
v© =F0) and v =DF[., (F)).

(1) Consider again the polynomial f(X) = aXb+1. As already mentioned above,
the Kleene sequence needs w iterations to reach the fixed point {a"0" | n > 0}.
As a warm-up we show that the Newton sequence converges after one step.

We have Df|, = adXb for every v € V', and so

vV = (adXb)*(1) =Y o/ dX(1)b = {a’V | j > 0}
7>0

The next example shows a more interesting case.

(2) Consider the polynomial f(X) = aXX + b. We have:

Df|y = av(X)dX 4+ adXv(X)
v = Df[#(abb+ b) = (abdX + adXb)*(abb + b)
=L(X — abX | aXb | abb|b)
v = Df L (F(®)) = (ar® dX + adX v @) (f(v1D))

In this case the Newton sequence also needs w iterations. We shall see in Section[5]
that v contains the words generated by the grammar X — aXX, X — b via
derivations of index at most i+ 1, i.e., derivations in which no intermediate word
contains more than ¢ + 1 occurrences of variables.
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(3) Consider the same polynomial as in (2), but over a semiring where product
is commutative (and + is still idempotent). In this case we have:

Dflv = av(X)dX

v =p
v = Df[i(ab? 4 b) = (abdX)*(ab® + b) = (ab)*(ab? + b) = (ab)*b
v® = Dffs o (f()) = (arW)* (f (1)) = a(ab)*b(a((ab)*b)* + b) = (ab)*b

So the Newton sequence reaches the fixed point at (1. The language (ab)*b is a
regular language having the same Parikh mapping as the context-free language
generated by X — aXX, X — b.

4 Derivation Trees and the Newton Iterates

In language theory, given a grammar G, one associates derivations and derivation
trees with G. The language L(G) can be seen as the set of all words that can be
derived by a derivation tree of G. On the other hand, if G is context-free, then
L(G) is the least solution of a fixed point equation & = F(x) over a language
semiring, where the equation & = F(x) is essentially the production set of G.

In this section we extend the notion of derivation trees to fixed point equations
x = F(x) over any w-continuous semiring. It will be easy to see that the Kleene
iterates k(* correspond to the derivation trees of height at most i. We will show
that the Newton iterates v correspond to the derivation trees of dimension
at most i, generalizing the concept of dimension introduced in [2]. This gives
valuable insight into the generalized Newton’s method from the previous section
and establishes a strong link between two apparently disconnected concepts, one
from language theory (finite-index languages, see Section [H) and the other from
numerical mathematics (Newton’s method).

Definition 4.1 (derivation tree). Let F' be a vector of power series. A deriva-
tion tree of F' is defined inductively as follows. Let a1 Xqas -+ Xgas+1 be a sum-
mand of Fx (X € X) and let v be a node labelled by

Av) = (M (v),A2(v)) = (X, a1 X102 - - Xsas41)-

Let tq,...,ts be derivation trees with A\ (t.) = X, (1 < r < s). Then the tree
whose root is v and whose (ordered) children are tq, ..., ts is a derivation tree.

We identify a derivation tree and its root from now on and often simply write
tree when we mean derivation tree.

Remark to multiplicities. Let F' be a system of power series. If, for a variable
X € X, the same monomial m occurs more than once as a summand of F'x, and
there is a node v in a tree of F' s.t. A;(v) = X and \y(v) = m, then it is not clear
“which” summand m of F'x was used at v. But we assume in the following that
A2(v) is a particular occurrence of m in Fx. Hence, two trees which are equal
up to different occurrences are regarded as different in the following. However,
we do not make that explicit in our definition to avoid notational clutter.
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Definition 4.2 (height, yield). The height h(t) of a derivation tree t is the
length of a longest path from the root to a leaf of t. The yield Y (t) of a derivation
tree t with \o(t) = a1 X1as -+ - Xsasq1 is inductively defined to be

Y(t) = alY(t1)a2 L Y(ts)as+1.

We can characterize the Kleene sequence (k();cy using the height as follows.

Proposition 4.1. For all i € N and X € X, we have that (n(i))X is the sum
of yields of all derivation trees with A1 (t) = X and h(t) < 1.

Now we aim at characterizing the Newton sequence (V(i))ieN in terms of deriva-
tion trees. To this end we need use another property of a tree, the tree dimension.
As does the height, it depends only on the graph structure of a tree.

Definition 4.3 (dimension). For a tree t, define di(t) = (d(t),l(t)) as follows.

1. If h(t) = 0, then di(t) = (0,0).
2. If h(t) > 0, let {t1,...,ts} be the children of t where d(t1) > ... > d(ts). Let
dy =d(t1). If s > 1, let do = d(t2), otherwise let do = 0. Then

((dy +1,0) if dy = d
dift) = {(di,l(tl) Y i >

We call d(t) the dimension of the tree t.

The following Theorem BTl defines a concrete Newton sequence (v(?));cy which
allows for the desired tree characterization of v(*) (cf. Prop. E&II).

Theorem 4.1. Let F' be a vector of power series. Define the sequence (V(i))ieN
as follows:

v® =F0) and v =p® 4 DFY (6(i)) ,

where 62? is the sum of yields of all derivation trees t with \i(t) = X and
di(t) = (i+1,0). Then for alli>0:

(1) Fw®) =@ 4+69 50 (b@),cy is a Newton sequence as defined in Def. (33
(2) 1/()? is the sum of yields of all derivation treest with A1 (t) = X and d(t) <.

5 Languages with Finite Index

In this section we study fixed point equations & = F'(x) over language semirings.
Let Sy be the language semiring over a finite alphabet Y. Let F' be a vector of
polynomials over X whose coefficients are elements of ). Then, for each Xy € X,
there is a naturally associated context-free grammar Gp x, = (X, X, P, Xo),
where the set of productions is P = {(X; — «) | a is a summand of Fy,}.
It is well-known that L(GF x,) = (,uF)XO (see e.g. [II]). Analogously, each
grammar is naturally associated with a vector of polynomials. In the following
we use grammars and vectors of polynomials interchangeably.
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We show in this section that the approximations v obtained from our gener-
alized Newton’s method are strongly linked with the finite-index approximations
of L(G). Finite-index languages have been extensively investigated under differ-
ent names [I3IRIT4I7I6] (see [6] for historical background).

Definition 5.1. Let G be a grammar, and let D be a derivation Xg = ag =
o= a =w of w € L(GQ), and for every i € {0,...,r} let B, be the projection
of a,- onto the variables of G. The index of D is the mazimum of {|Bol, - .., |Br|}-
The index-i approximation of L(G), denoted by L;(G), contains the words deriv-
able by some derivation of G of index at most i.

We show that for a context-free grammar G in Chomsky normal form (CNF), the
Newton approximations to L(G) coincide with the finite-index approximations.

Theorem 5.1. Let G = (X, X, P, Xy) be a context-free grammar in CNF and
let (V(i))ieN be the Newton sequence associated with G. Then (V(i))Xo =L;1+1(G)
for every i > 0.

In particular, it follows from Theorem [B] that the (first component of the)
Newton sequence for a context-free grammar G converges in finitely many steps
if and only if L(G) = L;(G) for some i € N.

6 Stochastic Context-Free Grammars

In this section we show how the link between finite-index approximations and
(the classical version of) Newton’s method can be exploited for the analysis of
stochastic context-free grammars (SCFGs), a model that combines the language
semiring and the real semiring.

A SCFG is a CFG where every production is assigned a probability. SCFGs
are widely used in natural language processing and in bioinformatics (see also the

example at the end of the section). We use the grammar G with productions

x 5 X6, X 12 X5, X 18 o as running example.

SCFGs can be seen as systems of polynomials over the direct product of the
semiring Sy of languages over X' and the semiring of non-negative reals (R>q U
{0}, +,-,0,1). The system for the grammar G has one polynomial, namely
Fx = (A H)XS+ (A DX% 4+ (a, 1),

Given an SCFG it is often important to compute the termination probability
T(X) of a given variable X (see [4J3] for applications to program verification).
T(X) is the probability that a derivation starting at X “terminates”, i.e., gen-
erates some word. For G we have 0.3357037075 < T'(X) < 0.3357037076. It is
easy to see that the termination probabilities are given by (the real part of) the
least fixed point of the corresponding system of polynomials [4I5], and that they
may be irrational and not representable by radicals (in fact, G¢* is an example).
Therefore, they must be numerically approximated. This raises the problem that
whenever other parameters are calculated from the termination probabilities it
is necessary to conduct an error propagation analysis.
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A solution to this problem is to replace the original SCFG G by another one,
say G, generating “almost” the same language, and for which all termination
probabilities are 1. “Almost” means that (1) the probability of the derivations
of G that are not derivations of G’ is below a given bound, and (2) that the
quotient of the probabilities of any two derivations that appear 1n both G and
G’ is the same in G and G’. G’ can be obtamed as follows. Since 6 is uniquely
determined by the equation F(v®) = v® 4+ §@ over Sg, we know that v is
the probability of the derivation trees of dimension at most K. Hence, we can
approximate the terminating runs by choosing G’ = Gk, where G generates
the derivation trees of G of dimension at most K. Assuming that G is in Chomsky
normal form, G has variables X, X1, X<1,..., Xk, X<, for every variable X
of G, with X<, as axiom. Its productions are constructed so that X; (X<;)
generates the derivation trees of G' of dimension i (at most ¢) with X as root.
For this, Gx has: él) a production Xy — a for every production X — a of
G, (11) production ‘XZ — Y;;lzi,l, X,‘ — Y;‘ZSZ‘,1 and X,‘ — Ygi,lZi for
every production X — Y Z of G and every i € {1,..., K}, and (iii) productions
X<; — X; and X<; — X<;_1 for every variable X and every i € {1,..., K}.
It remains to define the probabilities of the productions so that the probability
that a tree ¢ is derived from X<g in G is equal to the conditional probability
that ¢ is derived from X in G under the condition that a tree of dimension at
most K is derived from X. For this we set p(Xo — a) = p(f((?)a). For K > 0, an

pe

induction over the tree dimension shows that we have to choose the remaining
probabilities as follows (we omit some symmetric cases):

(K) B
p(X<k = XK) =20 (X = YiZex 1) = (XA(KY)Z)A(K) (K-1)
X
LE=1) B
p(Xek — Xeg1) = "5 p(Xk — Yie1Zx—1) = (XA(K};Z)A(K DA
Vx

with A® = p®) — pE=D for k> 0, and A? = p(©),
The first iterations of the Newton sequence for our running example G are

v =1/3 M =0.3357024402, v =0.3357037075, v® =0.3357037075

(up to machine accuracy). In this case we could replace G* by GS* or even G§*.
We finish the section with another example. The following SCFG, taken
from [I0], is used to describe the secondary structure in RNA:

0 869 0.131 0.788 0.212 0.895 0.105

CL L—C S=—pSp S—=CL C—7s C — pSp.
The following table shows the first iterates of the Newton and Kleene sequences
for the corresponding system of polynomials.

VL s VS)7 V(CZ«)

( (4) (@ ()
( 0.5585, 0.4998, 0.9475
(

I"\DL s K’S 5 I"\DC
0.1172, 0, 0.895
0.2793, 0.0571, 0.8973
0.3806, 0.1414, 0.9053

0.9250, 0.9150, 0.9911
(10.9972, 0.9968, 0.9997

— — —
A~ S
— — —

1
1
3
S

3 where X <o is identified with Xp.



168 J. Esparza, S. Kiefer, and M. Luttenberger

As we can see, the contribution of trees of dimension larger than 5 is negligible.
Here, the Newton sequence converges much faster than the Kleene sequence.

7 Conclusions

We have generalized Newton’s method for numerically computing a zero of a
differentiable function to a method for approximating the least fixed point of a
system of power series over an arbitrary w-continuous semiring. We have charac-
terized the iterates of the Newton sequence in terms of derivation trees: the i-th
iterate corresponds to the trees of dimension at most i. Perhaps surprisingly, in
the language semiring the Newton iterates turn out to coincide with the clas-
sical notion of finite-index approximations. Finally, we have sketched how our
approach can help to analyze stochastic context-free grammars.
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Abstract. Size (the number of states) of finite probabilistic automata
with an isolated cut-point can be exponentially smaller than the size of
any equivalent finite deterministic automaton. The result is presented
in two versions. The first version depends on Artin’s Conjecture (1927)
in Number Theory. The second version does not depend on conjectures
but the numerical estimates are worse. In both versions the method of
the proof does not allow an explicit description of the languages used.
Since our finite probabilistic automata are reversible, these results imply
a similar result for quantum finite automata.

1 Introduction

M.O.Rabin proved in [I4] that if a language is recognized by a finite probabilistic
automaton with n states, r accepting states and isolation radius 6 then there
exists a finite deterministic automaton which recognizes the same language and
the deterministic automaton may have no more than (1 + 7)™ states. However,
how tight is this bound? Rabin gave an example of languages in [I4] where prob-
abilistic automata indeed had size advantages but these advantages were very
far from the exponential gap predicted by the formula (1 + )" . Unfortunately,
the advantage proved by Rabin’s example was only linear, not exponential. Is it
possible to diminish the gap? Is the upper bound (1 + %)™ tight or is Rabin’s
example best possible?

R. Freivalds in [5] constructed an infinite sequence of finite probabilistic au-
tomata such that every automaton recognizes the corresponding language with
the probability i, and if the probabilistic automaton has n states then the lan-
guage cannot be recognized by a finite deterministic automaton with less than
2(2V") states. This did not close the gap between the lower bound £2(2V")
and the purely exponential upper bound (1 + §)" but now it was clear that
the size advantage of probabilistic versus deterministic automata may be super-
polynomial.

A.Ambainis [I] constructed a new sequence of languages and corresponding se-
quence of finite probabilistic automata such that every automaton recognizes the
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corresponding language with the probability i and if the probabilistic automa-
ton has n states then the language cannot be recognized by a finite deterministic

nloglogn

automaton with less than (2(2 tosn ) states. On the other hand, the languages
in [5] were in a single-letter alphabet but for the languages in [I] the alphabet
grew with n unlimitedly.

This paper gives the first ever purely exponential distiction between the sizes
of probabilistic and deterministic finite automata. Existence of an infinite se-
quence of finite probabilistic automata is proved such that all of them recognize
some language with a fixed probability p > % and if the probabilistic automaton
has n states then the language cannot be recognized by a finite deterministic
automaton with less than (2(a™) states for a certain a > 1. This does not end
the search for the advantages of probabilistic finite automata over deterministic
ones. We still do not know the best possible value of a. Moreover, the best esti-
mate proved in this paper is proved under assumption of the well-known Artin’s
conjecture in Number Theory. Our final Theorem 3 does not depend on any open
conjectures but the estimate is worse, and the description of the languages used
is even less constructive. These seem to be the first results in Finite Automata
depending on open conjectures in Number Theory.

The essential proofs are non-constructive. Such an approach is not new. A
good survey of many impressive examples of non-constructive methods is by
J. Spencer [I5]. Technically, the crucial improvement over existing results and
methods comes from our usage of mirage codes to construct finite probabilistic
automata. Along this path of proof, it turned out that the best existing result
on mirage codes (Theorem A below) is not strong enough for our needs. The
improvement of Theorem A is based on the notion of Kolmogorov complexity.
It is well known that Kolmogorov complexity is not effectively computable. It
turned out that non-computability of Kolmogorov complexity allows to prove
the existence of the needed mirage codes and it is enough for us to prove an ex-
ponential gap between the size of probabilistic and deterministic finite automata
recognizing the same language. On the other hand, some results of abstract al-
gebra (namely, elementary properties of group homomorphisms) are also used in
these proofs.

2 Number-Theoretical Conjectures

By p we denote an odd prime number, i.e. a prime greater than 2. To prove the
main theorems we consider several lemmas. Most of them are valid for arbitrary
p but we are going to use them only for odd primes of a special type.

Consider the sequence

20 21 22 op=2 or=l op
and the corresponding sequence of the remainders of these numbers modulo p

0.1 .2 —2 p-1
et s, PR P P (1)
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(re = 2% (mod p)). For arbitrary p, the sequence () is periodic. Since 7o = 1
and, by the Fermat Little Theorem, r,—; = 2P~' =1 (mod p), one may think
that p — 1 is the least period of the sequence ().

This is not the case. For instance, 27! = 1 (mod 7). but also 2% = 1
(mod 7). However, sometimes p — 1 can be the least period of the sequence
(). In this case, 2 is called a primitive root modulo p. More generally, a number
a is called a primitive root modulo p if and only if a is a relatively prime to p and
p — 1 is the least period in the sequence of remainders modulo p of the numbers

2 -2 -1

a®=1,a',a%, ... ,a" 2, a" ", a?,. ..

Emil Artin made in 1927 a famous conjecture the validity of which is still an
open problem.

Artin’s Conjecture. [3] If a is neither -1 nor a square, then a is a primitive root
for infinitely many primes.

Moreover, it is conjectured that density of primes for which « is a primitive root
equals A = 0.373956.... In 1967, C.Hooley [9] proved that Artin’s conjecture
follows from the Generalized Riemann hypothesis. D.R.Heath-Brown [10] proved
that Artin’s conjecture can be wrong no more than for 2 distinct primes a.

3 Linear Codes

Linear codes is the simplest class of codes. The alphabet used is a fixed choice
of a finite field GF(q) = F;, with ¢ elements. For most of this paper we consider
a special case of GF(2) = Fy. These codes are binary codes.

A generating matrix G for a linear [n, k] code over F is a k-by-n matrix with
entries in the finite field F,;, whose rows are linearly independent. The linear code
corresponding to the matrix G consists of all the ¢* possible linear combinations
of rows of GG. The requirement of linear independence is equivalent to saying that
all the ¢* linear combinations are distinct. The linear combinations of the rows in
G are called codewords. However we are interested in something more. We need
to have the codewords not merely distinct but also as far as possible in terms
of Hamming distance. Hamming distance between two vectors v = (v1,...,v,)
and w = (w1, ...,wy,) in Fyix is the number of indices 4 such that v; # w;.

The textbook [7] contains

Theorem A. For any integer n > 4 there is a [2n, n] binary code with a minimum
distance between the codewords at least n/10.

However the proof of the theorem in [7] has a serious defect. It is
non-constructive. It means that we cannot find these codes or describe them
in a useful manner. This is why P.Garret calls them mirage codes.

If ¢ is a prime number, the set of the codewords with the operation
“component-wise addition” is a group. Finite groups have useful properties. We
single out Lagrange’s Theorem. The order of a finite group is the number of
elements in it.
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Lagrange’s Theorem. (see e.g. [7]) Let GR be a finite group. Let H be a subgroup
of GR. Then the order of H divides the order of G.

Definition 1. A generating matriz G of a linear code is called cyclic if along
with an arbitrary row (vy,va,vs,...,0,) the matrix G contains also a row
(v2,v3, ..., Uy, v1).

We would have liked to prove a reasonable counterpart of Theorem A for cyclic
mirage codes, but this attempt fails. Instead we consider binary generating ma-
trices of a bit different kind. Let p be an odd prime number, and x be a binary
word of length p. The generating matrix G(p,z) has p rows and 2p columns.
Let © = z12x923 ... xp. The first p columns (and all p rows) make a unit matrix
with elements 1 on the main diagonal and 0 in all the other positions. The last
p columns (and all p rows) make a cyclic matrix with z = zyzexs ...z, as the
first row, © = xpr12223 ... £p—1 as the second row, and so on.

Lemma 1. For arbitrary x, if hihohs ... hphpi1hpiohpis. .. hay is a codeword
in the linear code corresponding to G(p,x), then hphihg ... hp_1hophpiihpio
... hap_1 15 also a codeword.

There are 2P codewords of the length 2p. If the codeword is obtained as a linear
combination with the coefficients c1, ca, . .., ¢, then the first p components of the
codeword equal cics . . . ¢,. We denote by R(z, cics. . . ¢p) the subword containing
the last p components of this codeword.

Lemma 2. If ¢ica...cp, = 000...0, then R(x,cica...cp) = 000...0, for arbi-
trary x.

Definition 2. We will call a word trivial if all its symbols are equal. Otherwise
we call the word nontrivial.

Lemma 3. Ifcicse...cp is trivial, then R(z,cica ... ¢p) is trivial for arbitrary x.
Proof. Every symbol of R(z,cic2...¢p) equals 21 + 22 + -+ 2, (mod 2).
Lemma 4. If x is trivial, then R(x,cica. .. ¢p) is trivial for arbitrary cica . . . cp.

Definition 3. A word x = x122 ..., is called a cyclic shift of the word y =
Y1Y2 .. - Yp if there exists i such that x1 = y;, 2 = Yit1,- .., Tp = Yi+p Where the
addition is modulo p. If (i,p) = 1, then we say that this cyclic shift is nontrivial.

Lemma 5. If x is a cyclic shift of y, then R(x,cica...cp) is a cyclic shift of
R(y,cica...cp).

Lemma 6. If p is an odd prime, x is a nontrivial word and y is a nontrivial
cyclic shift of x, then x # y.

Lemma 7. If p is an odd prime and cica...cp is nontrivial, then the set
Terc.cy = {R(z,c102...¢p)|z € {0,1} and R(x,cica...cp) nontrivial } has
a cardinality which is a multiple of p.
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Proof. Immediately from Lemmas [B] and

For arbitrary fixed cicz...cp, the set {R(z,cica...¢p)|z € {0,1}P} with alge-
braic operation “component-wise addition modulo z” is a group. We denote this
group by B. By D we denote the group of all 2P binary words of the length p
with the same operation.

Lemma 8. For arbitrary cica...cp, © and y, R(z,cica...cp) + R(y,cica...cp)
=R(x+y,cica...¢p).

In other words, for arbitrary cica...cp, the map D — B defined by z —
R(z,cic2...¢p) is a group homomorphism. (Definition and properties of group
homomorphisms can be found in every textbook on group theory. See e.g. [4].)
The kernel of the group homomorphism is the set kerg = {z|R(x, cic2...¢p) =
000...0}.

The image of the group homomorphism is the set B. For arbitrary z € B, by
ker, we denote the set ker, = {z|R(x,c1c2...¢p) = z}.

From Lemma [§ we easily get

Lemma 9. For arbitrary z € B, card(ker,) = card(ker).

card(D)

Lemma 10. For arbitrary z € B, card(ker,) = card(B) "

Lemma 11. Ifx contains (p—1) zeroes and 1 one, and ci¢z . . . ¢p is nontrivial,
then R(z,cica ... cp) is nontrivial.

Proof. For such an z, the number of ones in R(x,cicz...¢p) is the same as the
number of ones in cicz .. . cp.

Lemma 12. If p is an odd prime such that 2 is a primitive root modulo p and
cicy . .. ¢y is nontrivial, then the set Sec,..c, = {R(z,cica...cp)lx € {0,1}P} is
either of cardinality 1 or of cardinality 2.

Proof. By Lagrange’s Theorem the order 27 of the group B divides the order of
the group D. Hence the order of B is 2° for some integer b. The neutral element
of these groups is the word 000...0. It belongs to every subgroup. There are
two possible cases:

1. 111...1isin B,
2. 111...1 is not in B.

In the case [ card(Te,c,....,) = card(B) — 2, and by Lemmas [ and
card(T;yc,...c,) is a multiple of p. Hence 2 = card(B) = 2 (mod p) and
2=l =1 (mod p). Since 2 is a primitive root modulo p, either 20~ = 2P~1
or 2071 = 20 If 201 = 2P~1 then 2° = 2P and for this fixed cicz...c, the
map ¢ — R(z,c1ca...¢p) takes distinct 2’es into distinct R(x,cica...cp)’s. If
261 = 20 then 2 = 2 and B = {000...0,111...1}, but this is impossible by
Lemma [T}
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In the case @ card(Te,c,...c,) = card(B) — 1 and by Lemma [ card(T,e,...,)
is a multiple of p. Hence 2° =1 (mod p). Since 2 is a primitive root modulo p,
either 2° = 2P~1 or 20 = 20, If 2° = 2P~ then card(B) = 2°~! and, by Lemma
@ for arbitrary z € Tt,c,...c,, card(ker,) = 2. If 20 =20 then B = {000...0}
but this is impossible by Lemma [l

4 Kolmogorov Complexity

The theorems in this section are well-known results in spite of the fact that it is
not easy to find exact references for all of them.

Definition 4. We say that the numbering ¥ = {¥y(x), ¥1(z), P2(x),...} of 1-
argument partial recursive functions is computable if the 2-argument function
U(n,x) = ¥, (x) is partial recursive.

Definition 5. We say that a numbering ¥ is reducible to the numbering n if
there exists a total recursive function f(n) such that, for all n and z, ¥, (x) =

Ny ().

Definition 6. We say that a computable numbering ¢ of all 1-argument partial
recursive functions is a Godel numbering if every computable numbering (of
any class of 1-argument partial recursive functions) is reducible to .

Theorem. There exists a Godel numbering.

Definition 7. We say that a Godel numbering 9 is « Kolmogorov numbering
if for arbitrary computable numbering ¥ (of any class of 1-argument partial
recursive functions) there exist constants ¢ > 0,d > 0, and a total recursive
function f(n) such that:

1. for alln and x, ¥ (x) = Vfen) (),
2. for alln, f(n) <c-n-+d.

Kolmogorov Theorem. [I1] There exists a Kolmogorov numbering.

5 New Mirage Codes

In the beginning of Section 3 we introduced a special type generating matrices
G(p,z) where p is an odd prime and x is a binary word of length p. Now we
introduce two technical auxiliary functions. If z is a binary word of length 2p,
then d(z) is the subword of z containing the first p symbols, and e(z) is subword
of z containing the last p symbols. Then z = d(z)e(z).

There exist many distinct Kolmogorov numberings. We now fix one of them
and denote it by 7. Since Kolmogorov numberings give indices for all partial
recursive functions, for arbitrary x and p, there is an ¢ such that 7;(p) = x. Let
i(z,p) be the minimal ¢ such that 7;(p) = x. It is easy to see that if 1 # x2, then
i(z1,p) # i(x2,p). We consider all binary words z of the length p and denote by
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x(p) the word = such i(x, p) exceed i(y, p) for all binary words y of the length p
different from x. It is obvious that ¢ > 2P — 1.

Until now we considered generating matrices G(p, x) for independently chosen
p and x. From now on we consider only odd primes p such that 2 is a primitive
root modulo p and the matrices G(p, z(p)). We wish to prove that if p is suffi-
ciently large, then Hamming distances between two arbitrary codewords in this
linear code is at least g.

We introduce a partial recursive function u(z,€,p) defined as follows. Above
when defining G(p, «) we considered auxiliary function R(z, c¢icz . .. ¢p). To define
w(z,€,p) we consider all 2P binary words z of the length p. If z is not a binary
word of length 2p, then u(z, €, p) is not defined. If € is not in {0, 1}, then u(z, €, p)
is not defined. If z is a binary word of length 2p and € € {0, 1}, then we consider
all z € {0,1}? such that R(z,d(z)) = e(z). If there are no such x, then u(z, €,p)
is not defined. If there is only one such x, then u(z,¢,p) = x. If there are two
such z, then

( ) = the first such z in the lexicographical order, for e = 1
FZ € P) =9 the second such z in the lexicographical order, for e = 0

If there are more than two such z, then p(z, ¢, p) is not defined.

Now we introduce a computable numbering of some partial recursive func-
tions. This numbering is independent of p.

For each p (independently from other values of p) we order the set of all the
22P binary words z of the length 2p: 29, 21, 22, ..., 2220 _1. We define 2 as the
word 000...0. The words z1, 29, ..., 2921 are words with exactly one symbol
1. We strictly follow a rule “if the word z; contains less symbols 1 than the
word z;, then 7 < j”. Words with equal number of the symbol 1 are ordered
lexicographically. Hence zo2,_; = 111...1.

For each p, we define

(p) = 1(20,0,p)
1(p) = p(20, 1, p)
Ws(p) = p1(21,0,p)
!p3(p) = :U’(Zh 1ap)
lp4(p) - ,U’(227Oap)
lp5(p) = :U’(Z27 1ap)

For j > 2271 W, (p) is undefined.
We have fixed a Kolmogorov numbering n and we have just constructed a
computable numbering ¥ of some partial recursive functions.

Lemma 13. There exist constants ¢ > 0 and d > 0 (independent of p) such that
for arbitrary i there is a j such that

1. ;(t) = n;(t) for allt, and
2. j<ci+d.
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Proof. ITmmediately from Kolmogorov Theorem.

We consider generating matrices G(p, z(p)) for linear codes where p is an odd
prime such that 2 is a primitive root modulo p, and, as defined above, z(p) is a
binary word of length p such that 7;(p) = x(p) implies i > 2P — 1. We denote
the corresponding linear code by LC5(p).

Now we prove several lemmas showing that, if p is sufficiently large, then

Hamming distances between arbitrary two codewords are no less than ‘ig .

Lemma 14. For every linear code, there is a codeword 000 ...0.

Proof. The codeword 000...0 is obtained by using coefficients cica...c, =
000...0.

Lemma 15. For every linear code, if there exists a pair of distinct codewords
with Hamming distance less than d, then there is a codeword with less than d
symbols 1 in it.

Proof. If x1 and o are codewords, then x1 & z2 also is a codeword.

Lemma 16. If p is sufficiently large, and a codeword in LCs(p) contains less

than leg symbols 1, then the codeword is 000 . ..0.

Proof. Assume from the contrary that there is a codeword z # 000. . .0 contain-
ing less than leg symbols 1. Above we introduced an ordering zq, 21, 22, . - . , 2920 _1
of all binary words of the length 2p. Then z = z; where

= (T) (V) (F) ()

Hence i = 0(2P). On the other hand, the choice of z(p) implies that i > 2P —1.
Contradiction.

Lemma 17. If p is sufficiently large, then the Hamming distance between any

two distinct codewords in LCo(p) is no less than ‘fg .

Proof. By Lemmas [I6] and

6 Probabilistic Reversible Automata

M.Golovkins and M.Kravtsev [8] introduced probabilistic reversible automata
(PRA) to describe the intersection of two classes of automata, namely, the classes
of the 1-way probabilistic and quantum automata. The paper [§] describes several
versions of these automata. We concentrate here on the simplest and the least
powerful class of PRA.

Y ={ay,as,...,a;} is the input alphabet of the automaton. Every input
word is enclosed into end-marker symbols # and $. Therefore the working al-
phabet is defined as I' = Y U {#, $}. Q = {¢1,92,...,qn} is a finite set of
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states. @ is presented as a union of two disjoint sets: Q4 (accepting states) and
Qr (rejecting states). At every step, the PRA is in some probability distribution
(p1,p2, - -, Pn) Where p1 +pa+---+p, = 1. As the result of reading the input #,
the automaton enters the initial probability distribution (p1(0), p2(0), ..., pn(0)).
My, Ms, ..., M, are doubly-stochastic matrices characterising the evolution of
probability distributions.

If at some moment ¢ the probability distribution is

(p1<t)’p2<t)’ te apn<t))

and the input symbol is a,, then the probability distribution

(pl(t + 1)7p2(t + ]-)7 ce 7pn<t + 1))

equals (p1(t), p2(t), ..., pn(t))- M,. If after having read the last symbol of the in-
put word x the automaton has reached a probability distribution (p1,pa, ..., pn)
then the probability to accept the word equals

prob; = EiEQApi
and the probability to reject the word equals
1 —proby = XieqQpDi-

We say that a language L is recognized with bounded error with an interval
(p1,p2) if p1 < p2 where p1 = sup{prob,|rz ¢ L} and py = inf{prob,|z € L}.

We say that a language L is recognized with a probability p > é if the language
is recognized with interval (1 — p, p).

In the previous section we constructed a binary generating matrix G(p, p(x))
for a linear code. Now we use this matrix to construct a probabilistic reversible
automaton R(p).

The matrix G(p, z(p)) has 2p columns and p rows. The automaton R(p) has
4p + 1 states, 2p of them being accepting and 2p + 1 being rejecting. The input
alphabet consists of 2 letters.

The (rejecting) state qg is special in the sense that the probability to enter this
state and the probability to exit from this state during the work equals 0. This
state always has the probability ;)(75 The states g1, q2, .. ., gap are related to the
columuns of G(p, z(p)) and should be considered as 2p pairs (g1, q2), (¢3,44), - - -,
... (qap—1, qap) corresponding to the 2p columns of G(p, z(p)). The states
41,93,G5,97, - - -, Qap—1 are accepting and the states g2, q4, g, qs, - - ., qap are re-
jecting. The initial probability distribution is as follows:

;,ga for q0,
19
72p1 for each of q1,43,---,q4p—1

0, for each of ¢2,q4, ..., qap-
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The processing of the input symbols a,b is deterministic. Under the input
symbol a the states are permuted as follows:

q1 — g3 g2 — Q4 q2p+1 — 42p+3  Q2p4+2 — Q2p+4
q3 — (g5 da — g6 q2p+3 = Q2p+5  G2p+4 — q2p+6

q5 — g7 d6 — 48 Q2p+5 — Q2p+7  42p+6 — (2p+8

92p—3 — q2p—1  Qq2p—2 — q2p  G4p—-3 — Qiap—1  qap—2 — Q4p
q2p—1 — q1 q2p — 42 Qap—1 — Q2p+1  Qap — (2p+2

The permutation of the states under the input symbol b depends on G(p, z(p)).
Let
911 912 --- 91 2p

Gp.x(p)) = | #2192 92 2

9p1 Gp2 --- Gp 2p

For arbitrary ¢ € {1,2,...,p},

G2i—1 — q2i—1 ,1f g1 =0
q2i — q2i ,if g1: =0
Qi1 —q2 ifg; =1
Q2i — q2i—1 , if g1; = 1.
In order to understand the language recognized by the automaton R(p) we

consider the following auxiliary mapping W from the words in {a,b}* into the
set of binary 2p-vectors defined recursively:

1. CW(A) = g11912--- 91 2

2. if CW('IU) = hlhghg e hphp+1hp+2hp+3 . hgp then
C’W(wa) = hphl h2 e hp,1h2php+1 hp+2 N h2p71 and
CW(wb) = (h1 @ g11)(h2 ® g12)(hs ® g13) . .. (hap B g1 2p)-

The next two lemmas can be proved by induction over the length of w.

Lemma 18. For arbitrary word w € {a,b}*, CW(w) is a codeword in the linear
code corresponding to the generating matriz G(p, z(p)).

Lemma 19. Let w be an arbitrary word in {a,b}*, and CW (w) = hihs ... hap.
Then the probability distribution of the states in R(p) is

17

3169 ) fOT’ go, )

72p 7 fOT’ g2i—1 Zf h; = 0,
0, for g if hy =0,
o, fOT’ 92i—1 Zf hi =1,
71291, ’ fOT’ 92i Zf h; = 1.

We introduce a language

Lé(pa(p) = {wlw € {a,b}*&OW (w) = 000...0}.
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Lemma 20. If 2 is a primitive root modulo p and p is sufficiently large, then
the automaton R(p) recognizes the language Lg(p o(p)) with the probability ég.

Lemma 21. For arbitrary p and arbitrary deterministic finite automaton A rec-
ognizing La(p.a(p)) the number of states of A is no less than 2P.

Lemmas 20 and 2Tl imply

Theorem 1. If 2 is a primitive root for infinitely many distinct primes then
there exists an infinite sequence of regular languages L1, Lo, L3, ... in a 2-letter
alphabet and a sequence of positive integers p(1),p(2),p(3), ... such that for ar-
bitrary j:

1. any deterministic finite automaton recognizing L; has at least 2°(7) states,
2. there is a probabilistic reversible automaton with (4p(j)+1) states recognizing
L; with the probability 37 .

7 Without Conjectures

In 1989 D. R. Heath-Brown [10] proved Artin’s conjecture for “nearly all inte-
gers”. We use the following corollary from Heath-Brown’s Theorem:

Corollary From Heath-Brown’s Theorem. [10] At least one integer a in the set
{3,5,7} is a primitive root for infinitely many primes p.

Above we constructed a binary linear code, the binary generating matrix
G(p,z(p)) of which incorporated a binary word x(p) with maximum complicity
in the Kolmogorov numbering 7. Now we are going to modify the construction
to get generating matrices Gs(p, z3(p)), Gs(p,xz5(p)), G7(p,z7(p)) for ternary,
pentary and septary linear codes LC5(p), LC5(p) and LC7(p), respectively. The
constructions remain essentially the same only the words z and cic3 . . . ¢, now are
in {0,1,2}?, {0,1,2,3,4}? or {0,1,...,6}?, resp., and the summation is modulo
3,5, 7, resp. Recall that by Heath-Brown’s Theorem [I0] there exists u € {3,5, 7}
such that u is a primitive root for infinetely many distinct primes.
Theorem 1 can be re-formulated as follows.

Theorem 2. Assume Artin’s Conjecture. There exists an infinite sequence of
reqular languages L1, Lo, Ls, ... in a 2-letter alphabet and an infinite sequence
of positive integers z(1), 2(2), 2(3), ... such that for arbitrary j:

1. there is a probabilistic reversible automaton with (z(j) states recognizing L,
with the probability ég,

2. any deterministic finite automaton recognizing L; has at least (21/4)Z(j) =
= (1.1892071115...)*U) states,

Corollary from Heath-Brown’s Theorem allows us to prove the following coun-
terpart of Theorem 2.
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Theorem 3. There exists an infinite sequence of regular languages Ly, Lo,
Ls,... in a 2-letter alphabet and an infinite sequence of positive integers
2(1),2(2),2(3), ... such that for arbitrary j:

1. there is a probabilistic reversible automaton with z(j) states recognizing L,

with the probability 16385,

2. any deterministic finite automaton recognizing Lj; has at least (7 114)Z(j) =
(1.1149116725 .. .)*() states,
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Abstract. A segmented morphism o, : A* — {a,b}", n € N, maps
each symbol in A onto a word which consists of n distinct subwords in
abTa. In the present paper, we examine the impact of n on the unam-
biguity of o, with respect to any o € AT, i.e. the question of whether
there does not exist a morphism 7 satisfying 7(a)) = o () and, for some
symbol z in «, 7(z) # on(z). To this end, we consider the set U(on) of
those a € AT with respect to which ¢, is unambiguous, and we com-
prehensively describe its relation to any U(om ), m # n. Our paper thus
contributes fundamental (and, in parts, fairly counter-intuitive) results
to the recently initiated research on the ambiguity of morphisms.

1 Introduction

This paper deals with morphisms that map a pattern, i.e. a finite string over
an infinite alphabet A of variables, onto a finite word over {a,b}; for the sake
of convenience, we choose A := N. With regard to such a morphism o, we ask
whether it is unambiguous with respect to any pattern «, i.e. there is no mor-
phism 7 : N* — {a, b}* satisfying 7(a) = o(a) and, for some symbol z in «,
7(xz) # o(x). As recently demonstrated in the initial paper on the ambiguity of
morphisms by Freydenberger, Reidenbach and Schneider [5], for every pattern
o, there is a particular morphism o2" such that o" is unambiguous with respect
to « if and only if « is succinct, i.e. a shortest generator of its E-pattern lan-
guage, which, in turn, is equivalent to the fact that « is not a fixed point of a
nontrivial morphism ¢ : N* — N*. Since there is no single morphism which
is unambiguous with respect to all succinct patterns, the morphism o3" has to
be tailor-made for a.. More precisely, for various patterns o € NT, ¢5% must be
heterogenous with respect to «, which means that there exist certain variables
x,y in « such that the first (or, if appropriate, the last) letter of ¢5"(z) differs
from the first (or last, respectively) letter of 03" (y). In addition to this, 03" has
a second important feature: it maps each variable in o onto a word that consists
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of exactly three distinct segments, i.e. subwords taken from ab*a (or, in order
to guarantee heterogeneity, ba*b).

A closer look at the approach by Freydenberger et al. [5] — which is mainly
meant to prove the existence of an unambiguous morphism with respect to any
succinct pattern — reveals that it is not optimal, as there exist numerous pat-
terns with respect to which there is a significantly less complex unambiguous
morphism. For instance, as demonstrated by Reidenbach [I1], the standard mor-
phism o( given by og(x) := ab*, x € N, is unambiguous with respect to every
pattern « satisfying, for some m € Nand ey, ea,...,€, > 2, a = 11.22.. .m®m
(where the superscripts ¢ refer to the concatenation). With regard to this re-
sult, it is noteworthy that, first, op maps each variable onto a much shorter
word than o8 and, second, oy is homogeneous, i.e. for all variables z,y € N,
oo(x) and op(y) have the same first and the same last letter. Consequently, og
is unambiguous with respect to each pattern in a reasonably rich set, although
it does not show any of the two decisive properties of o3".

In the present paper, we wish to further develop the theory of unambigu-
ous morphisms. In accordance with the structure of ¢, we focus on segmented
morphisms ¢,,, which map every variable onto n distinct segments. More pre-
cisely, for every = € N, we define the homogeneous morphism o, by o, (z) :=
ab™*~("=Daapm*=("=2)a ab™laab”¥a. With regard to such morphisms, we
introduce the set U(o,,) C N of all patterns with respect to which o, is unam-
biguous, and we give a characterisation of U(c,,) for m > 3. Furthermore, for
every n € N, we compare U(c,,) with every U(o,,), m # n, and, since every o, is
a biprefix code, we complement our approach by additionally considering the set
U(oyp) of the suffix code o as introduced above. Our corresponding results yield
comprehensive insights into the relation between any two sets U(oy,),U(oy),
m,n € NU{0}.

Our studies are largely motivated by the intrinsic interest involved in the
examination of the unambiguity of fized instead of tailor-made morphisms.
Thereby, we face a task which gives less definitional leeway than the original
setting studied by Freydenberger et al. [5], and therefore our paper reveals new
elementary phenomena related to the ambiguity of morphisms that have not
been discovered by the previous approach. The choice of segmented morphisms
as main objects of our considerations, in turn, is primarily derived from the ob-
servation that o3 is simply the homogeneous version of 5. Hence, the insights
gained into U(c3) immediately yield a deeper understanding of the necessity of
the heterogeneity of 05" and, thus, of a crucial concept introduced in [5]. In ad-
dition to this, our partly surprising results on the relation between the number
of segments of a morphism o, and the set of patterns for which o, is unam-
biguous suggest that — in a similar manner as the work by, e. g., Halava et al. [6]
with respect to the Post Correspondence Problem, which is loosely related to
our subject — we deal with a vital type of morphisms that addresses some of the
very foundations of the problem field of ambiguity of morphisms. Finally, it is
surely worth mentioning that the properties of segmented morphisms have also
been studied in the context of pattern languages (cf., e.g., Jiang et al. [§]); in
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particular, recent papers prove the substantial impact of the (un-)ambiguity of
such morphisms on pattern inference (cf. Reidenbach [TO/TTI]). Thus, our results
provide a worthwhile starting point for further considerations in a prominent
algorithmic research field related to pattern languages. In the present paper,
however, we do not explicitly discuss this aspect of our work.

2 Definitions and Basic Notes

We begin the formal part of this paper with a number of basic definitions. A ma-
jor part of our terminology is adopted from the research on pattern languages (cf.
Mateescu and Salomaa [9]). Additionally, for notations not explained explicitly,
we refer the reader to Choffrut and Karhumaéki [3].

Let N:={1,2,3,...} and Ny := NU{0}. Let X' be an alphabet, i.e. an enumer-
able set of symbols. We regard two different alphabets: N and {a, b} with a # b.
Henceforth, we call any symbol in N a variable and any symbol in {a, b} a letter.
A string (over X)) is a finite sequence of symbols from Y. For the concatenation
of two strings w1, we we write wy -ws or simply wyws. The notation |z| stands for
the size of a set x or the length of a string x, respectively. We denote the empty
string by A, i.e. |A] = 0. In order to distinguish between a string over N and a
string over {a, b}, we call the former a pattern and the latter a word. We name
patterns with lower case letters from the beginning of the Greek alphabet such
as a, (3, v. With regard to an arbitrary pattern «, V(«) denotes the set of all
variables occurring in «. For every alphabet X, X* is the set of all (empty and
non-empty) strings over X, and X* := X*\ {A}. Furthermore, we use the regular
operations +, x and - on sets and letters in the usual way. For any w € X* and
any n € N, w” describes the n-fold concatenation of w, and w® := \. We say
that a string v € X* is a substring of a string w € X* if and only if, for some
Uy, us € X*, w = ujvuy. Subject to the concrete alphabet considered, we call a
substring a subword or subpattern.

Since we deal with word semigroups, a morphism o is a mapping that is
compatible with the concatenation, i.e. for patterns «,3 € NT, a morphism
o : N* — {a,b}* satisfies o(a - §) = o(a) - 0(8). Hence, a morphism is fully
explained as soon as it is declared for all variables in N. Note that we restrict
ourselves to total morphisms, even though we normally declare a morphism only
for those variables explicitly that, in the respective context, are relevant.

For any pattern o € N* with o(a) # A, we call o(a) unambiguous (with
respect to a or on «) if there is no morphism 7 : N* — {a, b}* such that 7(«) =
o(a) and, for some x € V(a), 7(x) # o(x); otherwise, we call o ambiguous (with
respect to o or on «). For a given morphism o, let U(o) denote the set of all
a € NT such that ¢ is unambiguous on «.

We continue the definitions in this section with a partition of the set of all
patterns subject to the following criterion that is due to Freydenberger et al. [5]:

Definition 1. We call any o € NT prolix if and only if there exists a decompo-
sition o = Poy1 17202 - - . Bn—1VnfBn with n > 1, B € N* and v, € NT, k < n,
such that
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1. for every k, 1 <k <mn, |y > 2,

2. for every k, 1 <k <n, and for every k', 0 <k <n, V() NV (Bx) =0,

3. for every k, 1 < k < n, there exists an xy, € V(yx) such that xj occurs exactly
once in v and, for every k', 1 < k' <n, if x; € V(yp) then yx = i

We call a € Nt succinct if and only if it is not proliz.

Succinct and prolix patterns possess several interesting characteristic properties.
First, Freydenberger et al. [5] demonstrate that a pattern « is succinct if and
only if there is an injective morphism o3 such that ¢5" is unambiguous on a.
Furthermore, there is no injective morphism that is unambiguous on all succinct
patterns, and all nonerasing morphism are ambiguous on all prolix patterns.
These results serve as the main fundament of the present work. In addition to
this aspect, the set of prolix patterns exactly corresponds to the set of finite fixed
points of nontrivial morphisms, i.e. for every prolix pattern « there exists a mor-
phism ¢ : N* — N* such that, for an x € V(«), ¢(x) # x and yet ¢(a) = « (cf.,
e.g., Hamm and Shallit [7]). Finally, according to Reidenbach [I0], the succinct
patterns are the shortest generators for their respective E-pattern language —
this explains the terms “succinct” and “prolix”.

Whithin the scope of the present paper, we call a morphism o : N* — {a, b}*
homogeneous if there exist p, s € {a,b} " such that for all x € N, p is a prefix of
o(x) and s is a suffix of o(z). Otherwise, o is heterogeneous.

For every n € N, we define o,, (the segmented morphism with n segments)
by o, (x) := ab™ ("~ Da ab"®~("=2)a ... ab"*~la ab™a for every x € N and
refer to the subwords ab™a as segments. In this work, we mostly concentrate on
the morphisms o1, 09, 03 given by o1(x) := ab®a, oa(x) := ab?*~la ab?*a and
o3(z) := ab3*~2a ab3*~la ab3¥a. Although it is not a segmented morphism, we
also study the morphism oy given by o¢(x) := ab?, as it is quite similar to o1
and often used to encode words over infinite alphabets using only two letters.

There is an interesting property of all o, with n > 3 that can be derived from
the proof of Lemma 28 by Freydenberger et al. [5]:

Lemma 1. Let a € Nt succinct, n > 3 and 7(a) = o, () for some morphism
7 # 0. Then, for every x € V(a), 7(x) contains aab™~("=2a ... ab"™ laa.

This lemma is of great use in the next section, and the fact that there is no
similar property for n < 2 is the very reason for the existence of Section Ml

3 Homogeneous Morphisms with Three or More
Segments

Due to Freydenberger et al. [5], we know that the characteristic regularities in
prolix patterns render every injective morphism ambiguous on these patterns.
Although succinctness prohibits those regularities, some other structures sup-
porting ambiguity of segmented morphisms can occur. For example, it is easy to
see that o; is ambiguous on the succinct pattern a:=1-2-1-3-3-2, e.g. by
considering morphisms 7; or 75 which are given by 71(1) := ab, 71(2) := a ab%a
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and 71(3) := aab? and (1) := abaa, 72(2) := b%a and 73(3) := b3a a. In both
cases, the arising ambiguity can be understood (albeit rather metaphorically) as
some kind of communication where occurrences of 1 decide which modification is
applied to their image under o7 and communicate this change to occurrences of
2, where applicable using 3 as a carrier. The patterns that show such a structure
can be generalised as follows:

Definition 2. Let o € N*. An SCRN-partition for « is a partition of V («) into
pairwise disjoint sets S, C, R and N such that o € (N*SC’*R)+ N*. We call o
SCRN-partitionable if and only if it has an SCRN-partition.

As demonstrated by the above example, the existence of an SCRN-partition of a
pattern « is a sufficient condition for the ambiguity of any segmented morphism
(and o as well). In fact, it holds for every homogeneous morphism:

Proposition 1. Let a € Nt. If a is SCRN-partitionable, then every homoge-
neous morphism o is ambiguous on .

Proof. As o is homogeneous, there exist a p € {a,b}* and, for every z € N,
an s; € {a,b}* such that o(z) = p s,. Let S,C, R, N be an SCRN-partition
for . We define 7 by, for all x € S, 7(z) := o(x) p, for x € R, 7(x) := $g,
for x € C, 7(x) := s p. For x € N, we simply define 7(z) := o(x). As we are
using an SCRN-partition, a ¢ N*; therefore, 7 # o holds. It is easy to see that
T(a) = o(«). Thus, o is ambiguous on a. O

We now wish to demonstrate that, for o, with n > 3, this condition is even
characteristic. If o,, is ambiguous on some succinct o € NT (i.e., there is some
T # 0, with 7(a) = o, ()), every variable possessing different images under 7
and o, still keeps all its characteristic inner segments under 7 (cf. Lemmal[ll). Any
change is therefore limited to some gain or loss of its (or its neighbours’) outer
segments and has to be communicated along subpatterns resembling the SC* R-
sequences of a SCRN-partition. This allows to construct an SCRN-partition from
7 and leads to the following theorem:

Theorem 1. Let a € NT. Then, for every n > 3, o, is ambiguous on o if and
only if « is prolix or SCRN-partitionable.

Proof. As mentioned above, [5] demonstrates that we can safely restrict ourselves
to succint «, since every injective morphism is ambiguous on every prolix a € N¥.
We begin with the only-if-direction. Assume o,, is ambiguous on some succinct
« € NT; then there exists some morphism 7 # o, with 7(a) = 0y, («). Lemma [I]
guarantees that every 7(z) contains the inner segments of o,,(z). This allows us
to distinguish the following cases: For every = € V(a), let x € N if and only if
7(z) = o (). If & has neither lost nor gained to its left, but has lost or gained
to the right, let = € S, if its the other way around, let x € R. Finally, if 7(x) is
different from o, () on both sides, let 2 € C. To show that o € (N*SC*R)" N*,
we read « from the left to the right. As the first variable has no left neighbour,
it cannot have gained or lost some word on its left side; thus, it must belong to
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N or S. If it belongs to N, the same is true for the next variable, but as o € NT
would contradict 7 # o, sooner or later some variable from S must occur.
As this variable has a changed right segment, its right neighbour experienced
the corresponding change on its left segment. Consequently, that variable must
belong to C or R. If it is from C instead, again variables from C' must follow
until a variable from R is encountered; so a has a prefix from N*SC*R. But as
variables from R do not change their right segments under 7, we now have the
same situation as when we started. We conclude a € (N*SC*R)* N*; therefore,
a is SCRN-partitionable. The if-direction follows from Proposition [l O

Consequently, ambiguity of morphisms with at least three segments on succinct
patterns is always only a transfer of parts of segments in blocks consisting of
a sender, a receiver and possibly some carriers between them[] As a sidenote,
consider generalised segmented morphisms with n segments as morphisms og :
N* — X* where og(z) € (abTa)” for all z € N, and for every w € ab*a, there
is at most one x € N such that w is a subword of og(z). It can be shown that
if n > 3, Lemma [l holds for og as well. Thus, for every generalised segmented
morphism o with at least three segments, U(og) = U(os). Furthermore, as
o3 is the homogeneous version of the heterogeneous unambiguous morphism o3"
constructed by Freydenberger et al. [5], Theorem [ precisely distinguishes the
patterns for which there is an unambiguous homogeneous morphism from those
patterns where an unambiguous morphism has to be heterogeneous. Thus, our
result significantly contributes to a deeper understanding of the impact of the
heterogeneity of a segmented morphism on its unambiguity.

Theorem [Il demonstrates, that for o, with n > 3, ambiguity on succinct pat-
terns is inherently related to the occurrence of global regularities that depend on
local interactions between neighbouring variables only. In fact, these regularities
can be described by the equivalence classes L7 and R’ on V(«) introduced by
Freydenberger et al. [5] as fundamental tools to construct tailor-made unambigu-
ous morphisms ¢5". In the present paper, we describe these equivalence classes
using an equivalent but simpler definition that is based on the adjacency graph
of a pattern, a construction that has first been employed by Baker et al. [I]
to simplify the Bean-Ehrenfeucht-McNulty-Zimin characterisation of avoidable
words, cf. Cassaigne [2]. Like Baker et al., we associate a pattern a € NT with a
bipartite graph AG(«), the adjacency graph of c: The vertex set consists of two
marked copies of V(a), V¥ and VT (for left and right, respectively); for each
z € V(a), there is an element 2 € V' and an element 2% € V. There is an
edge ¥ — y* for z,y € V(a) if and only if zy is a subpattern of a.

Unlike Baker et al., we consider a partition of VUV into sets Hy,..., H,
such that each H; is the set of vertices of a maximal and connected subgraph
of AG(«). We call such a set H; a neighbourhood in o and refer to the set of all
neighbourhoods as H(«). For every neighbourhood H;, the left neighbourhood
class L7 denotes the set of all = such that 2% is in H; and likewise the right
neighbourhood class R the set of all x such that ! is in H;.

! Hence the letters S,C,R,N stand for sender, carrier, receiver and neutral,
respectively.
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Ezample 1. Let o := 1-2-3-1-2-2-3. We obtain H; = {1£, 2L 2F 3F}
and Hy = {3L, 1%} and therefore, Ly = {1,2}, LY = {3}, Ry = {2,3} and
R5 = {1}. In the following figure, we display the adjacency graph of a. Boxes
mark the elements of Hi:

1L 17
oL oR
3L 3R

As no injective morphism is unambiguous on a prolix pattern, we mainly deal
with succinct patterns. It is useful to note that, apart from patterns of length 1
(like 1), no succinct pattern contains variables that occur only once. Therefore,
in succinct patterns every neighbourhood contains elements from V% and V%,
and every variable belongs to exactly one left and one right neighbourhood class.

Utilising our definition of neighbourhood classes, we now give a second char-
acterisation of U(oy,,), n > 3:

Theorem 2. For every a € NT with first variable f and last variable | and any
n > 3, o, is ambiguous on « if and only if « is prolix or there is a neighbourhood
H; € H(a) such that f ¢ Ry and 1 ¢ L.

Proof. First, assume that, for some succinct « := fa’l with o/ € N*, there is
some 7 # o, such that 7(a) = o,(«). Now we construct an SCRN-partition
S,C, R, N of V(«) like in the proof to Theorem [Il Let x € S and choose i such
that € L7". Then 7(x) can be seen as the result of o, (z) either loosing a word
b*a to or gaining some word ab* from every right neighbour of an occurrence of
x in a. Therefore, all those neighbours must reflect this change on the left side of
their image under 7, as anything else would contradict Lemma[lor 7(a) = o, ().
Likewise, all those neighbours’ left neighbours must change their right segment
in the same way as x. This has to propagate through all of H;; so all elements of
L7 show the same change to their right segment, and all elements of R} show the
corresponding change to their left segment. Now assume f € R}. As f is the first
variable of a and due to Lemma [l 7(f) can differ from o, (x) only to the right
of the middle segment, and only by some part of a segment. But this contradicts
our previous observation that all elements of R; are afflicted by a change to
their left segment. This leads to f ¢ R’. Likewise, [ ¢ L7, which concludes this
direction of the proof. For the other direction, let a := fa'l be succinct with
some neighbourhood H; such that f ¢ R and | ¢ LY. Now define S,C, R, N
by S=L7\R;,C=L7NRY, R=R\ L7 and N =V («a) \ (L} UR). The
four sets form a partition of V(«), so it merely remains to be shown that their
elements occur in « in the right order. First observe that, by definition, f € SUN
and [ € RU N. Furthermore, for any subpattern zy of «, if x € S or z € C,
then x € L. Therefore, y € R;” and thus y € C' U R. Likewise, x € N or x € R
implies = ¢ L7" and y ¢ R}, which leads to y € NUS and o« € (N*SC*R)" N*.
By Theorem [0 we conclude that o, is ambiguous on «. a
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Consequently, in order to decide ambiguity of o,, n > 3, on a succinct pat-
tern «, it suffices to construct H(«) and check the classes of the first and last
variable of a. The construction can be done efficiently, e.g. by using a Union-
Find-algorithm.

This theorem provides a useful corollary for a class of patterns first described
by Baker et al. [I]. We call a pattern a@ € N* locked if and only if |H(a)| = 1
and thus L) = R = V(). We observe the following consequence:

Corollary 1. Let o € N*. If « is succinct and locked, then o € U(o3).

This corollary is of use in the next section, where we shall see that having less
than three segments entails other types of ambiguity than the one described in
the previous section.

4 Homogeneous Morphisms with Less Than Three
Segments

In this section, we examine the effects caused by reducing the number of seg-
ments. One might expect no change in the corresponding sets of unambiguous
patterns, or a small hierarchy that reflects the number of segments, but as we
shall see, neither is the case. To this end, we construct the following five patterns:

Definition 3. We define ap, a1, az and ag\z as follows:

ap:=1-2-3-1-3.2,
ar:>=1-2-2-3-1-1-3-1,
ag:=(1-2-3-3-42.5.2.6-5-7-(8-6)*-(9-7)2-10-4-11-4-10-12-
11-12-(3-13)* - (14-3-2-15),
ago = (1-2-3)%-(4-5-4)*-(6-7-6-8)*-1-7-3-(9-6-6-10)%- (11-12)*-
(13-7-7-4-14-12)*-(15-14)*-9 - 6.

Finally, we define ay\o by aq\2 1= 12.6-1-p(8) -1, where

6:=P1-1-Po-1-B3-1-Ba-1-P5-1-71-F6-1-PB7-1-72-1-Ps
Loyg-1-Bg-1-Pro-1-Pi1-1-Pra-1-Biz-1- P,

and p(1) := X, p(x) :=z for all x € N\ {1}, and furthermore

£r:=2-3-3-4, B2:=3-2-2-5,

B3 :=6-7, By :=8-9,

Bs:=10-11, y=(12-1)(13-1)-...- (17-1),
B := 18- 19, Br:=6-20-9,

Yo :=21-1-22, Os :=6-23-11,

v3:=24-1-25-1-26, Bo:=27-2-20-2-20-28-2-29,
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Bro = 30-2:(20-2-23-2)%.20-(31)*32, By, := 33-3-34-23-3-23-3-35,
B2 :=36-20-20-28-2-29, B3 :=33-3-34-23-23-37,
ﬂ14 =18 -31- 32.

We begin by establishing the relation between U(o3) and the other sets:
Theorem 3. The sets U(og), U(o1) and U(oz) are strictly included in U(os).

Proof. For all three languages, the inclusion directly follows from Theorem [Ik
If « ¢ U(o3) then « is prolix or SCRN-partitionable. In the former case, every
injective morphism is ambiguous on «, and, due to Proposition[I], the existence
of an SCRN-partition is sufficient for ambiguity of segmented morphisms and
09. To prove strictness, we show that oy, o1, 02 are ambiguous on the patterns
g, a1, ao, respectively, from Definition [3l All three patterns are succinct and —
as demonstrated by their adjacency graphs — have only one neighbourhood class
each. Hence, due to Corollary [ o3 is unambiguous on each of the patterns.

We start with ap and define 7 by 7(1) := 0¢(1-2), 7(2) := 0¢(2) and 7(3) :=b.
Then 7 # o9, but 7(ap) = oo(1-2)-00(2) -b-0op(l-2) -b-0(2) = golag).
Therefore, oy is ambiguous on «g. For a;, we set 7(1) := a, 7(2) := baab and
7(3) := baoy(3)ab. It is easy to see that 7 # o1 and 7(a1) = o1(a1). With
regard to o9, we consider the morphism 7 given by

7(1) := 02(1 -2 3) ab®a ab®, 7(2) := b*a ab®,
T(3) == A, 7(4) := b*aaba,
7(5) := 02(5) a, 7(6) := ba 02(6),
7(7) := bPaab'?a, 7(8) := ab'®a ab’®
7(9) :=02(9) a, 7(10) := 02(10) ab”,

7(11) := 09(11) ab®, 7(12) := b*’a ab?*a,

7(13) := 02(3 - 13), 7(14) := ab*"a ab?®,

7(15) := b%a ab®a 05(2 - 15).

Then 7 # 09. Proving 7(ag) = o2(az) is less obvious, but straightforward. O

The proof for Theorem Bl is of additional interest as Freydenberger et al. [5]
propose to study a morphism 02%° that maps each variable z in a succinct
pattern « onto a word that merely consists of the left and the right segment of
oSt (x) (recall that o5" is a heterogeneous morphism which maps every variable
x onto three segments). In [5] it is asked whether, for every succinct pattern «,
0258 is unambiguous on «, thus suggesting the chance for a major improve-
ment of 5. With regard to this question, we now consider the pattern ao.
In the above proof, it is stated that « is a locked pattern, which implies that
025°8 only maps the variable 1 onto a word b...b and all other variables in s
onto words a...a. Consequently, for each z € V(ag) \ {1}, 025%¢(z) = o2().
Therefore — and since, for the corresponding 7 introduced in the proof of Theo-

rem 3] the word 7(1) completely contains o4 (1) — we can define a morphism 7’ by
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/(1) := 028(1-2-3) ab’aab® and 7/ (z) := 7(z), 2 € V(a2)\{1}, and this defini-
tion yields 7/(az2) = 027 (az). So, there exists a succinct pattern a (namely o)
such that 02°¢ is ambiguous on a. Thus, ap does not only prove U(o2) C U(03),
but it also provides a negative answer to an intricate question posed in [5].

Returning to the focus of the present paper, the examples in the proof for The-
orem [3] demonstrate ambiguity phenomena that are intrinsic for their respective
kind of morphisms and cause ambiguity on patterns that are neither prolix nor
SCRN-partitionable: With regard to og, the fact that for each x,y with = < vy,
oo(x) is a prefix of og(y) can be used to achieve ambiguity, as demonstrated by
ayp. Concerning o1, a variable x can achieve 7(z) = a both by giving ab® to the
left or b¥a to the right, which can be prefix or suffix of some o1 (y). In a1, we
use this for 7(1). The situation is less obvious and somewhat more complicated
for o9, as suggested by the fact that we do not know a shorter pattern serving
the same purpose as aq. Here, a variable x can obtain an image 7(x) € b*aab*,
which can be used both as a middle part of some o2(y), and as the borderline
between some o2 (y) and some o2(2). In the proofs for Theorem Bl and Theorem Gl
we utilise further examples for complicated cases of os-ambiguity.

It is natural to ask whether these phenomena can be used to find patterns
where one of the three morphisms og, 01, o2 is ambiguous, and another is not.
We begin with a comparison of U(oy) and U(oq):

Theorem 4. The sets U(og) and U(o1) are incomparable.

Proof. We have already established the ambiguity of o9 on o and of o1 on a3
in the proof of Theorem [l The proofs for the unambiguity of o1 on g and of
op on ap are left out due to space reasons. a

This result is perhaps somewhat counter-intuitive, but the fact that U(og) and
U(o1) can be separated by two very short examples might be considered evidence
that the two languages are by far not as similar as the two morphisms. We
proceed with a comparison of U(cg) and U(cs). Surprisingly, the same result
holds (although one of the examples is considerably more involved):

Theorem 5. The sets U(og) and U(og) are incomparable.

Proof. Here, we use ap and 2. In spite of the NP-completeness of the problem
(cf. Ehrenfeucht, Rozenberg []), a2 € U(0o) and ag € U(0o2) can be verified by
a computer; therefore (and due to space constraints), we omit the corresponding
proof. Contrary to this, the length of o2(cg\2) does not allow for the use of a
computer. With regard to the ambiguity of o2, we thus refer to the morphism 7
given by

7(1) = o9(1) ab?, 7(2) = ba ab?,
7(3) = b%a oy (1), T(4) = A,

7(5) = 02(4-5-4), 7(6) = a,

7(7) =b''aab'? 7(8) = 02(7 -6 - 8),
7(9) = 02(9-6), 7(10) = 02(6 - 10),
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7(11) = 02(11) ab**a ab'?, 7(12) = b'?a,
7(13) = 02(13-7-7-4) ab*"a ab'’, 7(14) = \,
7(15) = 02(15 - 14),
which yields 7(ag\2) = 02(ag\2) and, hence, the ambiguity of o2 on a. O

We conclude this section by the examination of the last open case, namely the
relation between U(oy) and U(oz). Again, one might conjecture that the more
complex morphism oy is “stronger” than o1, but our most sophisticated example
pattern aqyo shows that this expectation is not correct:

Theorem 6. The sets U(o1) and U(oz) are incomparable.

Proof. For this proof we use the patterns a; and a;\. Recall that o; is am-
biguous on «ay (cf. proof of Theorem [B]). With little effort, it can be seen that
o9 is unambiguous on «j. Thus, we know that «; € U(oz) \ U(o1). The fact
that o7 is unambiguous on a;\o requires extensive reasoning, which is left out
due to space reasons. Showing that oo is ambiguous on aq\ is more straight-
forward. Let 7(x) := A for x € {2,3,28,31,34} and 7(z) := o2(x) for = €
V(v1) UV (y2) UV (y3). For all other € V(ay\2), define 7(x) as follows:

T(4) :==02(2-3-3-4), 7(5) :=02(3-2-2-5),
7(6) := 02(6) ab'?, 7(7) := b*aab'a,
7(8) := ab'’a ab®, 7(9) :=1"a 02(9),
7(10) := ab'?a ab®, 7(11) :=b'2a oy (11),
7(18) := 0(18) ab?’, 7(19) :=b'%a ab®®a,
7(20) := b*®a ab?’, 7(23) := b**a ab®
7(27) 1= 02(27-2-20 - 2) ab*’a ab'?, 7(29) :=b*a 09(2 - 29),
7(30) == 02 (30-2-(20-2-23-2)%) ab¥aab'®, 7(32) :=b*aab®a-0y(32),
7(33) := 02(33 - 3) ab®3, 7(35) := w (3 - 23 - 3 - 35),
7(36) := 02(36 - 20) ab*’a ab'?, 7(37) := w 02(23 - 37),

where w := blaaba. Obviously 7 # 0. As 7(z) = o2(x) for x € V(y1) U
V(y2) U V(73), especially for = = 1, it suffices to show 7(5;) = o2(5;) for all
i€{1,2,...,14}. For 31 and (33, the claim holds trivially. For the other ;, the
process is straightforward but somewhat lenghty. Thus, aj\, € U(o1) \ U(o2),
and therefore U(o1) and U(o2) are incomparable. O

Note that we do not know any nontrivial characterisation of U(oy), U(oy) and
U(o2). Moreover, we cannot refer to a computationally feasible method to suc-
cessfully seek for any patterns in U(o1)\U(o2), U(0oo)\U(0o2) and U(o3)\U(02).
Therefore, we cannot answer the question of whether there exist shorter examples
than as, ag\2 and g\, suitable for proving Theorems [3 [ and G respectively.
The intricacy of the ambiguity phenomena relevant for the construction of such
patterns, however, suggests that our examples cannot be shortened significantly.
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5 Conclusion and Open Problems

In the present paper, we have studied the unambiguity of an important type of
injective morphisms. More precisely, we have examined the impact of the num-
ber n of segments of a segmented morphism o,, on the set U(o,,) of patterns for
which o,, is unambiguous. Our main results show that a change of n, surprisingly,
does not give rise to a “real” hierarchy of sets of patterns, as the three pairwise
incomparable languages U(oq), U(o1) and U(o3) are all contained in one com-
mon superset U(o3), that is also the maximum any homogeneous morphism can
achieve. We have established the result on U(os) by two characteristic crite-
ria on U(os), which additionally entail a substantial improvement of the main
technique introduced in the initial paper [5] on the unambiguity of morphisms.

Contrary to this, a major part of our results on oy, 01 and o2 are not based
on criteria, but on example patterns. We regard it as a very interesting problem
to find characterisations of U(cy), U(o1) and U(oz). In consideration of the
remarkable complexity of the patterns ag\2, a1\2 and ag, however, we expect
this to be an extraordinarily cumbersome task.
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Abstract. We solve the commutation equation AB = BA for binary
factorial languages A and B. As we show, the situations when such lan-
guages commute can be naturally classified. The result is based on the
existence and uniqueness of a canonical decomposition of a factorial lan-
guage, proved by S. V. Avgustinovich and the author in 2005. It continues
investigation of the semigroup of factorial languages.

1 Introduction

The commutation equation XY = Y X is one of the simplest equations, whatever
X and Y are and whatever XY means. Its solution is sometimes also simple: for
example, if 2 and y are finite words (i. e., elements of a free semigroup), and the
operation considered is just the catenation, then xy = yz implies x = 2" and
y = 2" for some word z and some non-negative integers n and m.

However, if X and Y are languages, and the operation considered is still the
catenation (defined naturally by XY = {aylz € X,y € Y}), the commuta-
tion equation becomes very difficult to solve. Much attention has been paid in
particular to the centralizer of a language X, which is the maximal language
commuting with it (this maximal language exists since the set of languages com-
muting with X is closed under union). Conway [2] conjectured in 1971 that the
centralizer of a rational language is rational. Although this conjecture has been
recently disproved by Kunc [7] in a very strong sense, positive partial results
for prefix codes [9], codes [5] and languages with at most three elements [6] are
known. A survey on the history of the problem can also be found in [7].

In this paper, we restrict ourselves to considering factorial languages. A lan-
guage is called factorial if it is closed under taking factors of its elements. It is
clear that since each factorial language contains the empty word, its centralizer
is always X*, where X is the alphabet. Moreover, factorial languages clearly
commute in the following two situations:

Word type commutation: AB = BA if A = C™ and B = C" for some
factorial language C' and non-negative integers n and m.

Commutation by absorption: Let X4 be the subalphabet of all letters oc-
curring in a factorial language A. Then AB = BA= B if B¥4 C B, Y4B C B,
and thus B = BY", = X" B: the language B absorbs A.

* Supported in part by RFBR grants 05-01-00364 and 06-01-00694.
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© Springer-Verlag Berlin Heidelberg 2007



194 A.E. Frid

An example of commutation by absorption is given by A = a* and B = {a, b}*.
In fact, there exists a continuum of binary factorial languages absorbing A: there
is a continuum of binary factorial languages, and for each of them, denoted by
C, we can take B = a*Ca*.

It is also clear that all unary factorial languages on the alphabet ¥ = {a}
commute and this commutation is described by one of the two cases above: if
the languages are {a*|k < n} and {a*|k < m} for some n,m > 0, this is word
type commutation, and if at least one of them is equal to a*, this is absorption.

However, the following binary example shows that commutation of factorial
languages in general is not entirely described by these two situations.

Example 1. The languages A = a*b* U b*a* and B = a* commute since AB =
BA = a*b*a*.

In this paper, we classify the cases when binary factorial languages commute by
defining three types of so-called unexpected commutation; an example of one of
its types is given above, and the complete description is done in Section [7l The
main result of this paper is

Theorem 1. Two binary factorial languages commute if and only if either they
are powers of the same factorial language; or one of them absorbs the other; or
their relationship is described below as unexpected commutation I, II, or III.

Most auxiliary statements of the paper hold or can be generalized to the arbitrary
alphabet. The fact that the alphabet is binary is needed only for one of the
cases considered in Subsection [[.2] Extending that part of the proof to arbitrary
alphabets is a subject of future work.

The proof is based on existence and uniqueness of the canonical decompo-
sition of a factorial language proved by Avgustinovich and the author in [IJ,
and on an investigation of canonical decomposition of a catenation of factorial
languages taken in []. Practically, we examine factorial languages as words on
the infinite alphabet of indecomposable languages. Although the semigroup of
factorial languages is not free, we may consider it almost as a free one and use
classical results on word equations.

In Sections Pl and B, main definitions and techniques are introduced. Section F]
contains technical lemmas conccerning properties of the introduced operators. In
all the three sections, factorial languages on arbitrary alphabets are considered.

In Section [B] we list needed classical results on word equations. In Section [6,
specific features of the binary alphabet are explained. At last, Section [ contains
the main part of the proof, relying on the results of the previous sections. Cases
of unexpected commutation are marked by frames.

2 Factorial Languages and Canonical Decompositions

Let X be a finite alphabet; for a while, we not require X' to be binary. A language
is an arbitrary subset of the set X* of all finite words on X'. The empty word is
denoted by A.
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A word v is called a factor of a word u if u = svt for some words s and ¢
(which can be empty). In particular, A is a factor of any word. The factorial
closure Fac(L) of a language L is the set of all factors of all its elements. Clearly,
Fac(L) D L. If Fac(L) = L, that is, if L is closed under taking factors, we say
that L is a factorial language.

Typical examples of factorial languages include the set of factors of a finite
or infinite word; the set of words avoiding a pattern, etc. Clearly, the factorial
closure of an arbitrary language is a factorial language; if the initial language
is regular, so is its factorial closure. The family of factorial languages is closed
under taking union, intersection and catenation. Factorial languages equipped
with catenation constitute a submonoid of the monoid of all languages, and its
unit is the language {\}. We are interested in properties of this submonoid.

A factorial language L is called indecomposable if L = L1Lo implies L = L
or L = Lo for any factorial languages L; and Lo. In particular, we have the
following

Lemma 1. [1] For each alphabet X, the language X* is indecomposable.

Other examples of indecomposable languages include a* U b* with a,b € X', and
languages of factors of any recurrent infinite word.

A decomposition L = Lj--- Ly of a factorial language L to catenation of
factorial languages is called minimal if L # Ly -+ L;—1L;L;11 - - - Ly, for any fac-
torial language L) C L;. A minimal decomposition to indecomposable languages
is called canonical.

The following theorem is the starting point of our technique.

Theorem 2. [1] For each factorial language L, a canonical decmposition exists
and is unique.

Ezxample 2. If L is indecomposable, then its canonical decomposition is just L =
L. The canonical decomposition of the language a*b* Ub*a* is (a* Ub*)(a™ Ub*).

3 Important Tools

Let F be the set of all indecomposable factorial languages. In what follows, the
canonical decomposition of a language L considered as a word on the alphabet
F will be denoted by L. Due to Theorem ], the equality between two factorial
languages Ly and Ly always implies the equality of words on F corresponding to
their canonical decompositions. We shall write it as Ly = Lo (or, more rigorously,
Ly = Lo).

In what follows we compare canonical decompositions of factorial languages
as words on F: although the alphabet F is infinite, all considered words on it
are finite, and we can use classical results and techniques on word equations.

Another series of results which we shall need concerns canonical decomposi-
tions of catenation of factorial languages. Suppose we are given canonical de-
compositions A of a language A and B of a language B. What is the canonical
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decomposition AB of their catenation? The answer has been found in [4] and is
expressed in terms of subalphabets IT(A) and A(B), where

HX)={ze XXz C X} and A(X) ={z € Y|zX C X}.

So, II(X) is defined as the greatest subalphabet such that X IT*(X) = X, and
A(X) is the greatest subalphabet such that A*(X)X = X.

Ezample 3. If X = {a,b}*, then A(X) = I(X) = {a,b}. If X = a*b*, then
A(X)={a} and II(X) = {b}. If X = a*Ub*, then A(X) = II(X) = 0. We also
have A(X) = I[I(X) = ) for each finite language X.

Now, given a factorial language X and a subalphabet A, let the operators L and
R on factorial languages be defined by

LA(X)=Fac(X\AX) and Ra(X) = Fac(X\X A).
The meaning of these sets is described by the following lemma proved in [4].

Lemma 2. For factorial languages X and Y we have Raryy(X)Y = XY, and
RAyy(X) is the minimal factorial set with this property: it is equal to the in-
tersection of all factorial languages Z such that ZY = XY . Symmetrically,
YLpwyy(X) =YX, and Ly (X) is the minimal factorial language with this
property.

Let us list several staightforward properties of the operators L and R.

Lemma 3. Suppose that ¥ = {a1,...,aq4}, and X is a factorial language on X.
Then

A =Le(X) C Ligy,.ay 3 (X) €+ C Loy (X) C Ly(X) = X, and
{M =Rs(X) € Riay,...ap 13 (X) €+ € R 3 (X) € Ry(X) = X. 0

Lemma 4. For each subalphabet I' and a factorial language X we have XI'™* =
Rp(X)I* and I'*X = I'*Lp(X).

The two following lemmas show that in many cases we just have Lp(X) = X
and R[* (X) = X.

Lemma 5. [J]] Let X be a factorial language and I' C X be a subalphabet. If
II1(X) contains a symbol not belonging to I', then Rp(X) = X. Symmetrically,
if A(X) contains a symbol not belonging to I', then Lp(X) = X.

Lemma 6. [J] Let X be a factorial language with X = X --- Xy. Then

L Xo o Xy if Xo = AY(X),
Lago(X) = {X, otherwise;

and symmetrically,

L X Xy, if X = (X)),
Ry (X) = {X, otherwise.
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These two lemmas combined with Lemma [] lead to the following main result

of [M].

Theorem 3. [/ Let A and B be factorial languages with A = Ay --- Ay, and
B = By - By, where A;, B; € F. Then the canonical decomposition of AB is

1. AB = Rapy(A) B if II(A) C A(B); symmetrically, AB = A L )(B) if
A(B) € T1(A);

2. AB = Ay---Ax_1B if A(B) = II(A) = A and Ay, = A*; symmetrically,
AB = ABy-- By, if A(B) = II(A) = A and By = A*. Note that the
situation of Ay = By = A* falls into both cases.

3. AB = A B otheruwise.

Corollary 1. For all factorial languages A and B, the canonical decomposition
of AB is either AB = Rx(p)(A) B or AB = A Lya)(B).

PROOF. In fact, in the latter two cases of Theorem [ the equality also holds as
it is listed in Lemmas 5l and Bl For details, see [4]. ]

4 Properties of Decompositions and Operators L and R

In this section, the alphabet considered is still arbitrary.

Lemma 7. [JJ If X = X, ---X,,, X; € F, then II(X) = II(X,,) and A(X) =
A(X).

Lemma 8. Let X = X;---X,,,, X; € F, be the canonical decomposition of a
factorial language X . Then each factor X;--- X, 1 < j, of the “word” Xy --- X,y
18 also a canonical decomposition of the respective language:

X X; =X, X

PRroor. Suppose that X;---X; is not a canonical decomposition. Since all
languages X are already indecomposable, it is possible only if X;---X; =
X;--- X/ --- X; for some factorial language X C Xj, i < k < j. But then X =
Xy (X X X)Xy = Xp - XL X, that is, X # X; - X, a
contradiction. 0O

Lemma 9. Let X be a factorial language. Then for all subalphabets A, 1T C X
the equality Lir(RA(X)) = Ra(Lz (X)) holds.

PRrROOF. If a non-empty word u € Liz(Ra(X)), then there exists v (which can
be empty) such that vu starts with a symbol from X\ IT and belongs to Ra(X).
This, in its turn, means that there exists a word w (which can be empty) such
that the last symbol of the word vuw belongs to X\ A, and vuw € X.

We see that the obtained condition is symmetric with respect to the order of
applying the operators Ly and R, so, we get it another time if we consider an
arbitrary word u € Ra(L(X)). Thus, these two sets are equal. O
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Lemma 10. Let I' C X be a subalphabet and X be a factorial language with
Rr(X) =Y #{\}. Then A(Y) 2 A(X).

PROOF. Let a be a symbol from A(X). Suppose by contrary that a ¢ A(Y),
that is, that ay # Y for some y € Y.

If y is not the empty word, y € Y means that yz € X for some z such that
the last symbol of yz does not belong to I'. Since a € A(X), we have ayz € X
and thus ay € Y, a contradiction.

Now it remains to observe that if ay € Y for all non-empty words y € Y
(which exist by the assertion), then the same holds for the empty word A: the
symbol ¢ = a\ € Y since Y is factorial. We have shown that a € A(X) implies
a € A(Y), which was to be proved. O

Lemma 11 (see [4] for another formulation). Let X be a factorial language
with X = X1+ X, X; € F. Consider a subalphabet A C X and the factorial
language Y = RA(X) with Y =Y,---Y,, Y; € F. Then there exist integers
0=1dp < ... <imo1 < im = n such that Vi, ,41---Yi, C Xi for all k =
1,...,m. Moreover, if Y = Ra(X), then for each k < m we have Yy ---Y;, =
RA( )(Xl-'-Xk) and Yik-&-l"'Yn:RA(Xk-&-l"'Xm)-

Yi+1

Note that in this lemma, i may be equal to ir41, and thus the sequence of Y}
included into a given X} can be empty.
Lemmas symmetric to the latter two can be proved as well.

Lemma 12. Suppose that Y = RaA(X) (or' Y = La(X)) for some A C X,
X=X1-Xp, Xs €F, andY = X501y Xo(n) for some permutation o. Then
X=Y.

PROOF. The assertion of the lemma means that each indecomposable factorial
language occurs in the canonical decompositions of X and Y an equal number
of times.

For the sake of convenience, let us denote X, ;) = Y;. Due to Lemma [Tl there
exist integers 0 = ip < ... < ip_1 <4, =n such that Y;, ,+1---Y;, C X} for
all k = 1,...,n. We wish to prove that i, = k for all k, and all the inclusions
are in fact equalities (of the form Y; = X;).

Suppose the opposite. Then there exists some ki such that the corresponding
inclusion is of the form Y;, _,41---Y;,  C Xj, (the equality is impossible even if
ik, — ik, —1 > 2, since all the involved languages are indecomposable, and decom-
positions are minimal). In particular, neither of the languages Yie, 141+, Yy,
is equal to Xj,. But we know that the language X}, occurs in X and Y an
equal number of times. So, X, is equal to some Y}, where ig,—1 +1 < j < iy,
and X, =Y; € Xj,. Continuing this argument, we get an infinite sequence
X, € Xy, € - € Xy, € ---. But there is only a finite number of entries in

=

the canonical decomposition of a factorial language. A contradiction. O

Lemma 13. Let us fiz a subalphabet A C Y. A factorial language Y can be equal
to Ra(X) (La(X)) for some factorial language X if and only if Y = RA(Y)
(respectively, Y = La(Y)).
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PROOF. Clearly, the ”if” part of the proof is just given by X =Y. To prove the
"only if” part suppose that Y # RA(Y'), which means that there exists a word
u € Y such that u = v'a, a € A, and u is not a prefix of any word from Y whose
last symbol does not belong to A. Suppose that ¥ = Ra(X) for some X. Since
u €Y, we must have uv € X for some word v whose last symbol is from X\ A.
But then wv € Y, contradicting to our assumption. The proof for the operator
L A is symmetric. a

Lemma 14. Let Y be a factorial language with Y = RA(Y) (Y = L (Y)) for
a given A, IT C Y. Then Y = RA(X) (Y = L (X)) if and only if for a factorial
language X we have Y C X CYA* (respectively, Y C X C II*Y ).

PROOF. Suppose that ¥ = Ra(X); then Y C X by the construction (and
LemmaB]), and X C XA* = RA(X)A* = Y A* due to Lemma [l

On the other hand, if ¥ € X C YA*, then Y\XA C X\XA C VYA*\XA =
Y\XA. So, V\XA = X\ XA and thus Y = Ra(Y) = Ra(X).

The proof for the operator Ly is symmetric. a

5 Simple Word Equations

Here we list several classical word equations and their solutions. Words are con-
sidered on an alphabet A which may be infinite since all considered words are
finite anyway.

Lemma 15 (Commutation of words, see e.g. [8]). Let words xz,y € A*
commute: xy = yx. Then x = 2" and y = 2™ for some z € A* and n,m > 0.
O

Lemma 16 (see, e. g., [3]). Let xzz = zy for some z,y,z € A*. Then either
r=y=M\orz=M\ orxz=rs,y=-sr, and z = (rs)*r for some r,s € A* with
r#Xandk > 0. a

At last, the following lemma can be easily proved by a standard technique de-
scribed, e. g., in [3].

Lemma 17. Let zay = yax for some xz,y € A*, a € A. Then © = (za)"z and
y = (za)mz for some z € A* and n,m > 0. O

6 Binary Alphabet

In this section we pass to considering languages on the binary alphabet Yy =
{a,b} and discuss what changes after this restriction. In what follows we denote
an arbitrary letter of the binary alphabet by x and the other letter by y.

Lemma 18. For each binary factorial language X C X5 not equal to X5, each
of the subalphabets I1(X) and A(X) can be equal only to {a}, {b}, or ().
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PRrROOF. The equality IT(X) = {a,b} or A(X) = {a, b} would imply that X D
{a,b}* = X5. So, X = X3, contradicting to the assertion. |

Lemma 19. Let I' C Xy be a subalphabet and X be a binary factorial language
with Y = Rp(X) # {A\} and A(X) = {z}. Then A(Y) = {«}.

PrOOF. We have A(Y) D {z} due to Lemma [I0 and A(Y) # {a,b} due to
Lemma [I8 since Y C X # X3. O

7 Main Derivations

So, we have the equality AB = BA, where A and B are binary factorial lan-
guages. Then canonical decompositions of AB and BA are also equal due to
Theorem 2l Due to Corollary [ there are only three possibilities of how the
equality for canonical decompositions looks like: either

Ra)(A)- B =B Lis)(A), (1)

(or A+ Licay(B) = Raa)(B) - A, which is the same up to renaming A and B);
or

Rap)(A) - B = Ra)(B) - 4, (2)
or, symmetrically to the previous case,

A-Lpa)(B) = B Lns)(A4). 3)
These cases intersect: for example, the situation when Lppy(A) = A and

RAa(a)(B) = B falls into both ({l) and (2)). However, to get a classification of
the cases of commutation, we may consider the cases () and (2)) separately (the
case (@) is symmetric to ().

7.1 Case of ()

Suppose that (I) holds. If we denote Ra(p)(A) = A" and Ly py(A) = A", we
get a word equation on F:

A'B=BA".
Note that the unit element of the semigroup F* is the language {A}. So, accord-
ing to Lemma [[6, the equation has the following solutions:

1. Either B = {\}; then A’ = A” = A and this is a particular case of absorption.

2. Or A’ = A” = {\}, and this is again absorption, since AB = BA = B.

3. Or A’ = RS, A” = SR, and B = (RS)*R for some R,S € F*, R # {\},
k>0.

Let us consider this third situation in detail.
First, note that due to Lemmal[g], the languages R and S are given in canonical
decompositions. Due to Lemma [7 (applied several times), we have

A(B) = A(R) = A(A') and II(B) = II(R) = IT(A"); (4)
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in what follows we denote these subalphabets just by A and I1.

Suppose first that one of the subalphabets A and IT is empty: say, A = (.
Then A" = Ry(A) = A = RS and A" = Ly (A) = SR; due to Lemma [[2]
A" = A, and the commutation equation () is just AB = BA. Due to Lemma
M5, we have A = C™ and B = C™ for some factorial language C' € F*, and this
is word type commutation.

Note that if B = X35, then A’ = A” = {\}, and this is absorption. So, due to
Lemma [I8] we have essentially two situations when anything unexpected may
occur: either A = {z} and II = {y}, y # =, or A = II = {x}. We shall consider
these two situations in succession, but before that, note that in both cases,

Lp(A") = Ra(A”) ®)

due to Lemma @ and A’ UA” C A C A/A* N IT*A” due to Lemma [I4] which
gives
RSUSRC ACRSA*NIT*SR. (6)

Case of A = {z} and IT = {y}. Then Ly, (A") = A" and R, (A”) = A” due to
Lemma [l By (&) we see that A" = A”| that is, RS = SR, and due to Lemma
G, we have R = Z" and S = Z™ for some Z € F*+. So, A/ = A" = zZnt™
and B = ZF(+m)+n  After renaming variables we can write A’ = A” = Z" and
B = ZP? for some r,p > 0 (if p or r is equal to 0, the language A" or B is equal
to {\}, and we have already considered these degenerate situations).

Now (@) can be rewritten as

ZTCAC ZT Nyt 2" (7)

If Z7 = Z"x* Ny*Z", then A = Z" and we have word type commutation.
But if Z" C Z"x* Ny*Z", consider a word u of minimal length belonging to
(ZTz*Ny*Z")\Z". We see that u = yvx, where yv € Z", ve € Z", but yvx ¢ Z".
If such a word u exists, then we can take any factorial set A lying between
Z" and Z"z* Ny*Z", and it will commute with any power of Z. This gives us

Unexpected commutation I. Let Z be a binary factorial language
with A(Z) = {z} and II(Z) = {y}, * # y. Then for all r,p > 0 the
language ZP commutes with any language A satisfying the inclusion ().
Such a language not equal to Z" exists if and only if there exists a word
v such that yv € Z7, va € Z", but yvx ¢ Z7.

Ezample 4. Consider ¥ = {a,b} and the languages F, =Fac({a,ab}*) and
F, =Fac({b,ab}*): the language F, contains all words avoiding two successive
bs, and the language Fj, contains all words avoiding two successive as. Consider
Z = Fy - Fy; then I1(Z) = {a} and A(Z) = {b}. Let us fix r = 1. The word
v = ab satisfies our conditions since aab € Z, abb € Z, but aabb ¢ Z. So, any
language A = Z U S, where S is a factorial subset of a*b*, commutes with any
power ZP of Z.

Case of A = IT = {x}. Suppose first that R does not start with z*. Then we
have Li;1(A") = Lz (RS) = RS due to Lemma [@, and thus RS = Ry, (SR)
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due to (). So, due to Lemma [[2 we have RS = SR, and due to Lemma [T5]
RS = SR = A" = A” = Z" for some factorial language Z with R = Z" and
S =2Z". Now (@) can be rewritten as

ZrCACZxrNatZ"

but in fact, both inclusions here are equalities: Z"z* = 2*Z" = Z" since A(Z) =
A(R) = {z} and II(Z) = A(R) = {x} due to Lemmal[l So, A = Z", B =
(RS)*R = ZP, and this is word type commutation. The same holds if R does
not end with z*. So, it remains to check the situation when R = x2* or R = z*T'x*
for some T' € F* (note that T # {\} since z*z* = z*).

Suppose first that R = x*. Then (@) can be rewritten as

z*SUSx* C AC z*Sx*. (8)

Any language A satisfying these inclusions commutes with all languages of the
form (2*S)*z*. Here S is an arbitrary language which can precede and follow z*
in a canonical decomposition: that is, an arbitrary language such that L,3(S) =
Ry (S) = S and x ¢ A(S), I[1(S) (which means that A(S) and I1(S5) are equal
to {y} or to 0).

Now suppose that R = z*Tz*, T € F7T. Then Lz (RS) = TA*S and
Rz (SR) = SA*T due to Lemma [B due to (B), we have the following word
equation on F*:

Tx*S = Sx*T.

Due to Lemma [T the general solution of this equation is S = (Qx*)"Q and
T = (Qz*)™Q for some Q € F* such that L;;1(Q) = R{;1(Q) = Q and x ¢
A(S), II(S), and for n,m > 0. So, RS = (z*Q)"™™*+2, SR = (Qz*)"*™*2 and
B = (z*Q)k(ntm+2) +m+1 *. After renaming variables, we get RS = (2*Q)",
= (Qx*)", and B = (x *Q)pm for some r > 2 and p > 1; and (@) takes the

form
("Q)" U(Qu")" CAC (2°Q)"a". (9)
This inclusion together with (§) (which adds the cases of r = 1 and p = 0) gives

Unexpected commutation II. Let x € 35 be a symbol and @ be a
binary factorial language with LA(Q) = Ra(Q) = Q and A(Q), [1(Q)
equal to 0 or {y}, y # x. Then for all p > 0 and r > 1 the language
(z*@Q)Pz* commutes with any language A satisfying the inclusions ().

Note that if the second inclusion of (@) turns into equality, that is, if
A= (z*Q)"x*, then for p > 1 it is again a word type commutation since A =
(z*Qx*)" and B = (z*Qz*)P. However, if the equality does not hold, it is a
situation of a new type.

An easiest example of commutation of this type has been mentioned above as
Example[Tl if z = a, and Q = b*, we see that z* = a* commutes with a*b* Ub*a*
(and with any factorial language which includes a*b* U b*a™ and is included
into a*b*a*). A more sophisticated “intermediate” example of this family is the
following:
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Ezample 5. For each p > 0, the language (a*b*)Pa* commutes with the language
A = a*b*(aa)*b*a* Ua*b*(aa)*ab*, since a*b*a*b* Ub*a*b*a* C A C a*b*a*b*a*.

We have considered all situations possible if () holds.

7.2 Case of (@)

In this section, we suppose that the canonical decomposition of AB = BA is
Ra)(A) - B = Ra(B) - A.
In what follows we denote Ra(p)(A) = A’ and Ra(4)(B) = B’, so that
A'B = B'A. (10)

Suppose first that A" = {\} or B’ = {\}. Then AB = B or AB = A, and this
is commutation by absorption. So, in what follows we assume that the canonical
decompositions of A" and B’ are not empty.

Suppose that A(A) = (). Then B’ = B due to Lemma B and our case have
been considered in the previous subsection (where it has been shown that this is
inevitably word type commutation). Due to Lemma[I8 we thus have A(A) = {z}
and A(B) = {z} for some z,z € Xs. Note also that A(B’) D {z} and A(A") D
{z} due to Lemma[I( but A(A") = A(B’) due to Lemma[7l since A" and B’ are
not equal to {\}. At the same time, we cannot have A(A") = A(B’) = X5 since
it would imply that A’B = X3, but X is indecomposable (see Lemma [II). So,
x = z, that is,

A(4) = A(B) = AA) = A(B') = {«}

for some x € Y5. Note that this is essentially the only point where we require
the alphabet to be binary, since all the arguments of the previous subsection
could be extended to the general case.

Note that if A’ = B’, then A = B, and this is word type commutation. So,
we may assume that one of the “words” A’, B’ on the alphabet F is a proper
prefix of the other: say, A’ = B’C for some C € F*. Then A = CB because
of (IM), and B'C = A’ = R{m}(A) = R{m}(CB) = RA(R(m/\(B))(C)R{a;}(B)Q
the latter equality holds due to Lemma [[1} But Ry,;(B) = B’, and we already
know that A(B’) = {x}; so, B'C = Ry,3(C)B’. Clearly, R(,3(C) = C since C
precedes B in the canonical decomposition of AB, and A(B) = {z}. Thus, we
have B'C' = CB’, so that B’ = Z", C = Z™ for some n,m > 0 due to Lemma
Here Z is a factorial language with A(Z) = A(B') ={a} and ZZ = Z Z.

Due to Lemma [[4], we have B’ = Z™ C B C Z"z*, and B can be equal to any
set satisfying these inclusions. Note that B can be not equal to B’ only if I1(Z)
is equal to () or {y}, y # x. After that we just define A = Z™ B and observe that
A and B really commute: AB = BA = Z"t™B. So, this is the “right-to-left”
version of
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Unexpected commutation ITI. Let Z be a binary factorial language
such that ZZ = Z Z and A(Z) = {z}. Let B be a factorial language
satisfying Z™ C B C Z"z*, n > 0. Then B commutes with Z™ B for all
m > 0.

Symmetrically, if Z is a binary factorial language with ZZ = Z Z and
II(Z) = {z}, and if B is a factorial language satisfying Z™ C B C «*Z",
then B commutes with BZ™ for all n,m > 0.

Note that the symmetric “left-to-right” version of unexpected commutation
III described above can be found and stated symmetrically starting from (3]).

Of course unexpected commutation III includes some cases of word type
commutation: in particular, if B = Z" D for some Z C D C Zz*, where
{z} = A(Z), then B = D™ and A = D™*". But situations when it is not word
type commutation also exist.

Ezample 6. Consider Z = a*b* and B =Fac(a*(bb)*a*b* Ua*b(bb)*a*b*a*). Here
A(Z) = {a} and Z* = a*b*a*b* C B C a*b*a*b*a* = Z?*a*. We can see that B
commutes with all sets A of the form A = Z™B (even if m is odd): AB = BA =
zm+2p.

We have studied all possible cases when binary factorial languages commute.
Theorem [T is proved. O
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Abstract. Inapproximability results concerning minimization of nonde-
terministic finite automata relative to given deterministic finite automata
were obtained only recently, modulo cryptographic assumptions [4]. Here
we give upper and lower bounds on the approximability of this problem
utilizing only the common assumption P # NP, in the setup where the
input is a finite language specified by a truth table. To this end, we derive
an improved inapproximability result for the biclique edge cover prob-
lem. The obtained lower bounds on approximability can be sharpened
in the case where the input is given as a deterministic finite automaton
over a binary alphabet. This settles most of the open problems stated
in [4]. Note that the biclique edge cover problem was recently studied
by the authors as lower bound method for the nondeterministic state
complexity of finite automata [5].

1 Introduction

Finite automata are one of the oldest and most intensely investigated compu-
tational models. As such, they found widespread use in many other different
areas such as circuit design, natural language processing, computational biology,
parallel processing, image compression, to mention a few, see [13] and references
therein. As some of these applications deal with huge masses of data, the amount
of space needed by finite automata is an important research topic.

On the one hand, it is well known that while nondeterministic finite automata
and deterministic finite automata are equal in expressive power, nondetermin-
istic automata can be exponentially more succinct than deterministic ones. On
the other hand, minimizing deterministic finite automata can be carried out effi-
ciently, whereas the state minimization problem for nondeterministic finite state
machines is PSPACE-complete, even if the regular language is specified as a
deterministic finite automaton [§]. This prompted the authors of the aforemen-
tioned paper to ask whether there exist at least polynomial-time approximation
algorithms with a reasonable performance guarantee. However, recent work [4]

shows that this problem cannot be approximated within poly‘g’g(n) for state mini-

mization and ) for transition minimization, provided some cryptographic

n
polylog(n
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assumption holds. As the result is based on a rather strong assumption, the au-
thors asked for proving approximation hardness results under the weaker (and
more familiar) assumption P # NP as an open problem. Moreover, they asked
to determine the approximation complexity when given a regular language spec-
ified by a truth table.

In this paper we solve these open problems. To summarize, we have obtained
the following results on the minimization problems for nondeterministic finite
automata:

— If the input is given as a nondeterministic finite automaton with n states
(transitions, respectively), the state (transition, respectively) minimization
problem is not fixed-parameter tractable (the parameter being the upper
bound on the number of states/transitions to be reached) by Theorem [I]
unless P = PSPACE. Earlier work established that this problem is not
approximable within o(n), provided P = PSPACE [], and this holds even
for unary input alphabets, unless P = NP [1].

— If the input is given by a truth table specifying a Boolean function of total
size N, the state minimization problem is NP-complete (Theorem Hl). More-
over we establish a lower bound of N/6=¢ on the approximability both for
state and transition minimization, provided P # NP (Theorems [7 and [ITI).
These results are nicely contrasted by two simple polynomial-time algorithms
achieving ratios of O(v/N /log N) for state minimization, and O(N/ (log N)?)
for the case of transition minimization, respectively (Theorem [).

— Finally, if the input is given by a deterministic finite automaton, Theo-
rem [Tl asserts that the corresponding state and transition minimization prob-
lems become fixed-parameter tractable. But assuming P # NP, the state
minimization problem is not approximable within n'/3~¢ for alphabets of
size O(n) (Corollary [[d)), and not approximable within n'/>=¢ for a binary
alphabet, for all € > 0 (Theorem [I5)). Under the same assumption, we show
that the transition minimization problem for binary input alphabets is not
approximable within n'/5¢, for all € > 0 (Corollary [[G). Before this work,
the known inapproximability results for these problems were based on a
much stronger assumption [4].

Some of the hardness results are based on a reduction from the biclique edge cover
problem, which we prove to be neither approximable within [V'|*/3~¢ nor |E|*/5~=
unless P = NP in Theorem [Gl

2 Preliminaries

First we recall some definitions from formal language and automata theory. In
particular, let X be an alphabet and X* the set of all words over the alphabet X,
containing the empty word . The length of a word w is denoted by |w]|, where
|A| = 0. The reversal of a word w is denoted by w® and the reversal of a
language L C Y* by L% which equals the set {w® | w € L}. Furthermore let
Yr={weX*||lw=n}.
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A nondeterministic finite automaton (NFA) is a 5-tuple A = (Q, X, 6, qo, F),
where @ is a finite set of states, X' is a finite set of input symbols, § : @ x
¥ — 29 is the transition function, gy € @ is the initial state, and F C Q is
the set of accepting states. The transition function ¢ is extended to a function
from & : Q x X* — 2% in the natural way, i.e., §(¢,\) = {¢} and 6(q,aw) =
Uq’eé(q,a) 6(¢' w), for ¢ € Q, a € X, and w € X*. A nondeterministic finite
automaton A = (Q, X, 6,qo, F') is a deterministic finite automaton (DFA), if
|6(q,a)] = 1 for every ¢ € Q and a € X. The language accepted by a finite
automaton A is L(A) = {w € X* | §(qo,w) N F # 0 }. Two automata are
equivalent if they accept the same language.

For a regular language L, the deterministic (nondeterministic, respectively)
state complexity of L, denoted by sc(L) (nsc(L), respectively) is the minimal
number of states needed by a deterministic (nondeterministic, respectively) fi-
nite automaton accepting L. The transition complexity is analogously defined
as the state complexity and we abbreviate the deterministic (nondeterministic,
respectively) transition complexity of a regular language L by tc(L) (ntc(L),
respectively).

Here we are interested in the state (transition, respectively) minimization
problem for nondeterministic finite automata. This problem is defined as fol-
lows: For a given finite automaton A and an integer k, decide whether there
exists a nondeterministic finite automaton B with at most k states (transitions,
respectively) such that L(A) = L(B). As already mentioned in the introduction,
this problem is PSPACE-complete even if the given automaton is guaranteed to
be deterministic [§]. However, other computational complexity aspects may vary
if the instance to minimize is described as a nondeterministic or deterministic
finite automaton. The following theorem describes such a situation—we omit the
proof due to lack of space.

Theorem 1. (i) The problem to determine for a given deterministic finite au-
tomaton, whether there exists a mondeterministic finite automaton B with at
most k states (transitions, respectively) such that L(A)=L(B) is fized-parameter
tractable w.r.t. parameter k. (ii) Provided P # PSPACE, the aforementioned
problems are not fized-parameter tractable, if the input is given as a nondeter-
ministic finite automaton instead. O

We also need some notions from graph theory. A bipartite graph is a 3-tuple
G = (U,V,E), where U and V are finite sets of vertices, and £ C U x V is a
set of edges. A bipartite graph H = (U’, V' E’) is a subgraph of G if U C U,
V' CV,and E’ C E. The subgraph H is induced if E' = (U’ x V')N E, the sub-
graph induced by U’ and V" is denoted by G[U’,V']. A set C = {Hy, Ha, ..., Hy}
of non-empty bipartite subgraphs of G is an edge cover of G if every edge in G
is present in at least one subgraph. An edge cover C of the bipartite graph G
is a biclique edge cover if every subgraph in C' is a biclique, where a biclique is
a bipartite graph H = (U, V, E) satisfying E = U x V. The bipartite dimension
of G is referred to as d(G) and is defined to be the size of a smallest biclique
edge cover of G. The associated decision problem is a classical one [3, GT18],
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and a reformulation of the biclique edge cover problem in terms of finite sets
gives the set basis problem [3, SP7]. The following result was shown in [I0]:

Theorem 2. Deciding whether for a given bipartite graph G and an integer k
there exists a biclique edge cover for G consisting of at most k bicliques is NP-
complete.

Finally, we assume the reader to be familiar with the basic notations of approxi-
mation theory as contained in textbooks such as [12]. In particular, transferring
known inapproximability results to new problems is most easily achieved if we
use some kind of approximation-preserving reduction. Several such types of re-
duction have been proposed; our weapon of choice is the S-reduction introduced
in [9]: Loosely speaking, for two minimization problems IT and IT" and associated
functions || and |y| - measuring the size of respective inputs, an S-reduction
from IT to IT" with amplification (a(n), ||z, |y|m), where a(n) is monotonically
increasing, consists of a polynomial-time computable function f which maps
each instance z of IT to an instance y of IT" such that |y|p < a(|z|;), and a
polynomial-time computable function g that maps back instance-solution pairs
of I’ to instance-solution pairs of IT such that the performance ratios of the
solutions are linearly related. This kind of reduction has the following nice prop-
erty [9, Proposition 1]:

Lemma 3. Let b : IN — IR" be a positive function, and let I = (I,sol,m),
II" = (I';sol',m’) be two minimization problems. Assume II' is approximable
within b(|y|m), for all y € I', and there is an S-reduction from II to II" with
amplification (a(n), |- |m, |- |m). Then II is approzimable within O(b(a(|z|mr))),
for all instances x of II.

3 Synthesizing a Minimal Nondeterministic Finite
Automaton from a Given Truth Table

In this section we investigate the approximation complexity of minimizing non-
deterministic finite automata when specifying the input by a truth table, an
open question in [4]. First we show that the decision version of the problem of
minimizing the number of states is NP-complete. Then we present two simple
approximation algorithms for minimizing the number of states or transitions.
Moreover, we show that the best possible approximation ratio is related to the
one of the biclique edge cover problem. In order to formally define the problem
we are interested in, we need some more notations.

To each m-bit Boolean function f : {0,1}" — {0,1}, where m > 1 is some
natural number, we can naturally associate a finite binary language as follows:

Ly ={z1z2...2ym € {0,1}" | f(z1,22,...,2m) =1}

In [], the following problem was proposed: Given a truth table specifying a
Boolean function f : {0,1}" — {0,1} and an integer k, is there a nondetermin-
istic finite automata with at most k states (transitions, respectively) accepting
the language Ly?
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For the the above stated problem we are able to show NP-completeness in case
of state minimization by a reduction from the biclique edge cover problem. But
the used reduction does not preserve approximability. The proof of the following
Theorem can be found in the full version of the paper.

Theorem 4. Deciding whether for a given truth table f :{0,1}"™ — {0,1} and
a positive integer k there is a nondeterministic finite automaton with at most k
states accepting language Ly is NP-complete. a

Next we consider how well the problem under consideration can be approxi-
mated. By very simple algorithms, we obtain the following situation:

Theorem 5. (i) Given a truth table of size N = 2™ specifying an m-bit Boolean
function function f, then there is a polynomial-time algorithm approximating
the number of states of a state minimal nondeterministic (unambiguous, re-
spectively) finite automaton accepting Ly within a factor of O(v/N/log N). (ii)
When considering transition minimization the performance ratio changes to
O(N/(log N)?).

Proof (Sketch). First we note that nondeterministic state and transition com-
plexity are both at least m = log N, except when L; is empty. For state mini-
mization we use a construction given in [6] to obtain a NFA with O(v/N) states.
For transition minimization recall that the minimal deterministic finite automa-
ton accepting Ly can have at most O(N/log N) transitions [2]. Then the stated
bounds easily follow. O

In the remainder of this section we derive an inapproximability result for the
problem under consideration. In order to get good inapproximability ratios, the
biclique edge cover problem is a natural candidate to reduce from. By combining
a recent inapproximability result for the chromatic number problem [14] with the
approximation preserving reduction from the minimum clique partition problem
given in [I1], we see that the problem is not approximable within [V['/>~¢. But
that is not the end of the line:

Theorem 6. For all ¢ > 0, the biclique edge cover problem cannot be approx-
imated within |V|/3=¢ or |E|'/~¢, unless P = NP. This still holds in the
restricted case where the input G = (U, V| E) is a balanced bipartite graph, that
is |U| = |V|, and has bipartite dimension at least 2(|V|?/3).

Proof. Let the clique partition number x(I) of a graph I be defined as the small-
est number k such that the vertex set of I can be covered by at most k cliques.
The associated decision problem is NP-complete [3, GT15], and as a simple re-
formulation of the graph coloring problem, not approximable within [V|!=¢, for
all € > 0, unless P = NP [14]. We briefly recall the construction for reducing
the clique partition problem to the biclique edge cover problem given in [IT,
Theorem 5.1a).

For an undirected graph I = (V,E) with V. = {vy,v9,...,v,}, we con-
struct its bipartite version by setting Ip = (Xp,Yn, Ep) as set of left vertices



210 H. Gruber and M. Holzer

Xp = {x1,22,...,2,}, as set of right vertices Yg = {y1,v2,...,yn}, and
(zi,y;) € Ep if and only if i = j or {v;,v;} € E. An edge (z;,y;) is called
ascending if ¢ < j, descending if 4 > j, and horizontal if i = j.

The biclique edge cover instance G = (X,Y, &) consists of t* copies (the
number ¢ to be fixed later accordingly) of Ig, which we think of as being arranged
in a ¢t x ¢ grid; and the bipartition of the vertex set is inherited from Iz. The ith
left (right, respectively) vertex in copy (p,q) is denoted by (z;,p,q) ((v:,p,q),
respectively). Two vertices (x;, p, ¢) and (y;, r, s) in different copies are connected
by an edge if: either they are in the same row, i.e., p = r, and (z;,y;) is an
ascending edge in Ep, or they are in the same column, ie., ¢ = s, and (2, y;)
is a descending edge in Ep. Accordingly, we say that an edge in & connecting
vertices (x;,p,q) and (y;,r,s) is ascending if ¢ < j, descending if ¢ > j, and
horizontal if i = j.

In [IT], it is noted that if there is a system of s bicliques covering all horizontal
edges in €, then a partition of I into at most s/t cliques can be constructed in
polynomial time from this system, and

X(1) < d(G)/#. (1)

Conversely, each partition of I into r cliques corresponds to a system of rt? bi-
cliques which cover all the horizontal edges in €, and maybe some non-horizontal
edges. However, note that the rt2 bicliques do not necessarily cover all edges in-
volving only vertices of a single copy of I5: As an example, consider the partition
of the graph I given in Figure [l into r = 3 cliques.

To cover the remaining edges, we can do somewhat better than proposed in
the original reduction: For x; € Xp, define X; , as the set of ith left vertices in
the copies of Ip which are in row p, and define Y; ;, as the set of right vertices y
in row p such that ((z;,p,q),y) is an ascending edge in €. It is not hard to see
that the induced subgraph G[X; ,,Y; ] is a biclique which covers all ascending
edges in row p incident to x;, see Figure [ for illustration by example.

By proceeding in this way for each row and each left vertex z; in Xp, all
ascending edges in G can be covered using no more than tn bicliques. The de-
scending edges in G can be covered by tn bicliques in a similar manner. Thus

d(G) < t*x(I) + 2tn. 2)

Suppose now C'is a biclique edge cover for G of size s. Then we can construct a
clique partition for I of size s/t in polynomial time from C, see [T1] for details.
Now we fix t = 4n, and compare performance ratios using Inequality (@)):

s/t? s s
() = d@) —2m =2a(G)

where the last statement above holds since 2tn = 1t? < 1d(G) by Inequal-
ity (). We have established a S-reduction with expansion (O(n?),|V],|X]).
Then the desired hardness result regarding the measure | X | follows by Lemma 3]
Estimating the number of edges in & gives a total number of at most
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Fig. 1. The original graph I (top left), the bipartite graph Ip (lower left), and the
subgraph of G induced by the vertices in row r (right), consisting of ¢ = 3 copies of Ip.
The induced subgraph G[Xi,, Y1 ] forms a biclique.

t2|Eg| + 2t - (5)|Ep| = O(|V]®), so this is equally a S-reduction with expan-
sion (O(n®),|V|,|€]). Again by Lemma [3, the claimed inapproximability result
follows. Finally, we note that Inequality (@) implies that d(G) >t = 2(|X|?/3),
since | X| = O(n?) and t = 4n.

Theorem 7. Given a truth table of size N specifying a Boolean function func-
tion f, no polynomial-time algorithm can approximate the number of states of a
state minimal nondeterministic finite automaton accepting Ly with performance
ratio NY/9=¢, for all e > 0, unless P = NP.

Proof. We use the finite language to encode the edges in the graph G = (X,Y, &)
from the proof of Theorem[6], and the notations defined therein. Recall X consists
of nodes of the form (z;, p, q) with z; € Xp, p denotes a row index and ¢ a column
index, and similar for y;, that is (x;, p, ¢) and (y;,p, ¢) belong to the same copy
of Ip. Without loss of generality we assume V = {0,1}™ for some m. The ¢
addresses for rows and columns can be respectively encoded in binary using a
fixed length of logt = m 4 2. Throughout the rest of the proof, c¢i,c2,..., ¢t
denote the words encoding the ¢ column addresses, and in a similar manner,
r1,72,...,7¢ the row addresses. We then encode the edges ((z,p,q), (y,a,b))
in & as xrpcy(racy)y, and define Lg as the set of all codewords corresponding
to an edge in €. In the following, we will use the term “edge” to denote a word
encoding an edge in € if there is no risk of confusion.

Claim 8. The nondeterministic state complexity of L is bounded below by the
bipartite dimension of G.

Proof. We apply the biclique edge cover technique [B, Theorem 4] to give a
lower bound for nsc(L¢). Let I' = (A, B, E1,..) be the bipartite graph given by
A =B = {0,1}"*?"+2) and B, = {(u,v) € Ax B | uwv € Lg}. By an
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obvious bijection holds d(G) = d(I"), and the latter gives a lower bound for the
nondeterministic state complexity of L. O

Claim 9. nsc(Lg) = O(d(GQ)) + O(| X |[*/3 log | X ).

Proof. We establish the claim by constructing a sufficiently small NFA accepting
the language Lg from a minimum biclique edge cover for GG. For the horizontal
edges in &€, we give a construction inspired by the proof of Theorem [ Let
{(X;,Y;) |1 <j<x(I)} be aminimum set of bicliques covering all horizontal
edgesin Ig = (Xp,Yp, Ep). For the ith biclique, we define an auxiliary language
Hjas Hj = X;- M -Y;, where M = {rc(rc)® | r,c € {0,1}™%2} is the language
ensuring that the row and column address of x € X is the same as the row and
column address of y € Y. As there are no horizontal edges between different
copies of I, language M provides that the union of languages ; Hj contains all
codewords corresponding to horizontal edges in €, and is a subset of Lg. Each H;
can be described by a nondeterministic finite automaton having O(#?) states: As
all words in the sets X; and Y; have length m, each of them can be accepted by
a NFA with O(2™/2) = o(t) states. The language M can be accepted by a NFA
with O(22(m+2)) = O(t?) states. A schematic drawing of such an automaton
is given in Figure Pl And a standard construction for nondeterministic finite
automata yields an automaton with O(¢?) states for the concatenation of these
languages. Finally, the union of these languages can be accepted by a NFA having
O(t? - x(I)) = O(d(G)) many states.

We use a similar matching language as M to construct a NFA accepting a
subset of the codewords of €& which contains all ascending edges. This time, the
language has to ensure that the the left and the right vertex share the same row
address, that is M’ = {rcicarf | r,c1,c2 € {0,1}™%2}, and this language can
be accepted by a NFA with only O(tlogt) states, see Figure 2l for illustration.

Following the idea in the proof of Theorem[6 the graph G has for every row p
and every vertex z; € Xp a biclique G[X; ,,Y;,] containing only ascending
edges. As we have an ascending biclique for each x; € {0,1}™, it is more economic
to share the states needed for addressing. Thus, a part of the automaton is a
binary tree, whose root is the start state and whose leaves address the nodes
in Xp. That is, after reading a word x of length m, the automaton is in a unique
leaf of the binary tree. In a symmetric manner, we construct an inverted binary
tree whose leaves address the nodes in Yp, and whose transitions are directed
towards the root, which is the final state of the automaton. It remains to wire the
copies of the automaton accepting M’ into these two binary trees appropriately,
using no more than |Xp| copies of it: Each leaf z; of the binary tree, addressing
some node in X g, is identified with the start state of a fresh copy of the NFA.
The transitions entering the final state of this copy are replaced with transitions
entering the inverted binary tree at the appropriate address. This completes the
description of the construction for a NFA having O(|Xg| + |Ys|+ |Xp|tlogt) =
O(|X|*/31og|X]) states accepting a subset of & including all ascending edges,
since | X| = O(t3) and |Xp| = |Y5| = O(1).

For the descending edges, we carry out a similar construction, this time using
the language M” = {riccfiry | r1,¢,m2 € {0,1}™+2} ensuring that the column
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Fig. 2. Schematic drawings of the nondeterministic finite automata accepting M (left),
M’ (top right), and M" (bottom right)

addresses match, see Figure[2 Then a similar construction gives a compact NFA
describing the codewords of a set of edges including all descending edges in G.
Finally, the union of all these languages can be described by a NFA with the
desired upper bound on the number of states. a

Assume now there exists a polynomial-time algorithm approximating nsc(L¢)
within | X |'/37¢, that is it finds a NFA A of size at most | X |'/3~¢ - nsc(Lg). By
Claim B this can be seen equivalently as an algorithm finding a biclique edge
cover for G of size at most | X |'/37¢-nsc(Lg). We estimate the performance ratio
of the latter algorithm:

|X|'/3=¢ . nse(Lg)
d(G)

x| 0(d(@)) + O(|X ]/ log | X|)
d(G)
by using Claim [@ The latter term is O(|X|'/?~¢log|X|) because Theorem
asserts that d(G) > | X |?/3. If we choose a small positive real § such that e—§ > 0,
then for |X| large enough, |X|'/3~¢log|X| < |X|V/37(=9) Together with the
final argument given in Theorem [6] this implies P = NP.

As the size of the graph and the size of the truth table are related by N =
O(|X|?), the problem is not approximable within N/6=2¢ for every positive
real ¢, and the theorem is established. a

For transition minimization we encounter the following situation.

Theorem 10. Given a truth table of size N specifying a Boolean function f, no
polynomial-time algorithm can approzimate the number of transitions of a tran-
sition minimal nondeterministic finite automaton accepting Ly with performance
ratio NY/6=¢ for all e > 0, unless P = NP.

Proof. The language Lg defined in the proof of Theorem [ can be accepted by
a polynomial-time constructible DFA A having at most O(m - |L¢g|) states and
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transitions. We can mimic the proof of Theorem [ if we are able to verify in-
equalities relating nondeterministic transition complexity of Lg to the bipartite
dimension of G in a way similar to Claim [§ and Claim 0

Claim 11. The nondeterministic transition complexity of L¢g is bounded below
by the bipartite dimension of G minus 1.

For an upper bound on ntc(Lg), we take a closer look at the NFA constructed
in the proof of Claim

Claim 12. ntc(Lg) = O(d(G)) + O(|X|*/3 log | X|).

The rest of the proof follows along the lines of the proof of Theorem [ O

4 Synthesizing a Minimal Nondeterministic Finite
Automaton from a Given Deterministic One

This section contains results on the inapproximability of the minimization prob-
lem for nondeterministic finite automata, when the input is specified by a (deter-
ministic) finite state automaton. This problem was investigated in [AI8]: Given a
finite automaton A and an integer k, is there a nondeterministic finite automaton
with at most k states (transitions, respectively) accepting language L(A)?

Note that the minimization problems w.r.t. states (transitions, respectively)
for nondeterministic finite automata are trivially approximable within
O(n/logn), if the input is given by a deterministic finite automaton. Observe
that the minimal deterministic finite automaton equivalent to a given determin-
istic one is also a feasible solution for the respective problem. The performance
ratio of this solution can be bounded using the fact that the blow-up in the
number of states or transitions inferred by determinization is at most exponen-
tial. While this is only a poor performance guarantee, a strong inapproximability
result is obtained in [4], but under a much stronger (cryptographic) assumption
than P # NP. We just note their result in passing:

Theorem 13. (i) Given an n-state deterministic finite automaton A, no poly-
nomial-time algorithm can approximate the number of states of a state minimal
nondeterministic finite automaton accepting L(A) with performance ratio better
vn
than polylog(n
(ii) In case of transition minimization the problem remains inapprozimable with
the same assumption as above and performance ratio better than polyﬁg(n) , wheret
18 the number of transitions of the given deterministic finite state automaton.

) if nonuniform logspace contains strong pseudo-random functions.

In order to obtain our first inapproximability result on the problem where a
DFA is given, we use Theorem [0 and a reduction from the biclique edge cover
problem to the nondeterministic finite state automaton minimization problem,
where the input is a deterministic finite state automaton, given in [Il, Lemma 1].
The noted reduction is an S-reduction with expansion (O(n),|V|,|Q|).
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Corollary 14. Given a n-state deterministic finite automaton A accepting a
finite language over an alphabet of size O(n), no efficient algorithm can approxi-
mate the number of states of a state minimal nondeterministic finite automaton
accepting L(A) with performance ratio n'/3=¢ for alle > 0, unless P = NP. O

For fixed alphabet size, we obtain a corresponding result from Theorem [7] as
from every truth table, an equivalent DFA of smaller size can be constructed
in polynomial time. Exploiting the special structure of the language used in the
proof of Theorem [7] we can get an even higher bound.

Theorem 15. Given a n-state deterministic finite automaton A accepting a
finite language over an alphabet of size two, no efficient algorithm can approxi-
mate the number of states of a state minimal nondeterministic finite automaton
accepting L(A) within a factor of n*/5=¢, for all ¢ > 0, unless P = NP.

Proof (Sketch). To obtain the inapproximability result, we again use the lan-
guage L¢ defined in the proof of Theorem[7l The crucial observation is that this
language contains |€| = O(25™) words of length O(m). Thus, a binary tree-like
deterministic finite automaton of size O(m - |€]) accepting all these words can
be constructed in polynomial time—mnote that this size is much smaller than
the truth table specifying L. Then one can show, similarly as in the proof of
Theorem [ that the stated inapproximability bound holds. a

By combining the observations in Theorems and [[8, we obtain for the
corresponding problem of minimizing the number of transitions:

Corollary 16. Given a deterministic finite automaton A with t transitions ac-
cepting a finite language over a binary alphabet, no efficient algorithm can ap-
prozimate the number of transitions of a transition minimal nondeterministic
finite automaton accepting L(A) within a factor of t'/5=¢, for all € > 0, unless
P =NP. O

5 Conclusions

We compared nondeterministic finite automata minimization problems for regu-
lar languages, where the language is specified by different means—in decreasing
order of succinctness: By a nondeterministic finite automaton, a deterministic
automaton, or by a truth table. When given an NFA, the approximability of
these problems is already settled [47]. When given a DFA as input, approxima-
tion hardness was known only modulo cryptographic assumptions [4]. The main
contribution of this paper is that we do not need such strong assumptions, that
is, the problems are hard to approximate unless P = NP. This essentially also
holds if the input is specified as a truth table, but for the latter case, we were
able to provide simple approximation algorithms with nontrivial performance
guarantees. This settles most of the research problems suggested in [4].

Acknowledgments. We thank Gregor Gramlich for carefully reading an earlier
draft of this work, and to the anonymous referees for many valuable suggestions
and corrections.
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Abstract. We investigate the state complexity of union and intersec-
tion for finite languages. Note that the problem of obtaining the tight
bounds for both operations was open. We compute the upper bounds
based on the structural properties of minimal deterministic finite-state
automata (DFAs) for finite languages. Then, we show that the upper
bounds are tight if we have a variable sized alphabet that can depend
on the size of input DFAs. In addition, we prove that the upper bounds
are unreachable for any fixed sized alphabet.

1 Introduction

Regular languages are one of the most important and well-studied topics in
computer science. They are often used in various practical applications such as
vi, emacs and Perl. Furthermore, researchers developed a number of software
libraries for manipulating formal language objects with the emphasis on regular
languages; examples are Grail [I2] and Vaucanson [2].

The applications and implementations of regular languages motivate the study
of the descriptional complexity of regular languages. The descriptional complex-
ity of regular languages can be defined in different ways since regular languages
can be defined in different ways. For example, a regular language L is accepted
by a deterministic finite-state automaton (DFA) or a nondeterministic finite-
state automaton (NFA). L is also described by a regular expression. Yu and
his co-authors [III3IT4] regarded the number of states in the minimal DFA for
L as the complexity of L and studied the state complexity of basic operations
on regular languages and finite languages. Holzer and Kutrib [5l6] investigated
the state complexity of NFAs. Recently, Ellul et al. [3] examined the size of the
shortest regular expression for a given regular language. There are many other
results on state complexity with different viewpoints [ARQITONTT]. We focus on
the measure of Yu [13]: The state complezity of a regular language L is the num-
ber of states of the minimal DFA for L. The state complexity of an operation
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on regular languages is a function that associates to the state complexities of
the operand languages the worst-case state complexity of the language resulting
from the operation. For instance, we say that the state complexity of the inter-
section of L(A) and L(B) is mn, where A and B are minimal DFAs and the
numbers of states in A and B are m and n, respectively. It means that mn is
the worst-case number of states of the minimal DFA for L(A) N L(B).

Yu et al. [I4] gave the first formal study of state complexity of regular language
operations. Later, Campeanu et al. [I] investigated the state complexity of finite
languages. Let A and B be minimal DFAs for two regular languages L1 and Lo,
and m and n be the numbers of states for A and B, respectively.

operation finite languages regular languages
Li ULy O(mn) mn

LiNLy O(mn) mn

X*\NL1 m m

Li-Ly (m—-n+3)2""2%-1° (2m—1)2""!

L om=3 4 om=4 for m > 4° 2m 71 4 9m—2

3.-207' _1ifm=2p

R
Ly 2 _1ifm=2p—1

2m

Fig.1. State complexity of basic operations on finite languages and regular lan-
guages [1I14]. Note that ¢ refers to results using a two-character alphabet.

Fig. [ shows the state complexity of basic operations on finite languages and
regular languages. All complexity bounds, except for union and intersection of
finite languages, in Fig. [l are tight; namely, there exist worst-case examples that
reach the given bounds. Clearly, mn is an upper bound since finite languages
are a proper subfamily of regular languages. We also note that Yu [I3] briefly
mentioned a rough upper bound mn— (m+n—2) for both operations. Therefore,
it is natural to investigate the tight bounds for union and intersection of finite
languages.

We define some basic notions in Section Bl In Section [Bl we obtain an upper
bound mn — (m + n) for the union of two finite languages Ly and Lo based on
the structural properties, where the sizes of L; and Ly are m and n. Then, we
prove that the bound is tight if the alphabet size can depend on m and n. We
also examine the intersection of L; and Lo in Section ] and obtain an upper
bound mn — 3(m + n) + 12. We again demonstrate that the upper bound is
reachable using a variable sized alphabet. We conclude the paper in Section

2 Preliminaries

Let X denote a finite alphabet of characters and X* denote the set of all strings
over Y. The size |X| of X is the number of characters in X. A language over
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Y is any subset of X*. The symbol @) denotes the empty language and the
symbol A denotes the null string. A finite-state automaton (FA) A is specified
by a tuple (@, X, 6, s, F'), where @ is a finite set of states, X is an input alphabet,
§:Q x ¥ — 29 is a transition function, s € Q is the start state and F C Q
is a set of final states. Given a DFA A, we assume that A is complete; namely,
each state has |X| out-transitions and, therefore, A may have a sink (or dead)
state. Since all sink states are always equivalent, we can assume that A has a
unique sink state. Let |@Q| be the number of states in @ and |§| be the number
of transitions in 6. For a transition §(p,a) = ¢ in A, we say that p has an out-
transition and q has an in-transition. Furthermore, p is a source state of ¢ and ¢
is a target state of p. A string x over X' is accepted by A if there is a labeled path
from s to a final state in F' such that this path spells out the string z. Thus, the
language L(A) of an FA A is the set of all strings that are spelled out by paths
from s to a final state in F'. We say that A is non-returning if the start state of
A does not have any in-transitions and A is non-exiting if all out-transitions of
any final state in A go to the sink state.

Given an FA A = (Q, X, 6, s, I), we define the right language Lq of a state g to
be the set of strings that are spelled out by some path from ¢ to a final state in
A; namely, L, is the language accepted by the FA obtained from A by changing
the start state to ¢. We say that two states p and g are equivalent if L, = L,.

3 Union of Finite Languages

Given two minimal DFAs A and B for non-empty finite languages L; and Lo,
we can in the standard way construct a DFA for the union of L(A) and L(B)
based on the Cartesian product of states.

Proposition 1. Given two DFAs A = (Q1,%,61,s1,F1) and B = (Q2, X, b2,
s2,Fo), let My = (Q1 X Q2,X,6,(s1,82), F), where for allp € Q1 and ¢ € Q2
and a € X, 6((p,q),a) = (6(p,a),6(q,a)) and I = {(p, f2) | p € Q1 and f; €
FyU{(f1,q9) | fL € F1 and q € Q2}. Then, L(My) = L(A) U L(B) and My is
deterministic.

A crucial observation is that both A and B must be non-returning since L, and
Ly are finite. Therefore, as Yu [I3] observed, if we apply the Cartesian product
for union, all states (s1, ¢) for ¢ # s and all states (p, s2) for p # s; are not reach-
able from the start state (s1, $2) in M. Thus, we can reduce (m +n) — 2 states.

Another observation is that A must have a final state f such that all of f’s
out-transitions go to the sink state. Consider the right language of a state (i, j)
in Mu.

Proposition 2 (Han et al. [4]). For a state (i,j) in My, the right lan-
guage L; ;) of (i,7) is the union of L; in A and L; in B.

Let dy and ds be the sink states of A and B and f; and f5 be final states of A and
B such that dy is the only target state of fi in A and ds is the only target state
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of fo in B, respectively. Then, by Proposition (f1, f2), (d1, f2) and (f1,d2) are
equivalent and, thus, can be merged into a single state. It shows that we can
reduce two more states from M. Therefore, we obtain the following result.

Lemma 1. Given two minimal DFAs A and B for finite languages, mn—(m+n)
states are sufficient for the union of L(A) and L(B), where m = |A| andn = |B].

We next examine whether or not we can reach the upper bound of Lemma [Il

Lemma 2. The upper bound mn — (m +n) for union cannot be reached with a
fized alphabet when m and n are arbitrarily large.

Lemma [ shows that we cannot reach the upper bound in Lemma [ if | Y] is
relatively small compared with the number states of the given DFAs. Then, the
next question is what if |X| is large enough?

Lemma 3. The upper bound mn — (m + n) for union is reachable if the size of
the alphabet can depend on m and n.

Proof. Let m and n be positive numbers (namely, m,n € N) and
Y={bc}U{a;; |[1<i<m—-2,1<j<n-2and (i,j) #(m—2,n—2)}

Let A = (Q1a2761ap0?{pm—2})? where Ql = {poapla"'apm—l} and 61 is
defined as follows:

— 61(pi, b) = piy1, for 0 <i <m — 2.
— 61(po,aij) =pi,for 1 <i<m—2and 1< j<n-2,(i,j) # (m—2,n—2).

For all other cases in ¢; that are not covered above, the target state is the sink
state pp,—1.

Next, let B = (Q2, X, 62,90, {qn—2}), where Q2 = {qo,q1,...,qn—1} and 6 is
defined as follows:

— 62(¢i¢) = git1, for 0 <i<n-—2.
— 82(qo,aij) =¢qj,for 1 <j<n—-2and1<i<m-—2,(i,j) # (m—2,n—2).

Again, for all other cases in §; that are not covered above, the target state is
the sink state ¢, 1. Fig. @l gives an example of such DFAs A and B.

Let L = L(A;) U L(A3). We claim that the minimal (complete) DFA for L
needs mn — (m + n) states. To prove the claim, it is sufficient to show that
there exists a set R consisting of mn — (m + n) strings over X that are pairwise
inequivalent modulo the right invariant congruence of L, =,.

We show that R = R; U Ry U R3, where

Ry ={b'|0<i<m-—1}
Re = {c¢/ | 1 < j <n—3}. (Note that Ry does not include strings c?, ¢"~2? and
Cnfl

R3={a;;|1<i<m—-2and1<j<n-—2and (i,j) #(m—2,n—2)}

Any string b’ from Ry cannot be equivalent with a string ¢ from Ry since
¢/-c"27J € Lbut b*-¢"?77 ¢ L. Note that j > 1 and hence also b°-c" 277 ¢ L.
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7‘111;@127@1 b @ b
21, A22, (23

asi, a32, a3s

41, A42

7 a117a217a317a41 9
12, @22, A32, Q42

a3, 23, a33

Fig.2. An example of two minimal DFAs for finite languages whose sizes are 6 and
5, respectively, where state 5 above and state 4 below are sink states. Except for the
b-transition to state 5 in A and the c-transition to state 4 in B, we omit all other
in-transitions of the sink state.

Next consider a string b’ from R; and a string ar,; from Rs. There are four
cases to consider.

1. k#4iand 0 < i < m — 3: It means that b’ and ay,; are inequivalent since
bl -bm 27t e L but ag; - b™ 271 ¢ L.

2. k # i and i = m — 2: It implies that k < m — 2 and, thus, b* and ay ; are
inequivalent since ay ; - b™ 27k € L but b - bm27% ¢ L.

3. k # i and i = m — 1: The path for b* = ™! must end at the sink state
for the minimal DFA for L since b~ ¢ L. On the other hand, aj ; can be
completed to be a string of L by appending zero or more symbols c.

4. k =i: Now we have strings b’ and a; ;.

(a) j < n—2: We note that a; ;- ¢""277 € L but b'c" 277 ¢ L since no
string of L can have both b’s and ¢’s. Note that k = 7 implies that i > 1.

(b) j =n—2:Since j = n — 2,4 < m — 2 by the definition of R3. Now
bt A ¢ L but Qi 5 = Qjp—2* AE L(B) C L.

Therefore, b* and a; ; are inequivalent.

Symmetrically, we see that any string from Rs cannot be equivalent with a
string from Rs. This case is, in fact, simpler than the previous case since Rq is
more restrictive than R;.

Finally we need to show that all strings from R; (respectively, from R and
from R3) are pairwise inequivalent with each other.

1. Ry: By appending a suitable number of b’s, we can always distinguish two
distinct strings from R;.

2. Ro: By appending a suitable number of ¢’s, we can always distinguish two
distinct strings from Ra.

3. Rs: Consider two distinct strings a;; and ag, from Rs. Without loss of
generality, we assume that ¢ < z. The other possibility, where j and y differ,
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is completely symmetric. Since a; ;- 6™ 27" € L and a,, - 0™ 27" & L, a; ;
and a, , are inequivalent. Note that m—2—1% > 0 and, thus, the inequivalence
holds even in the case when y =n — 2.

This concludes the proof. a

In the construction of R = R; U Ry U R3 for Lemma[3] the size of X that we use
is mn — 2m — 2n + 5. By using a more complicated construction, we might be
able to reduce the size of Y. On the other hand, we already know from Lemma 2]
that |X| has to depend on m and n.

We establish the following statement from Lemmas [Tl and

Theorem 1. Given two minimal DFAs A and B for finite languages, mn—(m-+
n) states are necessary and sufficient in the worst-case for the minimal DFA of
L(A)U L(B), where m = |A| and n = |B|.

Lemma [2 shows that the upper bound in Lemma [ is unreachable if |X] is
fixed and m and n are arbitrarily large whereas Lemma [3] shows that the upper
bound is reachable if | X| depends on m and n. These results naturally lead us to
examine the state complexity of union with a fixed sized alphabet. For easiness of
presentation, we first give the result for a four character alphabet and afterward
explain how the construction can be modified for a binary alphabet.

Lemma 4. Let X' be an alphabet with four characters. There exists a constant
¢ such that the following holds for infinitely many m,n > 1, where min{m,n}
is unbounded. There exist DFAs A and B, with m and n states respectively,
that recognize finite languages over X such that the minimal DFA for the union
L(A) U L(B) requires c(min{m,n})? states.

The same result holds for a binary alphabet.

Proof. Let ¥ = {a,b, ¢, d}. We introduce some new notations for the proof. Given
an even length string w € X*, odd(w) denotes the subsequence of characters that
occur in odd positions in w and, thus, the length of odd(w) is half the length of
w. For example, if w = adacbcbe, then odd(w) = aabb. Similarly, even(w) denotes
the subsequence of characters that occur in even positions in w. With the same
example above, even(w) = dcce.

Let s > 1 be arbitrary and r = [log s]. We define the finite language

Ly = {wyws | |wi| = 2r,wy = odd(w) € {a,b}", even(wy) € {c,d}"}.

The language L1 can be recognized by a DFA A with at most 10s states. For
reading a prefix of length 27 of an input string, the start state of A has two
out-transitions with labels a and b and the two corresponding target states are
different. Then, each target state has two out-transitions with labels ¢ and d
where the target states are the same. This repeats in A until we finish reading
the prefix of length 2r. All other transitions go to the sink state. Fig.[3illustrates
the construction of A with r = 3.

The computations of A, which do not go to the sink state, on inputs of
length 27 form a tree-like structure that branches into 2" different states. Each
of the 2" states represents a unique string odd(u) € {a, b}*, where v is the (prefix
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Fig.3. A DFA A that recognizes L1 when r = 3. We omit the sink state and its
in-transitions.

of the) input of length 2r. Then, the computation from each of these 2" states
verifies whether or not the remaining suffix is identical to the string odd(w). This
can be accomplished using a tree that merges all the computations into a single
final state. (See the right part of Fig. Bl for an example.) From each state, there
is only one out-transition (either with symbol a or b), if we ignore transitions
into the sink state. (The structure looks like a tree when we ignore transitions
into the sink state.)

The computations of A on strings of length 27 branch into 2" states. The first “ex-
panding” tree (for instance, the left part of Fig.[3]) uses less than 4 - 2" < 8s stated]
since we repeat each level with the ¢, d transitions in the tree and s < 2" < 2s.

Finally, consider the number of states in the “merging” tree. (For example,
we rotate the right part of Fig.[3l) Similarly, the merging tree has 2" states and,
therefore, the tree needs at most 22" < 4s states. However, we observe that the
the last 2" states of the expanding tree is the same state to the last 2" states of
the merging tree in A. Therefore, we only need 2s states for the merging tree.

The total number of states in A is less than 10s. (1)
Symmetrically, we define
Ly = {wyws | |wi| = 2r,0dd(w1) € {a,b}", wy = even(w) € {c,d}"}.

The language Lo consists of strings uv, where |u| = 2r, odd characters of u
are in {a,b}, even characters of u are in {c,d} and even(u) coincides with v.
Using an argument similar to that for equation (), we establish that

! Note that a balanced tree with 2" leaves has less than 2 - 2" nodes.
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Lo can be recognized by a DFA with less than 10s states. (2)

Now let L = Ly U Lo. Let up and us be distinct strings of length 2r such that
odd(u;) € {a,b}* and even(u;) € {c,d}* for i = 1,2.

If odd(u1) # odd(uz), then u;y -odd(u1) € Ly C L but ug-odd(ui) ¢ L. Hence,
uy and ug are not equivalent modulo the right invariant congruence of L. Simi-
larly, if even(uq) # even(us), then, u; - even(uy) € Ly C L but us - even(uy) & L.

The above implies that the right invariant congruence of L has at least
27 .27 > 52 different classes. Therefore, if m = n = 10s is the size of the minimal
DFAs for the finite languages Ly and Lo, then from equations () and (2]) we
know that the minimal DFA for L = L; U Lo needs at least

100n2 states. (3)

Note that |X| = 4. The languages L; and Ly can be straightforwardly en-
coded over a binary alphabet with the only change that the constant 1(1)0 in
equation (B would become smaller. O

4 Intersection of Finite Languages

We examine the state complexity of intersection of finite languages. Our ap-
proach is again based on the structural properties of minimal DFAs of finite
languages. We start from the Cartesian product of states for the intersection of
two DFAs.

Proposition 3 (Hopcroft and Ullman [7]). Given two DFAs A = (Q1, X, 61,
SlvFl) and B = (Q2727627527F2); let Mﬁ - (Ql X Q272767 (81752)7F1 X F2)7
where for allp € Q1 and ¢ € Q2 and a € X,

6((}?7 Q)a a) = (61 (pv a)a 62((]7 a))
Then, L(Mp) = L(A) 0 L(B).

Let Mp denote the Cartesian product of states. Let m and n denote the sink
states of A and B and m—1 and n—1 denote the final states whose target states
are always the sink states of A and B, respectively. If we regard Mn as a m x
n matrix, then all states in the first row and in the first column are unreachable
from (1,1) since A and B are non-returning and, thus, these states are useless in
Man. Moreover, by the construction, all remaining states in the last row and in the
last column are equivalent to the sink state and, therefore, can be merged. Let us
examine the remaining states in the second-to-last row and in the second-to-last
column except for (m — 1,n —1).

Lemma 5. A state (i,n — 1) in the second-to-last column, for 1 <i <m —1,
18 either

equivalent to (m — 1,n — 1) if state i is a final state in A or
equivalent to (m,n) if state i is not a final state in A.
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We can obtain a similar statement for the states in the second-to-last row in Mn.
Therefore, all the remaining states at the second-to-last row and at the second-
to-last column except for (n —1,m — 1) can be merged with either (n—1,m —1)
or (n,m). Thus, the number of remaining states is

mn—{(m—=1)+ 0 -1} ={(m=2)+n-2)} ={(m=3)+(n - 3)}

=mn—3(m+n)+12,

where {(m — 1)+ (n — 1)} is from the first row and the first column, {(m —2) +
(n—2)} is from the last row and the last column and {(m — 3) + (n— 3)} is from
the second-to-last row and the second-to-last column. We establish the following
lemma from the calculation.

Lemma 6. Given two minimal DFAs A and B for finite languages, mn—3(m+
n)+12 states are sufficient for the intersection of L(A) and L(B), where m = |A|
and n = |B]|.

We now show that mn — 3(m + n) + 12 states are necessary and, therefore, the
bound is tight. Let m,n € N and choose X' ={qa;; [ 1<i<m—land1<j<
n—1}.

Let A = (Q1a2761ap0?{pm—2})? where Ql = {poapla"'apm—l} and 61 is
defined as follows:

— 01(Prs@ij) =pogisfor 0<z<m-—-2,1<i<m-land1<j<n-1L1

If the sum « + 7 is larger than m — 1, then p,; is the sink state (= py—1).
For all other cases in ¢; that are not covered above, the target state is the sink
state py,—1.

Next, let B = (Q2, X, 02,90, {gm—2}), where Q2 = {qo,q1,.-.,¢n—1} and 62 is
defined as follows:

— 82(¢w,0ij) = Guij, for 0<z<m-2,1<j<n—-land1<i<m-—1L

Similarly, if the sum x4+ is larger than n—1, then ¢, ; is the sink state (= ¢yn—1).
For all other cases in 05 that are not covered above, the target state is the sink
state ¢n,_1. Fig. [ shows an example of such DFAs A and B.

Lemma 7. Let L = L(A) N L(B). The minimal (complete) DFA for L needs
mn — 3(m +n) + 12 states.

Proof. We prove the statement by showing that there exists a set R of mn —
3(m + n) 4+ 12 strings over X' that are pairwise inequivalent modulo the right
invariant congruence of L, =r. We assume that m < n.

We choose R = Rq1 U Ry U R3 U Ry, where

Ry ={)\}.

Ry = {am-2n-2}

R3 = {am—l,n—l}-
Ry={a;;|for1<i<m-—3and1<j<n-—3}
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Q41 @42, A43 Qy1, Ag2, Q43

ai, @21, A31, Q41

12, 22, A32, Agy === (12, A2, (32, (4
13, 423, Az, & a3, 23, 433, 43

Fig. 4. An example of two minimal DFAs for finite languages whose sizes are 6 and 5,
respectively, where state 5 above and state 4 below are sink states. We omit a large
number of in-transitions of the sink state.

Any string x from Ro U R3 U R4 cannot be equivalent with A from R; since
A Gm—2n—2 € Lbut £-amm_9n,_o ¢ L. Similarly, any string = from Ry UR3URy
cannot be equivalent with a,,—2.,—2 from Ry since an,—2 pn—2-A € Lbut z-\ ¢ L.
Note that string a,,—1,,—1 from Rj3 is not in L and it can never be in L by
appending some string whereas any string « from Ry U Ry U R4 can be in L
by appending a suitable string. Therefore, R;, Re and R3 are inequivalent with
each other including Ry.

Finally, we consider two strings a; ; and a,, in R4. The two strings are not
equivalent since a;; - Gm—2-in—2—; € L but azy - Gm-2-in-2-; ¢ L when
(i,7) # (z,y). Therefore, any two strings from R, are not equivalent.

Now we count the number of strings in R. We note that |R;| = |Re| = |R3| =1
and |R4| = (m — 3)(n — 3). Therefore, |R| = mn — 3(m +n) + 12. It implies that
there are at least mn — 3(m + n) + 12 states in the minimal DFA for L. O

We obtain the following result from Lemmas [6] and [

Theorem 2. Given two minimal DFAs A and B for finite languages, mn —
3(m+n)+ 12 states are necessary and sufficient in the worst-case for the inter-
section of L(A) and L(B), where m = |A| and n = |B].

Note that the upper bound mn — 3(m + n) + 12 is reachable when |X| depends
on m and n as shown in Lemma [l On the other hand, we can prove that it is
impossible to reach the upper bound with a fixed X using the same argument
as in Lemma [2

Let us investigate a lower bound for the state complexity of intersection of
L(A) and L(B) over a fixed alphabet.

Lemma 8. Let X' be an alphabet with four characters. There exists a constant
¢ such that the following holds for infinitely many m,n > 1, where min{m,n}
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unbounded. There exist minimal DFAs A and B that recognize finite languages
over X such that the minimal DFA for the intersection L(A) N L(B) requires
c(min{m, n})? states, where |A| = m and |B| = n.

The same result holds for a binary alphabet.

Proof. We omit the proof due to the space limit. The proof is similar to the
proof for Lemma [ O

5 Conclusions

The state complexity of an operation on regular languages is the number of states
in the minimal DFA that recognizes the resulting language from the operation.
Fig. [ gives a summary of the results. We have noted that the precise state
complexity of union and intersection cases have been open although rough upper
bounds were given by Yu [I3]. Based on the structural properties of minimal
DFAs for finite languages, we have proved that

1. For union, mn — (m + n) states are necessary and sufficient.
2. For intersection, mn — 3(m + n) + 12 states are necessary and sufficient.

We have also noted that the bounds are reachable if |X| depends on m and n,
where m and n are the sizes of minimal DFAs for two finite languages. If | X
is fixed and m and n are arbitrarily large, then we have shown that the upper
bounds for both cases are not reachable.
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Abstract. We generalise existing forward and backward bisimulation
minimisation algorithms for tree automata to weighted tree automata.
The obtained algorithms work for all semirings and retain the time com-
plexity of their unweighted variants for all additively cancellative semi-
rings. On all other semirings the time complexity is slightly higher (linear
instead of logarithmic in the number of states). We discuss implementa-
tions of these algorithms on a typical task in natural language processing.

1 Introduction

By the Myhill-Nerode theorem there exists, for every regular string language L,
a unique (up to isomorphism) minimal deterministic finite automaton (dfa) that
recognises L. It was a breakthrough when Hopcroft [I] presented an O(nlogn)
minimisation algorithm for dfa where n is the number of states. This still up-to-
date bound was obtained by partitioning the state space through a “process the
smaller half” strategy. However, in general there exists no unique minimal non-
deterministic finite automaton (nfa) recognising a given regular language. Meyer
and Stockmeyer [2] proved that minimisation of nfa is PSPACE-complete. The
minimisation problem for nfa with n states cannot even be efficiently approx-
imated within the factor o(n), unless P = PSPACE [3]. This meant that the
problem had to be simplified; either by restricting the domain to a smaller class
of devices, or by surrendering every hope of a non-trivial approximation bound.
Algorithms that minimise with respect to a bisimulation are examples of the
latter approach. The concept of bisimularity was introduced by Milner [4] as
a formal tool to investigate transition systems. Simply put, two transition sys-
tems are bisimulation equivalent if their behaviour—in response to a sequence of
actions—cannot be distinguished by an outside observer. Although bisimulation
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equivalence, as interpreted for various devices, implies language equality, the op-
posite does not hold in general. We consider weighted tree automata (wta) [5],
which are a joint generalisation of tree automata [6l7] and weighted automata [g].
Classical tree automata can then be seen as wta with weights in the Boolean
semiring, i.e. a transition has weight ¢rue if it is present, and false otherwise.

One type of bisimulation, called forward bisimulation in [Q10], restricts bisim-
ilar states to have identical futures. The future of a state ¢ is the tree series of
contexts that is recognised by the wta if the computation starts with the state ¢
and weight 1 at the unique position of the special symbol O in the context. A
similar condition is found in the MYHILL-NERODE congruence for a tree lan-
guage [II] or even in the MYHILL-NERODE congruence [12] for a tree series.
Let us explain it on the latter. Two trees ¢ and u are equal in the MYHILL-
NERODE congruence for a given tree series S over the field (4, +,-,0,1), if there
exist nonzero coefficients a,b € A such that for all contexts C' we observe that
a=t-(S,C[t]) = b=1 - (S, Clu]). The coefficients a and b can be understood as
the weights of ¢t and u, respectively. In contrast to the MYHILL-NERODE congru-
ence, a forward bisimulation requires a local condition on the tree representation.
The condition is strong enough to enforce equivalent futures, but not too strong
which is shown by the fact that, on a deterministic all-accepting [I3] wta M over
a field [14] or a wta M over the Boolean semiring [I0], minimisation via forward
bisimulation yields the unique (up to isomorphism) minimal deterministic wta
that recognises the same tree series as M.

The other type of bisimulation we will consider is called backward bisimu-
lation in [O[I0]. Backward bisimulation also uses a local condition on the tree
representation that enforces that the past of any two bisimilar states is equal.
The past of a state is the series that is recognised by the wta if that particular
state would be the only final state and its final weight would be 1 (i.e., the past
of a state ¢ is the series that maps an input tree ¢ to h,(t),; see Sect. 2I).

The idea behind bisimulation minimisation is to discover and collapse states
that in some sense exhibit the same behaviour, thus freeing the input automaton
of redundancy. This implies a search for the coarsest relation on the state space
that meets the local conditions of the bisimulation relation that we are inter-
ested in. The O(n2 log n) minimisation algorithm for nfa by Paige & Tarjan [15]
could be called a forward bisimulation minimisation. Bisimulation minimisation
of tree automata is discussed in [I0]. The paper [I0] presents two minimisation
algorithms that are based on forward and backward bisimulation and run in
time O(rn"*1logn) and O(r?n"*1logn), respectively, where r is the maximal
rank of the input symbols and n is the number of states. In this paper, we gener-
alise these results to weighted tree automata and obtain minimisation algorithms
that work for arbitrary semirings in O(rn"*2?) and O(r?n"*2) for the forward
and backward approach, respectively. The counting argument used in [I5] and
later in [I0] is no longer applicable: it was devised for the Boolean semiring and
does not generalise. However, when cancellative semirings are considered, we can
improve the algorithms to run in O(rn"*!logn) and O(r*n"*!logn) for the for-
ward and backward approach, respectively, by taking advantage of the “process
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the smaller half” strategy of Hopcroft. When the forward algorithm is given a
deterministic wta, it yields an equivalent deterministic wta in time O(rn"*1t),
which can be optimised to O(rn" logn) for additively cancellative semirings.

There are advantages that support having two algorithms. First, forward and
backward bisimulation minimisation only yield a minimal wta with respect to
the corresponding bisimulation. Thus applying forward and backward bisimula-
tion minimisation in an alternating fashion commonly yields a yet smaller wta.
Since both minimisation procedures are very efficient, this approach also works
in practice. For the problem of tree language model minimisation, discussed in
Sect. B we minimised our candidate wta in an alternating fashion and found
that we were able to get equally small wta after two iterations beginning with
backward or three iterations beginning with forward. Our implementation typi-
cally ran in ©(rn"+logn)’*® and O(r2n"logn)’* for forward and backward,
respectively; well below th